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The accuracy of strong-stretching theory~SST! is examined against a detailed comparison to
self-consistent field theory~SCFT! on dry polymeric brushes with thicknesses of up to;17 times
the natural chain extension. The comparison provides the strongest evidence to date that SST
represents the exact thick-brush limit of SCFT. More importantly, it allows us to assess the
effectiveness of proposed finite-stretching corrections to SST. Including the entropy of the free ends
is shown to rectify the most severe inaccuracies in SST. The proximal layer proposed by Likhtman
and Semenov provides another significant improvement, and we identify one further effect of
similar importance for which there is not yet an accurate treatment. Furthermore, our study provides
a valuable means of rejecting mistaken refinements to SST, and indeed one such example is
revealed. A proper treatment of finite-stretching corrections is vital to a wide range of phenomena
that depend on a small excess free energy, such as autophobic dewetting and the interaction between
opposing brushes. ©2004 American Institute of Physics.@DOI: 10.1063/1.1765101#

I. INTRODUCTION

In a seminal 1985 publication, Semenov1 introduced a
strong-stretching theory~SST! to describe block copolymer
melts, which was subsequently employed by Milneret al.2 to
model polymeric brushes. The theory is based upon the
Gaussian chain model for high-molecular weight polymers
and treats the molecular interactions using mean-field
theory.3 By assuming each polymer chain is so highly
stretched that itscoarse-grainedconfiguration is restricted to
a path of minimum energy, SST is able to provide explicit
formulas for a wide range of quantities. The intuitive under-
standing generated by this simple analytical theory has
proven to be invaluable, although it relies on a very stringent
assumption. The more general self-consistent field theory
~SCFT! ~Refs. 4, 5! provides much improved accuracy by
considering all possible polymer configurations and weight-
ing each of them by the appropriate Boltzmann factor. How-
ever, SCFT is a numerical theory, and thus its predictions
cannot be summarized in nice explicit formulas. For this rea-
son, the polymer community continues to embrace both theo-
ries, SST for its analytical expressions and SCFT for its im-
proved accuracy.

It is believed that SCFT converges exactly to SST in the
limit of strongly-stretched polymers, but this has yet to be
confirmed. Indeed, various SST predictions coincide well
with SCFT ~such as domain sizes in block copolymer
melts6!, but there are also many other quantities for which
the comparison is particularly poor. For instance, the SST
prediction7 for the interfacial tension between a polymeric
brush and its parent homopolymer is;5 times that of the
SCFT prediction,8 which incidentally is in good agreement
with experiment.9 More concerning than this quantitative dif-
ference is the serious qualitative disagreement regarding the
actual source of the tension; SST predicts that it is largely
due to changes in the free energy of the brush, while SCFT

attributes it almost entirely to the homopolymer. In another
instance, where assertive efforts were made to extrapolate
SCFT predictions for the phase boundaries of diblock co-
polymer melts to the SST limit, it appears that the two theo-
ries are again inconsistent.10

Regardless of whether or not SST represents the proper
limit of SCFT, it is certainly clear that the strong-stretching
assumption of SST is far from realized at the experimentally
relevant conditions, where the SCFT calculations are gener-
ally performed. This fact has motivated several attempts to
improve upon the standard SST by incorporating finite-
stretching corrections.11–15 Ideally, such studies would pro-
vide an improved analytical~or semianalytical! theory, but
should provide, at the very least, a deeper understanding for
the limitations of SST. However, these efforts have been
complicated by the lack of a unique welldefined strategy for
incorporating such corrections. Indeed, two of the more sig-
nificant attempts by Goveaset al.11 and by Likhtman and
Semenov12 involve very distinct approaches and produce
vastly different predictions.

Fortunately, SCFT offers a means of testing proposed
corrections to SST, and, according to the initial evidence,16,17

the Likhtman-Semenov approach appears more successful.
For a dry brush of thicknessL consisting of polymer chains
with N segments of statistical lengtha the improved L-S
theory predicts an average free energy per chain,

f

kBT
'

p2L2

8a2N
2 lnS A3L

2aN1/2D 2KjS L

aN1/2D 22/3

1Km , ~1!

whereKj'0.374 andKm50.1544. The first term is the bare
SST prediction, the next two terms result from the entropy of
the free ends, and the last term comes from a narrowproxi-
mal layer next to the substrate. SCFT calculations have not
yet been performed at sufficientL to directly confirm Eq.~1!,
but they have corroborated some of the other predictions
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regarding significant refinements to the self-consistent field,
the distribution of chain ends, and the brush profile.16,17 If
the L-S theory does, indeed, capture the dominant correc-
tions to SST, then it would follow that SCFT→SST in the
L→` limit. However, the past comparisons with SCFT are
still far from conclusive, and they certainly do not rule out
the possible existence of additional corrections that might
actually persist into the thick-brush limit.

