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Fluctuation effects in block copolymer melts
O. N. Vassilieva) and M. W. Matsenb)

Polymer Science Centre, University of Reading, Whiteknights, Reading RG6 6AF, United Kingdom

~Received 13 November 2002; accepted 30 January 2003!

Fluctuation effects in symmetric diblock copolymer melts are quantitatively examined with the first
direct comparison between Monte Carlo simulations and mean-field theory where both are
performed on the same identical model. The simulations provide the most conclusive evidence to
date that fluctuations transform the continuous mean-field order–disorder transition~ODT! into a
discontinuous transition. Furthermore, the fluctuations shift the ODT toward high segregation,xN,
by a factor of ;2.7, which is much greater than that suggested by the Fredrickson–Helfand
fluctuation theory. For the range of small molecules examined in our study, this shift is nearly
independent of molecular weight. In the disordered phase, we find the usual large deviations from
mean-field theory, but we find no indication whatsoever that they set in abruptly at some
well-defined temperature as previously claimed. ©2003 American Institute of Physics.
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I. INTRODUCTION

Due to a continuing emergence of applications combin
with intriguing phase behavior, block copolymers have be
the subject of considerable research.1 Although many experi-
mental observations are now well explained by mean-fi
theory, there are, however, a number of pivotal issues
remain unresolved.2 In particular, we are still uncertain abou
the corrections to mean-field theory, referred to as fluctua
effects.3 Furthermore, the inability4 to assign a reliable tem
perature dependence to the Flory–Hugginsx parameter, used
to model the molecular interactions, restricts our ability
experimentally test refinements to the theory.

Such fundamental issues are typically addressed by
sidering symmetric diblock copolymers, where the A and
blocks both haveN/2 segments, each of volumer0

21, and
statistical segment lengtha. Within mean-field theory, the
standard Gaussian chain model2 predicts a continuous tran
sition of the Brazovskii5 class atxN5(xN)ODT

mf 510.495.6

For xN,10.495, the melt forms a homogeneous disorde
state, whereas forxN.10.495, the copolymers microphas
separate into an ordered lamellar structure with thin alter
ing A- and B-rich layers. Fredrickson and Helfand3 have pro-
posed a fluctuation correction, which instead predicts a
continuous order–disorder transition~ODT! at

~xN!ODT
fluct 5~xN!ODT

mf 141N̄21/3. ~1!

The magnitude of the correction is dependent upon an inv
ant polymerization index,N̄[r0

22a6N, which reflects the
degree of overlap among the polymer chains. The ove
occurs because a typical molecule spans a volume
;a3N3/2, whereas its actual molecular volume,N/r0 , is
generally much smaller. Experimental values ofN̄ generally
range from;103 to ;104.7 The conventional wisdom is tha

a!Electronic mail: ovassil@mail.mdanderson.org
b!Electronic mail: m.w.matsen@reading.ac.uk
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the overlap or superposition of molecules averages out fl
tuation effects causing mean-field theory to become exac

the N̄→` limit.
The Fredrickson–Helfand fluctuation correction h

gone relatively unquestioned for 15 years, even thoug
relies on debatable assumptions.2,8 Unfortunately, experi-
mental tests of Eq.~1! are complicated by the fact that th
Flory–Hugginsx parameter used by block copolymer the
ries possesses an unknown temperature dependence. In
cases,x(T) is determined experimentally by measuring t

temperature of (xN)ODT for several values ofN̄, and then
fitting to Eq. ~1!. Unfortunately, this compromises any a
tempt to test the F–H fluctuation theory. The same app
when x(T) is derived from the disordered-state scatteri
function as this also relies on a fit to the F–H theory. Mau
et al.4 circumvented this problem by instead extractingx(T)
from a chemically-equivalent homopolymer blend, and,
doing so, found Eq.~1! to be highly inaccurate. They sug
gested a possible remedy to the block copolymer theory,
it resulted in the unprecedented prediction that (xN)ODT

fluct

,(xN)ODT
mf .

The most reliable way of assessing fluctuation effe
would seem to be a direct comparison between mean-fi
theory and Monte Carlo simulations.9 Indeed, the initial
Monte Carlo studies by Fried and Binder10–12 have detected
nonmean-field behavior, such as chain stretching and the
set of microdomain formation, deep within the disorder
phase. While most simulations10–15 indicate that the
nonmean-field behavior grows in slow and continuously, P
kula et al.16 provided evidence that it occurs abruptly
xN'0.7(xN)ODT . Despite the ability of Monte Carlo meth
ods to successfully address such issues, they have enc
tered significant complications.

The majority of Monte Carlo simulations have failed
detect the ODT by direct means, even though, according
both theory3 and experiment,17 it is a discontinuous transition
that should, in general, produce a spike in the heat capa
0 © 2003 American Institute of Physics
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and discontinuities in all thermodynamic quantities. Fri
and Binder10–12 were forced to estimate the ODT accordin
to a somewhat arbitrary criterion involving the relaxati
time of the melt composition. Weyersberg and Vilgis18 ob-
served a peak in the specific heat of their simulations, bu
appeared to be rather broad and was highly obscured by
statistical noise. With much improved statistics, Hoffma
et al.13 concluded that the heat capacity was continuous n
the ODT. In those studies,13,14 they could only estimate the
ODT by the appearance of high-order peaks in the struc
function. Larson19 estimated the ODT by examining the se
ment profile as a preprepared lamellar morphology w
heated above the ODT, but he did not examine any o
thermodynamic quantities that might corroborate his pred
tions. Micka and Binder15 attempted to locate the ODT usin
finite-scaling methods appropriate to continuous and wea
discontinuous transitions, but they were unsuccessful. T
attributed this to complicated finite-size effects owning to
fact that the periodicity of the ordered phase is constraine
be commensurate with the simulation box. More recen
there has emerged some Monte Carlo evidence that the O
is discontinuous. Dotera and Hatano20 have observed a dis
continuous jump in the internal energy and in the aver
end-to-end length of the molecules. Pakulaet al.16 have also
detected a small discontinuity in the molecular size and
internal energy along with a corresponding spike in the h
capacity. However, neither study investigated the transi
thoroughly.