In this paper, we perform accurate SCFT calculations for
brushes with thicknesses of up toL58aN1/2, which repre-
sents;17 times the natural chain extension.18 A detailed
examination of all the relevant quantities provides the first
solid evidence that SCFT→SST, at least for the case of flat
dry polymeric brushes. Furthermore, we demonstrate that the
free energy per chain is consistent with Eq.~1!, provided the
coefficientKj is adjusted.

II. THEORY

This section provides the theory for a dry polymeric
brush of flexible monodisperse chains. The flexibility as-
sumption allows us to treat the substrate and the outer air
interface with reflecting boundaries, which in turn implies
that a single brush is mathematically equivalent to two op-
posing brushes.8 For reasons of convenience, we present the
theory in terms of the latter system involving identical
brushes grafted to flat parallel substrates atz50 and z
52L as sketched in Fig. 1.

To specify the polymer configurations, each molecule is
parametrized along its length, starting froms50 at the free
end and running tos51 at the grafted end. With that, the
configuration of theath polymer can be expressed asra(s).
However, for the special planar geometry consider here, we
need only be concerned with thez component of the trajec-
tory, za(s). The motion in thex-y plane is completely de-
coupled, and obeys simple random-walk statistics.8

In thez direction, the chains must deviate from a random
walk in order to avoid an overcrowding of segments near the

substrate. Rather than explicitly including the hard-core in-
teractions responsible for this, a Lagrange-multiplier field
w(z) is introduced to enforce a uniform polymer concentra-
tion by penalizing segments close to the substrate. With that,
the energyE for a portion of the chain (s1<s<s2) is given
by

E@za ;s1 ,s2#

kBT
5E

s1

s2S 3@za8 ~s!#2

2a2N
1w„za~s!…D ds, ~2!

where the first term represents the entropic penalty of
stretching the polymer and the second term is the energy due
to the field.4

A. Self-consistent field theory

At the heart of SCFT is the partition functionq(z,z0 ,s)
for a fragment of chain withsN segments extending between
z andz0 . It is given by the functional integral,

q~z,z0 ,s!}E Dza expS 2
E@za ;0,s#

kBT D
3d„za~0!2z0…d„za~s!2z…, ~3!

which can be evaluated by solving4,5

]

]s
q~z,z0 ,s!5

a2N

6

]2

]z2
q~z,z0 ,s!2w~z!q~z,z0 ,s!, ~4!

subject to reflecting boundary conditions atz50 and z
52L and an initial conditionq(z,z0,0)5d(z2z0)aN1/2.
Note that in the limitz0→0, thed function merges with its
reflection giving, in that case, an initial condition of
q(z,0,0)52d(z)aN1/2.

Onceq(z,z0 ,s) is known, the free energy of a complete
chain extended from thez50 substrate toz5z0 is given by

f 0~z0!

kBT
52 ln q~0,z0,1!1 ln A32

1

4
. ~5!

Since the definition in Eq.~3! does not specify an absolute
magnitude forq(z,z0 ,s), f 0(z0) is only defined within an
additive constant. In Eq.~5!, we choose a particular constant
for reasons that will become apparent in Sec. II D. Given
f 0(z0), the distribution of chain ends is specified by the Bolt-
zmann weight,

g~z0!5
aN1/2

Q expS 2
f 0~z0!

kBT D , ~6!

where

Q5E
0

2L

expS 2
f 0~z0!

kBT Ddz0 ~7!

is the partition function for a single chain with one end free
and the other end attached to thez50 substrate.

The next step is to evaluate the concentration profile
f(z) of the brush grafted to thez50 substrate. We start with

r~z;z0 ,s!5
q~z,z0 ,s!q~0,z,12s!

q~0,z0,1!
, ~8!

FIG. 1. Schematic diagram of two opposing brushes grafted to substrates at
z50 and 2L such that they interpenetrate at thez5L midplane denoted by
the dashed line. The trajectory,za(s), specifies thez coordinate of thesNth
segment of theath polymer. Note that the overall extension of the chain is
given byz05za(0).
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which is the distribution of thesNth segment from a chain
extended toz5z0 . From this, the segment profile of the
entire chain is

f~z;z0!5E
0

1

r~z;z0 ,s!ds, ~9!

which in turn gives

f~z!5
L

a2N
E

0

2L

g~z0!f~z;z0!dz0 . ~10!

Of course, the brush attached to thez52L substrate has a
symmetrical distribution, and their combination must satisfy
the incompressibility condition,

f~z!1f~2L2z!51, ~11!

which is the criterion used to determinew(z).
Oncew(z) is evaluated self-consistently, it is straightfor-

ward to compute the average free energy per chainf. First of
all, the elastic energy of an individual chain,f 0,e(z0)
5 f 0(z0)2 f 0,w(z0), extended toz5z0 is obtained by taking
f 0(z0) and subtracting off the fictitious energy of the field,

f 0,w~z0!5
kBT

aN1/2E w~z!f~z;z0!dz. ~12!

Averaging f 0,e(z0) over the distribution of chain extensions
gives the average stretching energy per chain as

f e5
1

aN1/2E g~z0! f 0,e~z0!dz0 . ~13!

Second of all, the entropic energy associated with the distri-
bution of the end segments is given by

f g5
kBT

aN1/2E g~z0!ln g~z0!dz0 . ~14!

The total free energy is then just the sum,f 5 f e1 f g .

B. Full classical theory

Here we describe an intermediate theory to SCFT and
SST, which we refer to as the full classical theory~FCT!.16 It
is similar to SST in that it assumes the chains are so strongly
stretched that the partition function in Eq.~3! is completely
dominated by the lowest energy path, referred to as theclas-
sical trajectory because of an analogy with classical
mechanics.2,19 The classical path is obtained by minimizing
the integral forE@za ;0,1# with respect toza(s), which is a
standard variational calculus problem corresponding to the
Euler-Lagrange equation,

d

dsS DE

Dza8
D 2S DE

Dza
D50. ~15!

The functional differentiation of Eq.~2! gives the second-
order differential equation,

d

dsS 3za8 ~s!

a2N
D 2w8„za~s!…50. ~16!

Rearranging this as

d

dsS 3@za8 ~s!#2

2a2N
D 2

d

ds
w„za~s!…50, ~17!

allows us to perform one integration, reducing it to the first-
order equation,

3@za8 ~s!#2

2a2N
2w„za~s!…5

3v0
2

2a2N
2w~z0!, ~18!

where the constant of integration has been expressed in terms
of the initial conditions,z0[za(0) and v0[2za8 (0). The
parameterv0 has to be adjusted so thatza(1)50.

Once the classical pathza(s) is determined, the free en-
ergy is treated with the ground-state approximation,

f 0~z0!5E@za ;0,1#, ~19!

and segment distributions are taken to be

r~z;z0 ,s!5d„z2za~s!…aN1/2. ~20!

From there on, the FCT proceeds exactly as SCFT.

C. Strong-stretching theory

In the FCT, a small population of chains extend beyond
the midplane, because the extra stretching penalty is com-
pensated for by the entropic advantage of having a wider
end-segment distribution,g(z0). However, this advantage di-
minishes asL→`, and the FCT reduces to the conventional
SST, where there is no interpenetration between the brushes,
in which case we need only considerz,L. As the effect of
the end-segment entropy vanishes, so does the tension at the
free end of the chain~i.e., v0→0), from which a classical-
mechanics analogy19 with a simple harmonic oscillator leads
us to conclude that

w~z!52
3p2z2

8a2N
. ~21!

Indeed, the corresponding trajectory,

za~s!5z0 cos~ps/2!, ~22!

has a derivative of zero ats50. However, at this level of
approximation,f 0(z0)5E@za ;0,1#50 and thereforeg(z0)
must be obtained by another means other than Eq.~6!.

Inserting the above trajectory into Eq.~20!, and integrat-
ing r(z;z0 ,s) over s gives

f~z;z0!5H 2aN1/2

pAz0
22z2

, if z,z0

0, if z.z0 .