Another complication is that mean-field calculation2

generally apply the coarse-grained Gaussian chain m
treating polymer chains as thin elastic threads of cons
volume,2 whereas Monte Carlo simulations generally emp
lattice models in which among other things chains are
coarse grained~at least not in the same sense!. Naturally, we
cannot expect the models to be equivalent, particularly
the short chain lengths considered by the simulations~i.e.,
N̄&102). As a consequence, it is uncertain to what deg
the differences between mean-field theory and Monte C
simulations are due to fluctuation effects as opposed to va
tions in the underlying models. The problem is particula
acute when attempting10,18,19 to test Eq.~1!, because of the
ambiguity21 resulting from the model dependence ofx. The
obvious solution is to perform either the Monte Carlo sim
lations on the continuum coarse-grained model or the me
field calculations on a lattice model. There have been rec
attempts to develop Monte Carlo simulations for the co
tinuum model,22 but these methods are very numerically d
manding and there remain outstanding theoretical issues
to be resolved. On the other hand, Scheutjens and Fle23

have developed the mean-field theory for lattice mod
some time ago. Therefore, we choose the second option

Below we perform Monte Carlo simulations and mea
field calculations on the same identical lattice model so a
provide completely unbiased comparisons. The lattice mo
we choose is the same as that in the Monte Carlo simulat
of Pakulaet al.16 However, contrary to their initial study, w
find that the nonmean-field behavior does not eme
abruptly at a well-defined temperature, but we do find
ODT to be clearly discontinuous. Whereas the original stu
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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by Pakulaet al.16 was limited to a single relatively sma
system size, we examine a range of significantly larger s
tems allowing us to assess the finite-size effects. We find
they are not so overwhelming as Ref. 15 might suggest,
thus we are able to estimate the ODT with reasonable a
racy. When we compare this to mean-field theory, we
surprised to find that (xN)ODT

fluct '2.7(xN)ODT
mf with no indica-

tion that this discrepancy diminishes with increasing mole
lar weight.

II. MONTE CARLO SIMULATIONS

This section describes our Monte Carlo simulations fo
lattice model containingn AB diblock copolymer molecules
Each molecule is a linear sequence ofN monomers, which
are labeleds51,2,...,N. Those labeled ass51,2,...,NA are
designated as A-type monomers, while the remainingNB

[N2NA are B-type monomers. The copolymer chains a
all placed on a lattice with no more than one monomer
site and with each pair of bonded monomers occupy
nearest-neighbor sites. Here we use a cubicL3L3L lattice
of V sites and a lattice constant ofd. The allowed lattice
vectors are given byr i5d(h,k,l ), wherei 51,2,...,V labels
the different sites andh, k, andl are integers ranging from 1
to L. By only permitting sites whereh1k1 l equals an even
integer, we obtain an fcc lattice withV5L3/2 sites, where
the bond length isb5&d. The fcc lattice is chosen for its
large coordination number,z512, so as to minimize artifacts
associated with the discrete nature of the lattice. Furth
more, we employ periodic boundary conditions in an eff
to minimize finite-size effects. Note that these boundary c
ditions requireL to be even.

To operate effectively, our algorithm allows some roo
for the polymers to move by partially filling the lattice to a
average copolymer occupancy offc[nN/V'0.8. Ideally,
we would prefer to consider thefc51 limit as Pakula
et al.16 have done, but this would require a more compl
and computationally demanding algorithm, which would s
nificantly restrict our system size. Ultimately, we are pe
suaded by arguments of Binderet al.11,15 that vacancies tend
to follow the dilution approximation24 imparting on the sys-
tem nothing more than a small degree of compressibil
which real melts possess anyway. In any case, we will p
form our mean-field calculations with the exact same
cancy concentration.

For convenience, we specify the occupancy of thei th
site using a pseudo-spin variable,s i , that takes on the value
1, 0, or 21 depending if the site contains an A monom
vacancy, or B monomer, respectively. This allows us
specify the Hamiltonian for our system as

H

kBT
5

1

4 (̂
i j &

@~eAA22eAB1eBB!s is j1~eAA12eAB1eBB!

3s i
2s j

21~eAA2eBB!s is j~s i1s j !#, ~2!

where the sum is over all nearest-neighbor sites. The qua
eab is interpreted as the interaction energy between t
neighboring monomers of typea andb, and is related to the
Flory–Huggins parameters,
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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xab[
zeab

kBT
. ~3!

Although this definition ofxab is typical of lattice mean-
field calculations, Monte Carlo simulations often empl
somewhat different definitions,21 where, for example,z is
replaced by (z22)fc .10,16 This, in fact, represents one o
the major ambiguities that exists when trying to comp
lattice-based results to predictions, such as Eq.~1!, derived
from a continuum course-grained model where the issue
coordination number does not exist. However, in our c
where everything is performed on the same lattice mo
this ambiguity is completely avoided. For example, if w
used the alternative definition mentioned above, then all
x values would be reduced by a factor of 2/3, but the ev
tual conclusion that our Monte Carlo and mean-field pred
tions of (xN)ODT differ by a factor of;2.7 would still hold.

It turns out that the effects of the threexab parameters
are not independent. In fact, the behavior of the system
primarily controlled by the single quantity,

x[xAB2 1
2~xAA1xBB!, ~4!

provided the number of vacancies is low. This is because
sum of the last two terms in Eq.~2! produces an irrelevan
constant in the limit offc→1. Thus, without any significan
loss of generality, we choosexAA5xBB50.

Our Monte Carlo simulations are based on the stand
Metropolis algorithm.25 At each Monte Carlo step~MCS!, an
attempt is made to change the configuration of the sys
by altering one or two of the copolymers. If the potent
move results in the double occupancy of a site, it is i
mediately rejected. Otherwise, we proceed to calculate
resulting energy change,DE[Hfinal2H initial , using Eq.~2!.
If the move reduces the overall energy of the system~i.e.,
DE,0) then it is automatically accepted, and if it increas
the energy then it is accepted with a probability
exp(2DE/kBT).

The efficiency of a Monte Carlo algorithm relies on ha
ing a good selection of potential moves so that the confi
ration of the system can evolve as rapidly as possible.
computation time required to assess each move shoul
small and the acceptance rate should be high. Furtherm
the variety of moves should be sufficient to allow all aspe
of the system to relax. At each MCS, we randomly choo
among four types of moves using predefined probabilit
which we select later in Sec. IV B. Since we are only co
cerned with equilibrium behavior, we allow unphysic
moves, which implies that we cannot associate any sign
cance to our Monte Carlo dynamics. Examples of each m
are shown in Fig. 1.

The first type of MCS is the standard slithering sna
move.10,11,15It is performed by randomly selecting one of th
2n chain ends in the system, along with one of itsz512
nearest-neighbor sites. The algorithm then tries to move
chain end to the selected site, by shifting all the monomer
the chain one site along the contour of the chain. Norma
this move can only be performed if the selected site is
cant. The one exception is when the site is occupied by
other end of the moving chain.
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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Our algorithm also permits a polymer to perform a co
plete chain reversal~i.e., head-to-tail flip!.10,11,15This MCS
randomly chooses one of then chains in the system, and the
considers the possibility of interchanging thes and N2s
monomers for alls51 to N/2. Note that such moves ca
never be rejected on the basis of double occupancy.

We also allow for crankshaft moves. This MCS choos
one of then(N22) nonend monomers in the system, a
tries to move it, while keeping its two bonded neighbo
fixed. The number of potential moves is 0, 1, 3, or 3, depe
ing on whether the bond angle is 180°, 120°, 90°, or 6
respectively. In the first case, no move is performed, while
either of the latter two cases, we choose randomly among
three possibilities.

The final type of move involves the exchange of bloc
between two nearby copolymers. This attempt begins by r
domly selecting one of then block copolymer junctions in
the system. Next we count the number of nearby junctio
which would allow the exchange of their blocks without a
tually moving any monomers. One of these is chosen r
domly unless none exist, in which case the system rem
unchanged. Note that any exchange will always be acce
sinceDE50.

Using the algorithm described above, we perform sim
lations for various combinations of chain length,N, and sys-
tem size,L. In each case, the simulation starts in the dis
dered phase atx50 and steps up in small increments,Dx,
until the system has formed a well-ordered lamellar pha
Then we reverse the direction and run the simulation past
ODT returning to the disordered phase. Immediately follo
ing each increment inx, we run the simulation for a suffi-
cient period of time~typically, 43104 MCS per monomer!
to allow the system to relax back to equilibrium. At the ve

FIG. 1. Examples of our four Monte Carlo moves:~a! slithering snake,~b!
chain reversal,~c! crankshaft, and~d! block exchange. For clarity, the ex
amples are shown for a short (N58) diblock constrained to thex–y plane.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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beginning~i.e., x50!, we allow an extra long relaxation pe
riod, due to the fact we start from a highly artificial state w
the polymers extended so that the lattice can be easily fi
to the desired level~i.e., fc50.8). After each relaxation pe
riod, we collect statistics for the purpose of evaluating va
ous thermodynamic averages. For example, we calculate
internal energy usingU5^H& and the heat capacity using

CV[
]U

]T
5

^H2&2U2

kBT2 , ~5!

where the angular brackets denote averages over a sequ
of Monte Carlo configurations at fixedx. Typically, the se-
quence involves 43104 MCS per monomer, from which we
sample one configuration every 20 MCS per monomer. Na
rally, we have performed test runs to confirm that the nu
bers of Monte Carlo steps used for equilibriating and
collecting statistics are both sufficient. We are further assu
of this by the fact that our cooling and heating runs prov
consistent results.

In order to monitor the average configuration of an in
vidual polymer molecule, we evaluate the radii of gyratio
Rg , Rg,A , andRg,B , for an entire molecule, an A block, an
a B block, respectively. Their exact definitions are given

Rg
25

1

N (
s51

N

^ur s2Rcmu2&, ~6!

Rg,A
2 5

1

NA
(
s51

NA

^ur s2Rcm,Au2&, ~7!

Rg,B
2 5

1

NB
(

s5NA11

N

^ur s2Rcm,Bu2&, ~8!

wherer s specifies the position of thesth monomer, and

Rcm5
1

N (
s51

N

r s , ~9!

Rcm,A5
1

NA
(
s51

NA

r s , ~10!

Rcm,B5
1

NB
(

s5NA11

N

r s , ~11!

define the centers of mass. We also evaluate the additi
parameter,

RAB
2 5^uRcm,A2Rcm,Bu2&, ~12!

to measure for the average separation between the A an
blocks of a molecule.

To quantify the overall structure of the system, we c
culate the spin–spin correlation function,

Gi j 5^s is j&2^s i&
2, ~13!

where i , j 51,2,...,V. @Note that ^s i&5fc(NA2NB)/N.]
From the correlation function, we can also evaluate the st
ture function,

S~q!5
1

V (
i j

Gi j exp@ iq•~r i2r j !#, ~14!
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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which corresponds to the pattern observed in a small-an
scattering experiment. Because our simulation box is fin
the wave vector is only permitted to take on a discrete se
values:q52p(h,k,l )/Ld, whereh, k, and l are integers.

Ideally, the ODT can be identified by monitoring an a
propriate order parameter that switches from zero to nonz
when the disordered phase transforms into the lame
phase. However, the fact that the lamellar phase eme
with an unspecified period and orientation renders sim
definitions based on the segment profile ineffective. Af
some investigation, we found that

c5
1

V2 (
iÞ j

Gi j
2 ~15!

serves as an excellent order parameter. In the disorder ph
the sum of Gi j

2 scales as the volume of the system,V,
whereas in the ordered phase, it scales asV2 provided the
long-range order extends over the entire system. Con
quently,c assumes a small positive value in the disorde
phase that approaches zero for large system sizes, a
exhibits a reasonably large value in the ordered phase th
roughly independent of system size. Althoughc is not iden-
tically zero in the disordered state, it does possess the m
important property of an order parameter in that it is high
sensitive to the ODT.

To optimize the dynamics of our Monte Carlo algorithm
we tune the attempt rates for the four moves shown in Fig
This is done by examining the spin and density autocorre
tion functions,

Gs~ t !5^s i~ t8!s i~ t81t !&2^s i&
2, ~16!

Gr~ t !5^s i
2~ t8!s i

2~ t81t !&2^s i
2&2, ~17!

respectively.~Note that ^s i
2&5fc .) Here t and t8 denote

time measured in terms of MCS per monomer. We a
monitor the acceptance rates for each of the four moves.
resulting choice of attempt rates is discussed in Sec. IV B

III. MEAN-FIELD THEORY

This section presents the mean-field theory for the id
tical lattice model following a formalism similar to that o
Scheutjens and Fleer.23 Assuming that the ordered phase
large xN is a lamellar structure, we divide the lattice in
M' sequentially numbered layers each withM i sites. Fur-
thermore, we defineld to specify the fraction of nearest
neighbor sites in layer (i 1d) for a given site in layeri . For
a lamellar phase oriented normal to the~111! direction,M'

5L/2, M i5L2, l05 1
2, and l15l215 1

4, where as for
lamellae in the~100! direction, M'5L, M i5L2/2, andl0

5l15l215 1
3. In both cases,ld50 for udu.1. In mean-

field theory, there is no advantage of having a large latt
and soM' ~i.e.,L) is chosen to contain a single period of th
lamellar phase. Provided that we select the size~i.e., lamellar
period! that minimizes the free energy, our results will ne
ertheless correspond to the thermodynamic limit ofL→`.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



g
u

he
t

in
ra

b

n

te

ox

th
ile
in
c

l
,

v

gle

nt,

e-

-

7704 J. Chem. Phys., Vol. 118, No. 16, 22 April 2003 O. N. Vassiliev and M. W. Matsen
Since mean-field theory is only sensitive to the avera
concentration of A and B monomers in each layer, we gro
the configurations of individual polymers according to t
layers in which their monomers occur. This permits us
define a function,k(c,s), specifying the layer of thesth
monomer for all polymers in the configuration groupc.
Then, within the mean-field approximation, the average
teraction energy between a pair of copolymers in configu
tions c andc8 is

Kcc8[
z

M i
(
a,b

eab(
i ,i 8

l ( i 82 i )r a,c,i r b,c8,i 8 , ~18!

where

r a,c,i5(
s51

N

da,g(s)d i ,k(c,s) ~19!

is the number ofa-type monomers in layeri resulting from a
single polymer in configuration groupc, and

g~s!5H A, if 1<s<NA ,

B, if NA11<s<N.
~20!

This allows the average internal energy of the system to
written as

U~$nc%!5
1

2 (
c,c8

Kcc8ncnc8 , ~21!

where nc is the total number of polymers in configuratio
groupc.

To proceed, we need to count the total number of sta
for a given set of occupation numbers,$nc%. We start with
the number of possible configurations,

Vc[M izN21)
s52

N

lk(c,s)2k(c,s21)[M izN21vc , ~22!

of a single nonavoiding polymer in groupc. Then, in terms
of this, the number of states for the entire system is appr
mately

V~$nc%!5S )
c

Vc
nc

nc!
D ~M i! !M'

M i
n) i, i !