~23!

Since the brushes no longer interpenetrate, it follows that
f(z)51 for z,L. Therefore, Eq.~10! can be inverted to
obtain

g~z0!5
z0aN1/2

LAL22z0
2

, ~24!

for z0,L.
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A straightforward calculation gives the stretching energy
of an individual chain as

f 0,e~z0!

kBT
5

3p2z0
2

16a2N
. ~25!

Weighting this with respect tog(z0) gives an average
stretching energy per chain of

f e

kBT
5

p2L2

8a2N
. ~26!

In the SST limit,f e@ f g , and thus the free energy per chain
is approximated asf ' f e @i.e., the first term in Eq.~1!#.

D. SCFT for the parabolic potential

Normally, the partition function in SCFT has to be
evaluated numerically, but it can be solved exactly20 for the
SST potential in Eq.~21!. In this case, the solution to Eq.~4!
is

q~z,z0 ,s!

5S 3

sin~ps/2! D
1/2

expS 2
3p~z21z0

2!

4a2N tan~ps/2!
D

3coshS 3pzz0

2a2N sin~ps/2!
D , ~27!

where we only enforce the reflecting boundary atz50. From
this, it immediately follows that

f 0~z0!

kBT
52

1

4
~28!

and

r~z;z0 ,s!5S 3

2 sin~ps! D
1/2

3FexpS 2
3p@z2z0 cos~ps/2!#2

2a2N sin~ps!
D

1expS 2
3p@z1z0 cos~ps/2!#2

2a2N sin~ps!
D G . ~29!

Note that the second exponential, due to the reflecting
boundary, can generally be ignored provideds is not too
close to one. Although there is no analytic formula for
f(z;z0), we can still obtain one for

f 0,w~z0!

kBT
5E w~z!r~z;z0 ,s!dzds52

3p2z0
2

16a2N
2

1

4
~30!

by integrating first overz and thens. Note that the stretching
energy,f 0,e(z0)5 f 0(z0)2 f 0,w(z0), exactly matches the SST
prediction in Eq.~25!; it was this that motivated our choice
for the additive constant in Eq.~5!.

E. Numerical algorithm for SCFT

In previous work,8 we solved the SCFT using a spectral
~i.e., Fourier! method, but it was unable to cope withL
*2aN1/2. This is due to an inability to represent the initial
condition,q(z,z0,0)50 for zÞz0 , with sufficient accuracy.
When the brush is very thick, the strong negative field atz
'L amplifies the numerical noise, which eventually over-
whelms the solution. The noise grows exponentially, and
consequently it is futile to combat the problem by increasing
the number of Fourier terms. This particular problem would
also plague semispectral methods.21

Thus we are obliged to solve the SCFT using a real-
space algorithm. Concerned with the presence ofd functions
in the field w(z) and the initial conditionq(z,z0,0) we ex-
plored a number of sophisticated approaches but eventually
concluded that it is best to apply a simple method using a
very fine mesh. We start by definingqi , j[q( iDz,z0 , j Ds)
andwi[w( iDz), whereDz5L/M andDs51/N. The diffu-
sion equation is then approximated as

qi , j 112qi , j

Ds
5

a2N

12~Dz!2
~qi 11,j 1122qi , j 111qi 21,j 11

1qi 11,j22qi , j1qi 21,j !

1
wi

2
~qi , j 111qi , j !, ~31!

which corresponds to the well-known Crank-Nicolson
procedure.22 The reflecting boundaries are treated by setting
q21,j5q1,j andq2M11,j5q2M21,j , and then the resulting set
of linear algebraic equations is solved iteratively starting
with the known solution forj 50 and stepping through toj
5N.

The diffusion equation~4! has the property that it con-
serves the concentration of segments@i.e., the integral of
f(z) is fixed regardless ofw(z)], but small violations can
occur with the discrete version in Eq.~31!. This has dire
consequences when attempting to solvew(z) for thick
brushes. Fortunately, the conservation of segments is re-
stored if all the integrals are performed using the simple
trapezoid method,22

E
0

2L

f ~z!dz'S f ~0!

2
1 (

i 51

2M21

f ~ iDz!1
f ~2L !