. ~23!

The first factor in the brackets is the number of states if
restriction of single occupancy per lattice site is lifted, wh
treating the polymers as indistinguishable. The remain
factors represent a mean-field correction for the single oc
pancy constraint. It is calculated by noting that the first tim
a segment is placed in layeri , there areM i sites to choose
from. The next time, there are (M i21) sites, and so on unti
the final monomer has only (, i11) sites to choose from
where

, i[M i2(
c

nc~r A,c,i1r B,c,i ! ~24!

is the number of vacancies in layeri .
The partition function is expressed in terms of the abo

quantities as
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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Z5(
$nc%

V~$nc%!exp@2U~$nc%!/kBT#. ~25!

In the thermodynamic limit, the sum is dominated by a sin
term determined by maximizingV exp@2U/kBT# under the
constraint(cnc5n. This requires

nc5
Vvc

Q )
i 51

M'

~PA,i !
r A,c,i~PB,i !

r B,c,i ~26!

5
Vvc

Q )
s51

N

Pg(s),k(c,s) , ~27!

whereQ serves as a Lagrange multiplier for the constrai
and

Pa i[
, i

M i
exp@2xaAf̄A,i2xaBf̄B,i # ~28!

is referred to as thefree segment probabilityof componenta
in layer i . To evaluatePa,i , we need

f̄a,i[(
d

ldfa,i 1d , ~29!

where

fa,i[
1

M i
(

c
ncr a,c,i5(

s51

N

fs,ida,g(s) ~30!

is the volume fraction ofa in layer i . This is expressed in
terms of volume fraction of segments in layer i ,

fs,i[
1

M i
(

c
ncd i ,k(c,s) ~31!

5
1

M i
(

c
vcd i ,k(c,s))

t51

N

Pg(t),k(c,t) ~32!

5
Vp~s,i !q~s,i !

QPg(s),i
, ~33!

which requires two intermediate functions. The first is d
fined as

p~s,i ![(
d

vdd i ,k(d,s))
t51

s

Pg(t),k(d,t) ~34!

5Pg(s),i(
d

ldp~s21,i 1d!, ~35!

where the sum is over all configuration groups,d, of mono-
mers 1 tos. Here,vd has an analogous definition tovc in
Eq. ~22!, but where the product only involves the firsts
monomers. In practice,p(s,i ) is evaluated by using the re
cursive relation, Eq.~35!, starting withp(1,i )5PA,i . Simi-
larly,

q~s,i ![(
d

vdd i ,k(d,s))
t5s

N

Pg(t),k(d,t) ~36!

5Pg(s) i(
d

ldq~s11,i 1d! ~37!
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involves a sum over configuration groups for the monom
from s to N, and is evaluated recursively starting wi
q(N,i )5PB,i . The Lagrange multiplier is evaluated by

Q

V
5

N

fcM'
(
i 51

M' p~s,i !q~s,i !

Pg(s),i
, ~38!

which yields a result independent ofs.
Our numerical procedure for finding a solution to t

above equations begins with an initial guess for the profi
fA,i and fB,i . From that, we evaluatef̄A,i , f̄B,i , and
, i /M i512fA,i2fB,i . Next, PA,i and PB,i are evaluated,
which allows us to calculatep(s,i ) and q(s,i ). Then, we
calculatefs,i , which returns values forfA,i and fB,i . Of
course, these profiles will differ from our initial guess, b
this is easily remedied by adjusting the initial guess with
quasi-Newton–Raphson technique until a self-consistent
lution is achieved.

There will, in general, be multiple solutions~e.g., differ-
ent lamellar periods!, and to determine the stable one w
need to evaluate their free energies,F[2kBT ln Z5U($nc%)
2kBT ln V($nc%). By using Eq.~27! for nc and making use of
the constraint on(cnc , we obtain

F

nkBT
5

N

fcM'
(
i 51

M' S lnS , i

M i
D2

1

2 (
a,b

xabfa,if̄b,i D 2 lnS Q

V D ,

~39!

to within irrelevant constants. In the disordered phase,
reduces to

FD

nkBT
5

~12fc!N

fc
ln~12fc!

1
fcN

2
@2xABf ~12 f !1xAAf 21xBB~12 f !2#,

~40!

where f 5NA /N is the fraction of A monomers in each co
polymer.

IV. RESULTS

Below, we investigate our lattice model for symmetr
diblocks~i.e., f 50.5) ofN520, 30 and 40 each over a rang
of system sizes,L. In all cases, we choose an occupati
level of fc50.8. Furthermore, we selectxAA5xBB50,
which proves to be appropriate in that the vacancies rem
well mixed and uniformly distributed throughout the syste

A. Mean-field theory

We start by investigating mean-field theory as this w
provide valuable guidance for our subsequent Monte C
study. Within mean-field theory, the disordered phase is
affected by changes inxN. For instance, the average numb
of A/B monomer contacts remains fixed at

^nAB&5zVfc
2f ~12 f !, ~41!

which implies that the internal energy,U, is temperature
independent. From this, it follows that the heat capacity,CV ,
is identically zero. Furthermore, the diblocks obey rando
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walk statistics throughout the entire disordered phase, wh
implies that the average molecular dimensions are fixed

Rg
25

b2N

6 S 12
1

N2D'
b2N

6
, ~42!

RgA
2 5

b2NA

6 S 12
1

NA
2 D'

b2NA

6
, ~43!

RgB
2 5

b2NB

6 S 12
1

NB
2 D'

b2NB

6
, ~44!

RAB
2 5

b2N

3 S 11
1

2NANB
D'

b2N

3
. ~45!

These molecular dimensions are obtained following Ref.
and, as pointed out in Refs. 10 and 12, they satisfy the c
dition, RAB

2 '2Rg
2 .

The lamellar phase, however, does respond to incre
in xN by reducing ^nAB&, and consequently it become
stable at low temperatures. Figure 2 plots the difference
tween the lamellar and disordered state free energies
function of xN for symmetric diblocks withN530. The
various curves correspond to lamellae of different periodsD,
but all with the same~111! orientation. In this case, the dis
ordered phase first becomes unstable to theD510 lamellar
phase at (xN)ODT514.668. Notice that within just one un
of xN, the disordered phase is unstable to a wide range
other lamellar periods~i.e., 8<D<12), which, as we will
discuss later, implies that our Monte Carlo simulatio
should not be too seriously affected by finite-size effects
we repeat the mean-field calculation for lamellae in the~100!
direction, the ODT shifts ever so slightly to (xN)ODT

514.654. Although the difference in the two values is inco
sequential, we should in principle use the lower one as
ODT. Results for the other degrees of polymerization,N, are
summarized in Table I. From those, we see that the me
field ODT of our lattice model has a sizable molecula
weight dependence and that the location differs significan
from that of the continuum Gaussian chain model, wh
predicts (xN)ODT510.495/fc513.119 irrespective of the
molecular weight.24

FIG. 2. Free energy difference between the lamellar and disordered ph
FL –FD , as a function of segregation,xN, calculated by mean-field theory
for diblocks ofN530 monomers each. The different curves correspond
lamellae in the~111! orientation with periods ranging fromD58 to 12
layers. The square root is plotted to better emphasize the location o
ODT.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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The A-segment and vacancy profiles,fA, i andfV,i , re-
spectively, are plotted in Fig. 3 forN530 and a~111! lamel-
lar orientation. As the ODT is crossed, the oscillation in t
A-segment profile grows from zero signifying that the mea
field ODT is continuous. Furthermore, the period of t
lamellar phase increases with segregation. On the bas
Fig. 2, the period switches fromD510 to 11 atxN517.38
and then toD512 atxN522.57. Also notice that the distri
bution of vacancies remains relatively uniform even at h
xN, confirming that we have chosen appropriate values
xAA andxBB .

B. Optimizing the Monte Carlo algorithm

Before performing the bulk of our Monte Carlo simul
tions, we adjust the probabilities assigned to our four Mo
Carlo moves to maximize the efficiency of our algorithm. W
are guided by the acceptance rate for each move and the
autocorrelation functions,Gs(t) andGr(t), plotted in Fig. 4.
In particular, we look for high acceptance rates and sh
relaxation times,ts and tr , defined byGs(ts)5 1

2Gs(0)
andGr(tr)5 1

2Gr(0). However, these are not sufficient co
ditions for an efficient algorithm, and thus we must supp
ment these quantitative measures with some degree of ju
ment. We also focus more on low temperatures as thi
where the Monte Carlo dynamics tend to be slowest.

The slithering snake step is among the most highly u
moves for polymeric systems, and is associated with a
center-of-mass diffusion.10 It has a high acceptance rate ev
at low temperatures and a favorable effect on bothts and
tr . Although many algorithms rely almost entirely or eve
exclusively on this particular move,10–12,15we set its attempt

FIG. 3. Concentration profiles of A monomers and vacancies calcul
by mean-field theory for diblocks ofN530 monomers and a~111! lamel-
lar orientation. The vacancy profiles can be distinguished by the fact
fV,i'0.2.

TABLE I. Mean-field theory ODT’s and corresponding lamellar periods
three degrees of polymerization,N, and two lamellar orientations.

N

~111! direction ~100! direction

DODT (xN)ODT DODT (xN)ODT

20 8 15.3 10 15.4
30 10 14.7 11 14.7
40 11 14.3 13 14.3
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
-

of

h
r

e

wo

rt

-
e-
is

d
st

rate at a modest 60%. Without alternative moves, the di
sion of the junction points would tend to cease once m
crophase separation occurred.

At high temperatures, chain reversal has an accepta
rate of nearly 100% and it reducests dramatically. However,
the acceptance rate and the favorable effect onts drops off
quickly as microphase separation sets in. Still, it is a use
move with a low execution cost, and so we assign it
attempt rate of 10%.

The crankshaft move has a reasonable acceptance
even at low temperatures, and is effective at reducingtr . We
also expect it to be one of the more effective moves
relaxing the central portion of the chain, especially once m
crophase separation sets in. Therefore, we give it a sig
cant attempt rate of 20%.

Although the exchange of blocks tends to have the lo
est acceptance rate~'5%!, it has the merit of performing
best at low temperatures where the junction points are c
centrated at the A/B interfaces of highly-segregated m
phologies. This move has little influence onts andtr , but
we suspect that these are not good indicators of its effect
ness. We believe that this move is key for the lateral dif
sion of chains along well-developed interfaces, and there
we assign it an attempt rate of 10%.

The autocorrection functions shown in Fig. 4 are calc
lated for a series of segregations using our final selection
attempt rates. Under these conditions, the density autoco
tion function, Gr(t), displays a weak dependence onxN
with a more or less constant relaxation time oftr'1 MCS
per monomer. On the other hand, the spin autocorrec
function, Gs(t), depends strongly on segregation with a r

d

at

FIG. 4. Autocorrelation functions,Gs(t) andGr(t), vs Monte Carlo steps
per monomer evaluated for a range of segregations. The simulations a
performed for diblocks ofN530 monomers on a lattice of sizeL540.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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laxation time that increases steadily fromtr'0.1 MCS per
monomer atxN50.

C. Locating the ODT

The location of the ODT has been elusive in previo
Monte Carlo studies.10–15 The reason for this can be unde
stood by examining the sequence of configurations show
Fig. 5. The onset of microphase separation is such a gra
process that it is challenging to identify any significant d
ferences between the disordered state atxN542 and the
ordered lamellar state atxN544 apart from the long-rang
order present in the latter configuration. Not surprising
thermodynamic quantities tend to be insensitive to the O
but fortunately, our proposed order parameter,c, defined in
Eq. ~15! is an exception.

Figure 6 shows the variation inc for temperature scan
back and forth across the ODT at three different molecu
weights. In the disordered statec is tiny, while in the lamel-
lar phase it increases by orders of magnitude. The fact thc
displays a sharp jump indicates a discontinuous ODT,
indeed this is confirmed by the hysteresis loops. The wid
of the hysteresis loops are recorded in Table II for four d
ferent system sizes at each of the three molecular weights
expected, the widths tend to increase for larger system s
The true thermodynamic ODT must occur within the loop
but it is difficult to say exactly where. However, it is sensib
to assume that the simulation time required to disorde
lamellar phase is significantly less than that required to fo
it,19 and so we assume the thermodynamic ODT is towa
the smallxN end of the hysteresis loops. If we then exclu

FIG. 5. Configurations taken atxN50, 30, 42,~disordered! and 44~lamel-
lar! from a Monte Carlo cooling run involving diblocks ofN530 monomers
on a lattice of sizeL560. The two monomer types are distinguished by da
and light circles, while the vacancies are omitted.
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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our smallest system sizes, which display an anomalously
(xN)ODT , we arrive at a fairly consistent value for the OD
of (xN)ODT54061.

D. Internal energy

Here, we compare the mean-field and Monte Carlo p
dictions for the internal energy, or equivalently the avera
number of AB contacts, sinceU5eAB^nAB& assuming that
eAA5eBB50. A sample of our Monte Carlo predictions a
plotted in Fig. 7 for three different molecular weights. Th
molecular-weight dependence is largely removed by plott
the number of contacts versusxN. The plot shows a;60%
reduction in AB contacts as the ODT is approached (xN
'40), which is in stark contrast to the mean-field predictio
Eq. ~41!, suggesting a constant^nAB&/V51.92 throughout
the disordered phase.