2 DDz, ~32!

where f (z) is an arbitrary integrand.
Naturally, the discrete representation in Eq.~31! will be

accurate whenq(z,z0 ,s) andw(z) vary slowly with respect
to the mesh size, but it is impossible to chooseDz suffi-
ciently small to satisfy this condition everywhere because of
the d functions involved. Fortunately again, the Crank-
Nicolson method remains accurate provided the Diracd
functions are replaced with Kroneckerd functions according
to

d~z2z0!→d i , j /Dz, ~33!

wherez5 iDz andz05 j Dz. We have confirmed this by test-
ing against the analytical solutions for a parabolic potential
@in Eq. ~27!#, and forw(z)}d(z) @in Ref. 12#. We have also
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used these known solutions to gauge the necessary number
of mesh points. For our required accuracy,M510 000 and
N520 000 are sufficient.

The most computational aspect of SCFT is the deter-
mination of w(z). There are a few things we do to maxi-
mize the efficiency of this procedure. First of all, we
solve Eq. ~31! with reflecting boundaries atz50 and
z5L, once for q(z,s)[q(z,0,s) with initial condition
q(z,0)52d(z)aN1/2, and again for q†(z,s)[* q(z,z0 ,
s)dz0 /aN1/2 with q†(z;0)51. The total segment concentra-
tion of the two opposing brushes is then evaluated using

f~z!1f~2L2z!5
L

q†~0,1!aN1/2E0

1

q~z,12s!q†~z,s!ds.

~34!

We start with an accurate estimate ofw(z) obtained from the
FCT prediction corrected for the proximal layer. This initial
guess is then improved upon with a Picard iteration scheme,
wherel@f(z)1f(2L2z)21# is repeatedly added tow(z)
~with l'0.1! until uf(z)1f(2L2z)21u,1023 for all 0
<z<L. Finally, we switch to a quasi-Newton scheme~the
Broyden method22! to obtain an ultra precise solution, where
uf(z)1f(2L2z)21u,1029.

III. RESULTS

This section begins with a detailed comparison between
SCFT, FCT, and SST. The aim is twofold. The first is to
demonstrate that FCT provides a substantial improvement
over SST, and the second is to provide clear evidence that
SCFT converges to the FCT in the thick-brush limit. Once
this is established, we finish by investigating the effects of
fluctuations about the classical path, responsible for the re-
maining differences between SCFT and FCT.

Figure 2~a! compares the self-consistent fieldsw(z) pre-
dicted by SCFT, FCT, and SST atL54aN1/2. The compari-
son involves a slight ambiguity because the theories are un-
affected by an additive constant tow(z). The FCT and SST
fields are typically chosen withw(0)50, but this is impos-
sible in SCFT because of ad function atz50. So we, in-
stead, shift the SCFT curve so that it matches the FCT one at
z'0.6L. This provides the best agreement between SCFT
and FCT, much better than what can be achieved between
SCFT and SST. Figure 2~b! plots the resulting difference
Dw(z) between the SCFT and FCT predictions over a range
of brush thicknesses. ByL58aN1/2, the relative difference
is minute, with the exception of a narrowing region next to
the substrate. As we will soon show, the proximal-layer cor-
rection of Likhtman and Semenov12 accurately accounts for
this nonzeroDw(z) next to the substrate.

Now we investigate the elastic energyf 0,e(z0) of extend-
ing a chain toz5z0 . The SCFT, FCT, and SST predictions
are plotted in Fig. 3~a! for a brush ofL54aN1/2. This time
the comparison is absolute, and we can see that the FCT
provides a small but distinct improvement over the SST. The
difference,D f 0,e(z0), between SCFT and FCT is shown in
Fig. 3~b! for brushes of different thickness. The plot provides
overwhelming evidence that the relative size ofD f 0,e(z0)
vanishes asL→`.

The improved prediction for the end-segment distribu-
tion functiong(z0) is one of the main achievements14 of the
FCT over SST as demonstrated again in Fig. 4~a!. The small
remaining differenceDg(z0) between SCFT and FCT plot-
ted in Fig. 4~b! occurs largely because FCT predicts the peak
in g(z0) at slightly largerz0 . Nevertheless, the separation

FIG. 2. ~a! Self-consistent fieldw(z) calculated by SCFT~solid!, FCT
~dashed!, and SST~dotted! for a brush of thickness,L/aN1/254. ~b! The
differenceDw(z) between the SCFT and FCT predictions plotted for three
different brush thicknesses.