Not only does mean-field theory fail to capture the d
crease in̂ nAB& asxN increases, it is highly inaccurate eve
in the athermal limit wherexN50. This is because mean

FIG. 6. Order parameter,c, from Monte Carlo runs where the system
cooled fromxN50 into the lamellar phase and then heated back into
disordered state. Results are presented for three degrees of polymeriz
~a! N520, ~b! 30, and~c! 40.
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field theory completely ignores the intramolecular corre
tions resulting from the connectivity of the chains, which a
to shield a given monomer from contacts with other m
ecules. This so-called correlation hole effect27 has been well
studied in binary homopolymer blends.28

If we examine the ODT region carefully, discontinuo
jumps in the internal energy are evident as observed ea
by Pakulaet al.16 and by Dotera and Hatano.20 Furthermore,
if we magnify the region and include both cooling and he
ing runs as in Fig. 7~b!, we also find hysteresis loops consi
tent with the ones observed in the order parameter.

E. Heat capacity

The discontinuity in internal energy at the ODT shou
in principal, produce a spike in the heat capacity, althou
earlier studies13,15 have failed to detect one. However, co

FIG. 7. ~a! Average number of A/B monomer contacts,^nAB&, vs segrega-
tion, xN, obtained from Monte Carlo cooling runs for three different m
lecular weights.~b! Hysteresis loop produced by cooling~s! and subse-
quent heating~L! runs.

TABLE II. Monte Carlo ODT’s for three degrees of polymerization,N, each
with four different system sizes,L.

(xN)ODT

N L524 L532 L540 L548

20 37.0–37.0 40.5–42.5 38.5–42.5 39.5–43.5

L530 L540 L550 L560

30 38.5–38.5 39.5–41.5 39.5–45.0 39.5–44.0

L534 L544 L554 L564

40 37.5–37.5 40.5–43.5 38.5–41.5 38.5–43.5
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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sistent with the one documented exception by Pakulaet al.,16

we generally do observe a strong spike in the heat capaci
complete coincidence with the discontinuities in the inter
energy and the order parameter. Figure 8 shows this spike
two equivalent and independent cooling runs. The slight s
in the two peaks is due to the small statistical variations
nucleating the lamellar phase. We also note that there ca
considerable variation in the strength of the peak, and
some runs it is practically nonexistent. The explanati
however, is very simple. If the transition occurs complete
within the equilibriating period immediately following a
temperature step, the large energy fluctuations will not
captured by the statistical averaging@see Eq.~5!#.

F. Dimensions of an individual molecule

In an athermal melt~i.e., xN50), polymer chains are
expected to obey random-walk statistics with their dime
sions scaling asN1/2, consistent with the mean-field predic
tions in Eqs.~42!–~45!. In practice though, fitting our radiu
of gyration toRg}Nn provides a somewhat larger expone
of n50.538, agreeing with the values obtained by ear
studies.10,12,21Similarly, the A block radius of gyration,RgA ,
yields an exponent ofn50.554, and the block separation
RAB , gives an exponent ofn50.526. Nevertheless, this mi
nor deviation fromn51

2 is easily attributed to the fact ou
chains are not yet in the large-N regime.10,12Nevertheless, if
we insist on fitting the radius of gyration toRg5a(N/6)1/2,
we obtain an approximation for the statistical segment len
of a'1.17b, slightly larger than the mean-field prediction o
a5b @see Eq.~42!#.

Figure 9 plotsRg , RgA , andRAB relative to their mean-
field predictions, Eqs.~42!–~45!, as a function ofxN. As
found previously,10–15,18scaling the results in this manner
reasonably successful in collapsing the data onto a sin
curve. The fact that theRgA results in Fig. 9~b! are somewhat
spaced is just a consequence of the highly expanded ver
axis. Unlike most previous studies,10–15,18we observe small
discontinuities at the ODT. In Fig. 9, we only display coolin
curves, but if we included heating curves and increased
magnification, we would see small hysteresis loops con
tent with the one in Fig. 7~b! for the internal energy.

Over the range of the disordered phase~i.e., xN
50 – 40),Rg increases by 7%–10%, but this does not rep

FIG. 8. Heat capacity,CV , vs increasing segregation,xN, obtained from
two statistically independent Monte Carlo runs for the same molec
weight,N530, and the same system size,L540.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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sent a simple uniform stretching of the chains. Instead
appears that the A and B blocks remain relatively uniform
size, while their centers of mass spread apart by 15%–1
Previous studies10,12,14,18have likewise found thatRAB in-
creases more thanRg . Interestingly, the individual blocks~in
this symmetric case, the A and B blocks behave equivalen!
seem to contract slightly when the temperature is fi
lowered,11,14,15,29consistent with calculations by Vilgis an
Borsali30 and analogous to Monte Carlo simulations on
1B homopolymer blends by Sariban and Binder.31,32 How-
ever, we should be careful not to rule out the possibility t
the blocks undergo a significant perturbation, sinceRgA says
nothing about their actual shape.

G. Correlation function

Since mean-field theory predicts that monomers are
domly mixed in the disordered phase, it follows that t
spin–spin correlation function,Gi j , should be zero for any
two sitesiÞ j . However, our Monte Carlo simulations reve
a significant level of correlations in the disordered pha

FIG. 9. ~a! Radius of gyration of the entire molecule,Rg , ~b! radius of
gyration of the A block,RgA , and~c! separation between the A and B bloc
centers of mass,RAB , plotted for increasing segregation,xN. Results are
presented forN520, 30, and 40 from simulations on lattices ofL548, 60,
and 64, respectively.
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particularly as the ODT is approached. This is demonstra
in Fig. 10, whereGi j is plotted along the~100! direction as a
function of separation,r i j , for a series segregations. A
though Larson19 has reported the same damped oscillato
correlations, he did not investigate the effect of chang
segregation. Here, we show that the length of
exponential-like decay and the wavelength of the oscillat
both increase as the ODT is approached. The former in
cates an increased level of microphase separation, while
latter is consistent with growth of the microdomains. Th
behavior is, in fact, a common feature of amphiphi
systems.33

H. Structure function

Figure 11~a! shows the spin–spin structure function at
series of segregations,xN, within the disordered phase. W
follow the common practice of ignoring the slight depe
dence on orientation, and we average over all wave vec
of the same magnitude,q[uqu. The structure function exhib
its a similar functional form to that predicted by mean-fie
theory,6 but in this case the location of the peak shifts t
wards smaller wave vectors as the ODT is approached.
peak position,q* , is plotted in Fig. 11~b! as a function of
xN for three different molecular weights. As was the case
the average molecular dimensions, the molecular-weight
pendence can be largely removed by scalingq* with N1/2.
For completeness, we plot the peak height,S(q* ), in Fig.
11~c!, using a logarithmic scale so as to demonstrate
exponential-like growth.

The wavelength,l* 52p/q* , associated with the pea
position, is related to the size of microdomains formi
within the disordered phase. Over the rangexN50 up to the
ODT, l* increases almost linearly by approximately 40%
As Fried and Binder10–12 have pointed out, this is much
larger than the increase in eitherRg andRAB . It follows that
the growth of microdomains in the disordered phase mus
a highly cooperative process, as opposed to a simple co
quence of chain stretching.

FIG. 10. Spin–spin correlation function,Gi j , vs separation,r i j , between
sites evaluated for a series of segregations within the disordered phas
this case, the Monte Carlo simulations are performed on diblocks oN
530 monomers in a system of sizeL560, and the separation between sit
i and j is taken to lie along the~100! direction.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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I. Lamellar profile

Figure 12 shows segment profiles of the lamellar ph
at two segregations from the Monte Carlo cooling run cor
sponding to Figs. 5 and 7~b!. On the basis of the hysteresis
Fig. 7~b! and the configuration in Fig. 5~d!, the disordered
state began to transform into a~111! lamellar state during
xN543 eventually reaching equilibrium by the end of t
xN544 step. ThexN545 profiles in Fig. 12 are the firs
from a fully equilibriated lamellar phase. As opposed to t
mean-field behavior where the oscillatory profile grows
gradually ~see Fig. 3!, here it emerges abruptly consiste
with a discontinuous ODT. As found previously by mea
field theory, the vacancy distribution remains reasonably u
form.

For comparison, we also display one mean-field pro
in Fig. 12 calculated atxN550. Mean-field theory predicts
period ofD515 layers which is just slightly shorter than th
Monte Carlo result ofD516, but we should not associa
any significance to this small discrepancy. First of all, t

FIG. 11. ~a! Spin–spin structure function,S(q), vs wave number,q, for a
series of segregations within the disordered phase. The simulations are
formed on diblocks ofN530 monomers in a system of sizeL550. ~b!
Wave number,q* , and~c! height,S(q* ), corresponding to the peak in th
structure function plotted as functions of segregation for three different
lecular weights.
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finite size of the simulation box precludes gradual inc
ments in the Monte Carlo domain size, and secondly it
clearly evident from our simulations that nonequilibrium e
fects prevent the lamellar phase from adjusting to the c
tinuously changing equilibrium period. Because of the
finite-size and nonequilibrium effects, we forego any furth
investigation of the lamellar phase.

However, before moving on, it is interesting to note th
the mean-field profile in Fig. 12 has a significantly sharp
interface than those produced by the Monte Carlo simu
tions. This remains the case even when we perform
mean-field calculation at the same domain spacing ofD
516. The explanation is very simple; mean-field theory
nores capillary wave fluctuations.2,34 Past studies35 have al-
ready demonstrated that correcting for this effect sign
cantly improves the agreement between mean-field the
and Monte Carlo simulations. Contrary to the situation w
the disordered phase, we conclude that mean-field theory
pears reasonably accurate in describing the ordered lam
phase, just as expected.2

V. DISCUSSION

In principle, comparisons between Monte Carlo simu
tions and mean-field theory offer a direct way of assess
fluctuation effects. However, this is only true if the compa
son is performed using the same underlying model, wh
has not been the case. Monte Carlo simulations have b
conducted on lattice models whereas mean-field theory
been performed on a continuum coarse-grained model.
comparison consequently requires some arbitrary jud
ment21 for the definition of the Flory–Hugginsx parameter.
We avoid this uncertainty by performing our mean-field c
culations on the same identical lattice model used in
Monte Carlo simulations. With this ambiguity removed, t
fluctuation effects can only be obscured by the statist
inaccuracies, finite-size effects, and nonequilibrium behav
in our Monte Carlo simulations, all of which we can de
with.

er-

-

FIG. 12. Concentration profiles of A monomers and vacancies evalu
from a Monte Carlo cooling run involving diblocks ofN530 monomers in
a system of sizeL560 ~open symbols!. The vacancy profiles can be distin
guished by the fact thatfV,i'0.2. In this simulation, a~111! oriented lamel-
lar phase formed during the latter MCS ofxN543 and the initial steps at
xN544 @see Figs. 5 and 7~b!#. For comparison, a mean-field prediction
shown forxN550 ~solid diamonds!.
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The statistical inaccuracies due to the finite sampl
time in our simulations are easily assessed by examining
random noise in our various Monte Carlo data. In all cas
the visible noise is small relative to the measured quantit
Furthermore, we have confirmed the accuracy of our sta
tics by comparing a number of independent runs perform
under identical conditions~see, for example, Fig. 8!. If the
accuracy was insufficient, it would only be a simple mat
of collecting statistics over longer intervals.

The fact that simulations are performed on a finite latt
will naturally perturb the results away from the thermod
namic limit ~i.e., L→`). Such finite-size effects would b
overwhelming if it was not for the periodic boundary cond
tions, but even with them the effects can be substantial
general, the finite size of the simulation box tends to re
force correlations thus promoting the stability of an orde
phase. In the case of binary homopolymer blends, this ef
can be corrected for by finite-size scaling techniques allo
ing the ODT to be located to within;0.1% accuracy.15

However, when the ordered phase is periodic, its formatio
also affected by the fact that it must be commensurate w
the finite size of the simulation box. Micka and Binder15

concluded that this renders standard finite-size scaling t
niques intractable, but fortunately the situation is not as
as this suggests. Our mean-field calculations demons
that even large variations of620% away from the preferred
period only shift the ODT by;5% ~see Fig. 2!. Indeed, our
Monte Carlo simulations predict reasonably consistent v
ues of (xN)ODT for all but our smallest system sizes.

Just as in experiment,17,36 Monte Carlo simulations are
prone to nonequilibrium effects due to the finite time t
system spends at any given temperature. One result o
delayed response to a temperature increment is the hyste
at a discontinuous transition.17 In principle, the hysteresis
loop should gradually shrink converging on the proper th
modynamic ODT as the system is equilibriated for long
periods of time,36 but in practice the time required is ofte
unfeasibly long. Fortunately, our hysteresis loops are sm
and furthermore we can be confident that the actual OD
towards the lowxN end of each loop, given that it is mor
difficult to form an ordered phase as opposed to melting19

The fact that beyond the hysteresis our heating runs m
up with our cooling runs~see, for example, Figs. 6 and 7!
demonstrates that the disordered phase is free of nonequ
rium effects. On the other hand, we believe that the lame
phase is overwhelmed by nonequilibrium effects in that o
it forms the orientation and period are unable to adjust.
this reason, our investigation of fluctuation effects h
avoided the lamellar phase. At any rate, mean-field theor
expected to be accurate for ordered phases, because th
fective fields are relatively static.2

The remaining differences between mean-field the
and Monte Carlo can only be due to fluctuation effects. So
of these differences have already been established in p
ous Monte Carlo studies. For instance, the stretching of
dividual chains is virtually identical to that found by Binde
and Fried.10–12 Larson19 has also observed oscillatory corr
lations similar to those in Fig. 10. The peak in the scatter
function and the shift towards larger length scales with
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
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creasing xN are also well documented.10–14,29 Although
Micka and Binder15 have shown that the average number
A–B monomer contacts,̂nAB&, decreases substantially a
the ODT is approached, we are not aware of anyone poin
out the fact that mean-field theory is already considera
inaccurate in the athermal limit~i.e., xN50). Even there,
Eq. ~41! overestimates the number of contacts in Fig. 7~a! by
;35%.