FIG. 3. ~a! Elastic energyf 0,e(z0) of a single chain as a function of exten-
sion z0 calculated by SCFT~solid!, FCT ~dashed!, and SST~dotted! for a
brush of thickness,L/aN1/254. ~b! The differenceD f 0,e(z0) between the
SCFT and FCT predictions plotted for three different brush thicknesses.
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between the SCFT and FCT peaks decreases asL→`, and
thus the two predictions converge. In a previous
publication,16 we showed that FCT predicts the tail ofg(z0)
extending beyondz05L to scale asL21/3; the scaling plot in
Fig. 4~c! now demonstrates that the same is true in SCFT.

The main shortcoming of the FCT is its inability to sig-
nificantly improve upon the SST estimate forf(z;z0). For
all z0 prior to the peak ing(z0), the chain trajectories have a
turning point whereza8 (s)50. This causes a divergence in
f(z;z0) that is not present in SCFT, and consequently our
previous comparison between the SCFT and FCT predictions
of f(z;z0) at L52aN1/2 was rather poor.16 This comparison
is repeated in Fig. 5 forL58aN1/2, and while the agreement
is much better, it is still far from impressive. However, we
will soon demonstrate how this difference can be fully ac-
counted for, allowing us to conclude once again that the
SCFT and FCT predictions converge asL→`.

Figure 6~a! compares the overall segment profilef(z)
predicted by SCFT and FCT for brushes of various thickness.
The FCT consistently predicts a sharper profile, but never-

theless the difference diminishes asL→`. We previously
demonstrated16 that the width of the FCT profile scales as
L21/3, and Fig. 6~b! now illustrates that the same is true in
SCFT. Hence, the SCFT and FCT profiles both converge to
the same step function predicted by SST, where there is no
interpenetration between the opposing brushes.

Finally, we come to the average free energy per chainf
plotted in Fig. 7~a! as a function of brush thicknessL. The
FCT, which predicts16

f

kBT
'

p2L2

8a2N
2 lnS L

2aN1/2D 20.84S L

aN1/2D 22/3

, ~35!

FIG. 4. ~a! End-segment distributiong(z0) calculated by SCFT~solid!, FCT
~dashed!, and SST~dotted! for a brush of thickness,L/aN1/254. ~b! The
differenceDg(z0) between the SCFT and FCT predictions plotted for three
different brush thicknesses.~c! Scaling plot showing that the tail ofg(z0)
for z0.L scales asL21/3.

FIG. 5. Segment distributionf(z;z0) of a single chain extended to various
z0 as calculated by SCFT~solid! and FCT~dashed! in a brush of thickness,
L58aN1/2. When g8(z0).0 the FCT predictions diverge whereas the
SCFT curves have finite peaks denoted by the solid dots.

FIG. 6. ~a! Brush profilef(z) calculated by SCFT~solid! and FCT~dashed!
for three different brush thicknesses.~b! Same results replotted in terms of a
scaling variable.
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provides a remarkable improvement over the SST, which just
predicts the first term in Eq.~35!. To investigate the differ-
ence between the SCFT and FCT, we decompose the free
energy asf 5 f g1 f e . Figure 7~b! shows the difference for
f g , which is well approximated by

D f g'
kBT

aN1/2E Dg~z0!@ ln g~z0!11#dz0 . ~36!

In this case, the inaccuracyD f g clearly vanishes relative tof,
as it must given thatDg(z0) vanishes relative tog(z0). Fig-
ure 7~c! plots the difference inf e , which can be conve-
niently separated as

D f e'
1

aN1/2E Dg~z0! f 0,e~z0!dz0

1
1

aN1/2E g~z0!D f 0,e~z0!dz0 . ~37!

The lower and upper dashed curves in Fig. 7~c! show the
contributions due to inaccuracies ing(z0) and f 0,e(z0), re-
spectively. In both cases, the curves show a clear trend to-
wards zero; of course, we should have expected this given
our previous evidence that the relative sizes ofDg(z0) and
D f 0,e(z0) both vanish asL→`. Thus, the convergence of
SCFT to FCT appears complete in every respect.