Pakulaet al.16 claimed to identify a well-defined tem
perature at xN'0.7(xN)ODT separating mean-field an
nonmean-field behavior. Not only do we detect significa
fluctuation effects well below this segregation, none of o
plotted quantities suggest any sort of crossover beha
whatsoever. On the basis of our uniform vacancy distribut
in the lamellar phase~see Fig. 12! and past studies,15,18,31we
doubt that this has anything to do with our use of vacanc
Indeed, our internal energy and specific heat curves sh
consistent behavior with theirs when plotted as a function
T rather thanxN. This suggests that their evidence for
crossover is simply an artifact of how they plot their da
We note that this claim by Pakulaet al. is very reminiscent
of the proposed Gaussian to stretched-coil transition s
gested by Bateset al.37 based on their experimental plots o
q* versusN. In that case, Fried and Binder12 have since
provided compelling evidence that the observed beha
does not coincide with the onset of chain stretching.

Past studies have been unable to comment reliably
the quantitative effect of fluctuations on the ODT, because
difficulty in detecting the transition and the unavailability
mean-field predictions for their particular models. Now, f
the first time, we are able to make accurate comparisons.
all three molecular weights considered in our study,
Monte Carlo simulations predict an ODT at (xN)ODT540
61, while mean-field theory predicts (xN)ODT to range from
14.3 to 15.3~see Tables I and II!. Hence, mean-field theory
underestimates (xN)ODT by a factor of;2.7, and if anything
the inaccuracy increases with molecular weight. Althou
previous studies10,16,18,19have not suggested an inaccura
anywhere near as large, our result is not unprecedented
Monte Carlo simulations for binary homopolymer blend
Sariban and Binder31,32 have reported similar sized discrep
ancies that likewise show no sign of vanishing for largeN.

It is unreasonable to expect the Fredrickson–Helfa
fluctuation theory3 to quantitatively apply to our results. No
only is the theory based on the continuum Gaussian ch
model, but it also assumesN̄*106 whereas our chains only
range fromN̄'65 to 130 ~note thatr05&fc /b3 and a
'1.17b). Indeed, Eq.~1! predicts (xN)ODT to increase by a
factor of;1.8, which is significantly less than the;2.7 pre-
dicted by our study.~Note that we compare relative increas
so as to avoid any direct comparison between the continu
and lattice definitions ofx.! Nevertheless, we do find that th
ODT is discontinuous just as the F–H theory predicts. F
thermore, the F–H theory correctly predicts the ODT to sh
towards higherxN, which incidentally contradicts the calcu
lation by Maureret al.4

Although the inaccuracy in the mean-field prediction
(xN)ODT may eventually subside for largerN, it will never
vanish in theN→` limit. The intramolecular correlations
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



e

r

ta
n

fu
se
m
o

th
If
a

be
te
t–
a
se
th
e

h
ng
la
ve

on
tly

t
d

y o

on
io
so
r

em
p

er
b

a
th
el
th
ar

o
rl

s.

al
he

ow
m-

tive
r

re
tate

to
m-
on
an-
back
nd

zes,
the

ce
by

re-
hat
for

-
is-
be-

nd

.

ules

rs,

7712 J. Chem. Phys., Vol. 118, No. 16, 22 April 2003 O. N. Vassiliev and M. W. Matsen
which persist even in the athermal limit, imply that th
mean-field prediction forU, Eq. ~41!, will always be inac-
curate. Some researchers10,16,18 have partially corrected fo
this effect by replacingz by (z22) in Eq. ~3! to account for
the fact that a given monomer always remains in con
with its bonded neighbors. However, this is not a sufficie
correction since the intramolecular correlations extend
ther than just one monomer along the chain. In many ca
this is accounted for by using an effective coordination nu
ber, which involves calculating the average number
nearest-neighbor sites blocked by intrachain contacts.19

The claim that mean-field theory becomes exact in
N→` limit can only be true for coarse-grained models.
we coarse grained our lattice model, defining segments e
containing a reasonable number of monomers~i.e., 10 or
more!, then the intramolecular correlations would largely
confined to the individual segments and thus incorpora
into an effective x parameter describing the segmen
segment interactions. Although there would always rem
some intramolecular correlations between connected
ments, these could be continuously reduced by making
segments ever larger. The resulting coarse-grained segm
would differ substantially from our present monomers. T
segments would instead behave like microscopic spri
with a variable end-to-end length and they could over
since they would no longer represent solid objects. Howe
this coarse-graining procedure could never be applied
polymers so short as the ones considered in our simulati
nor is it feasible to extend our simulations to sufficien
long polymers. Field-theoretic simulations22 appear to be the
only possible way of accessing theN→` limit, but it may be
some time before the computational methods will be up
the challenge of performing accurate simulations in three
mensions.

VI. SUMMARY

We have expanded upon an earlier Monte Carlo stud
diblock copolymer melts by Pakulaet al.16 The original
study was one of only two to detect evidence of a disc
tinuous ODT, and the only one to suggest that fluctuat
effects emerge at a well-defined temperature in the di
dered state. Here, symmetric diblocks are examined for th
molecular weights on a range of significantly larger syst
sizes in order to assess finite-size effects, and runs are
formed for both cooling and heating. In addition to the int
nal energy, specific heat, and molecular size examined
Pakulaet al., we also investigated the shape of an individu
chain, the correlation function, the structure function, and
lamellar profile. Furthermore, we have performed mean-fi
calculations on the same lattice model in order to provide
first direct and unbiased comparisons between Monte C
simulations and mean-field theory.

The nonmean-field behavior we observed in the dis
dered phase is consistent with previous Monte Ca
simulations10–15 performed on a variety of lattice model
First of all, the behavior scales well with the productxN.
Second, our results are consistent with the view that asxN
increases the A and B blocks of each molecule gradu
separate while remainly relatively uniform in size. Third, t
Downloaded 29 Apr 2005 to 134.225.1.162. Redistribution subject to AIP
ct
t
r-
s,
-
f

e

ch

d

in
g-
e
nts

e
s

p
r,
to
s,

o
i-

f

-
n
r-
ee

er-
-
y

l
e
d
e
lo

r-
o

ly

A- and B-rich microdomains in the disordered phase gr
faster than the dimensions of the individual molecules, de
onstrating that microphase separation is a highly collec
process.10–12,15Finally, we find that nonmean-field behavio
begins immediately asxN increases from zero, and that the
is no clear division between a homogeneous disordered s
and a structured one contrary to the claim by Pakulaet al.16

While most previous Monte Carlo studies10–15 have
failed to detect direct evidence of an ODT, we were able
locate it with relative ease. Furthermore, we could una
biguously identify it as a discontinuous transition based
the sudden jump it produced in all the thermodynamic qu
tities and the hysteresis loops observed when scanning
and forth across the ODT. The finite-size effects were fou
to be reasonably modest for all but our smallest system si
and thus we were able to provide a reliable estimate for
ODT, (xN)ODT54061. This was found to be;2.7 times
our mean-field prediction calculated for the identical latti
model, a discrepancy much larger than that suggested
either the Fredrickson–Helfand fluctuation theory or any p
vious Monte Carlo study. We were also surprised to find t
the inaccuracy in mean-field theory seems to increase
larger N. Although mapping large-N systems onto coarse
grained models will undoubtedly reduce some of this d
crepancy, it still remains to be seen if mean-field theory
comes exact in theN→` limit.
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