All the corrections beyond the FCT involve fluctuations
about the classical trajectoryza(s). The immediate conse-
quence of these fluctuations is to provide the individual seg-
ment distributionsr(z;z0 ,s) with a finite width contrary to
the FCT prediction in Eq.~20!. Figure 8 illustrates that the
SCFT distributions are, in fact, still broad even for brushes of
L58aN1/2. Nevertheless, we can rationalize an impressive
approximation for these distributions. From our previous
work,26 we know that the peak inr(z;z0 ,s) is very well
approximated by the classical trajectory. If we combine this
observation with the Gaussian distributions predicted in Eq.
~29! for a parabolic potential, we might expect that

r~z;z0 ,s!'S 3

2 sin~ps! D
1/2FexpS 2

3p@z2za~s!#2

2a2N sin~ps!
D

1expS 2
3p@z1za~s!#2

2a2N sin~ps!
D G . ~38!

In fact, this approximation is so good that it is indistinguish-
able from the SCFT prediction on the scale of Fig. 8~a!. Only
when the chains are stretched beyond the midplane, as in
Fig. 8~b!, does the difference become noticeable, but still the
agreement remains reasonable.

FIG. 7. ~a! Average free energy per chainf as a function of brush thickness
L calculated by SCFT~solid!, FCT ~dashed!, and SST~dotted!. ~b! The
differenceD f g between the SCFT and FCT predictions for the entropic free
energy associated with theg(z0) distribution. ~c! The differenceD f e be-
tween the SCFT and FCT predictions for the stretching energy. The dashed
curves show the approximate contribution due toDg(z0) andD f 0,e(z0) from
Eq. ~37!, and the dotted curve shows the proximal-layer correction of
0.1544kBT.

FIG. 8. Profiles,r(z;z0 ,s), of individual segments calculated with SCFT
for chains extended to~a! z0 /L50.9 and~b! z0 /L51.1 in a brush of thick-
ness,L/aN1/258. The dashed curves denote the Gaussian distributions
given by Eq.~38!.
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If we integrate Eq.~38! with respect tos, we obtain an
excellent approximation forf(z;z0) that is generally indis-
tinguishable from the SCFT predictions in Fig. 5. Again,
visible differences do emerge whenz0*L, but these remain
relatively small. The main exception to the agreement occurs
in a very narrow region next to the substrate. The second
exponential in Eq.~38!, due to the reflecting boundary atz
50, causes an excess concentration of segments next to the
substrate.

Likhtman and Semenov12 realized that this excess of
segments requires an extra contribution to the fieldw(z)
given by

Dw~z!'
ba2N

3
d~z!1wr~z/m!, ~39!

wherem5(2b)21 is the approximate distance from the sub-
strate over which the field must be modified. The strength of
the d function is given by an average,b5^t21&21, involv-
ing the distribution of chain tensions,t[23za8 (1)/a2N, at
the substrate. Using the distribution predicted by SST,b
53L/a2N. Indeed, our SCFT calculations produce ad func-
tion atz50 that agrees with this prediction to within a frac-
tion of a percent over the entire range examined in this paper
~i.e., 2aN1/2<L<8aN1/2). Furthermore, the difference be-
tween the SCFT and FCT predictions at finitez agrees well
with wr(z/m) as illustrated in Fig. 9.

The proximal layer atz&m causes a significant increase
in the stretching energy, particularly for weakly stretched
chains. Its effect, shown in Fig. 10, accounts well for the
differenceD f 0,e(z0) between SCFT and FCT untilz0'L.
Averaging the proximal-layer correction forD f 0,e(z0) over
the SST prediction forg(z0) gives a contribution to the av-
erage stretching energy ofD f e50.1544kBT, which is de-
noted in Fig. 7~c! by a dotted curve. This somewhat overes-
timates the upper dashed curve associated with theD f 0,e(z0)
contribution in Eq.~37!, signifying that we still need to im-
prove our treatment of the strongly stretched chains~i.e., z0

*L).
There is one further prediction that verifies the validity

of the proximal-layer correction. The FCT predicts that
f(z;z0) in Fig. 5 is approximately constant next to the sub-

strate, whereas SCFT predicts the nontrivial profiles shown
in the expanded view of Fig. 11~solid curves!. The
proximal-layer predictions~dashed curves! are so similar to
the SCFT curves as to be visibly indistinguishable forz0 /L
*0.7.

Just as the broadening ofr(z;z0 ,s) pushes segments to-
ward the substrate, it also causes a build up of segments at
the midplane. We demonstrate this by calculatingf(z) using
Eq. ~38! with the classical trajectoryza(s) from the FCT.
This is plotted in Fig. 12 along with the combined concen-
tration f(z)1f(2L2z) of two opposing brushes. As ex-
pected, there is approximately a 20% excess of segments at
z'L, which requires another correction akin to the
proximal-layer one. The L-S theory also corrects for this
build up of segments, but not accurately. Although the devel-
opment of an accurate treatment is beyond the scope of this
paper, we do suggest in the following section how this might
be accomplished.

Nevertheless, Semenov23 claims that an accurate treat-
ment would only increaseKj without altering the functional
form of Eq. ~1!. Furthermore, he expects that the next order
correction should scale asL24/3. On this basis, we fit our
SCFT prediction for the free energy per chain to

FIG. 9. Results of Fig. 2~b! scaled with respect to the widthm of the
proximal layer. The dashed curve denoteswr(z/m) from the proximal-layer
correction in Eq.~39!.

FIG. 10. Results of Fig. 3~b! rescaled and compared with the proximal-layer
correction denoted by the dashed curve.

FIG. 11. Magnification of the SCFT profiles in Fig. 5 next to the substrate.
The dashed curves show the predictions resulting from the proximal-layer
correction.
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f

kBT
'

p2L2

8a2N
2 lnS A3L

2aN1/2D 20.64S L

aN1/2D 22/3

20.09S L

aN1/2D 24/3

10.1544. ~40!

Figure 13 demonstrates that this is, in fact, a truly excellent
fit that performs well even down to brush thicknesses char-
acteristic of experiment; this was one of the ultimate goals
for considering the finite-stretching corrections to SST.

IV. DISCUSSION

Our detailed comparisons provide conclusive evidence
that SCFT converges to FCT in the thick-brush limit. The
field w(z), the stretching energy of individual chains
f 0,e(z0), the end-segment distribution functiong(z0), and
the average free energy per chainf of SCFT all show clear
convergence to the FCT predictions. By this, we imply that
the relative differences vanish@e.g.,Dw(z)/w(z)→0] as L
→`. It was less obvious that the SCFT prediction for the
segment distribution of individual chainsf(z;z0) converges
to that of FCT, until we demonstrated that the difference is
accurately accounted for by the improved approximation of
r(z;z0 ,s) in Eq. ~38!. Coupling all these facts with our pre-

vious demonstration16 that FCT→SST, we can now confi-
dently conclude that SST represents the correct asymptotic
limit of SCFT.

For practical purposes, the entropy of the free chain ends
~i.e., s50) and its effect on the end-segment distribution
function g(z0) provides the most substantial correction to
SST. This suggests that an effective strategy for incorporat-
ing finite-stretching corrections should begin with the FCT,
before accounting for fluctuations about the classical paths.
Unfortunately, Goveaset al.11 chose instead to expand about
the classical paths of SST in Eq.~22!. In their systematic
expansion, analogous to the WKB approximation in quantum
mechanics, the first-order correction produced no improve-
ment in g(z0) over Eq. ~24! and furthermore predicted a
divergence inw(z) at z5L. Presumably, these deficiencies
would be rectified by the higher-order corrections, but their
inclusion would be far too complicated to consider.

The principle effect of fluctuations is to transform the
segment distributionsr(z;z0 ,s) from thed functions of Eq.
~20! into broad Gaussian-like distributions similar to those of
Eq. ~38!. This spread in the segment distribution produces an
excess concentration near the substrate (z'0) and the outer
edge of the brush (z'L). The proximal-layer correction of
Likhtman and Semenov12 treats the former problem, and
clears up several pronounced differences between SCFT and
FCT. Perhaps the most significant is thed function inw(z) at
z50, which FCT fails to predict. The additional refinements
to the fieldw(z), the stretching energyf 0,e(z0), and the seg-
ment profilesf(z;z0) are equally impressive as demon-
strated by Figs. 9, 10, and 11, respectively. No doubt, the
present treatment of the proximal layer is sound.

The excess concentration at the outer edge, estimated in
Fig. 12, requires a similar correction. To remove this excess,
the peak ofg(z0) must be shifted towards the substrate,
which is precisely the type of correction needed to account
for Dg(z0) in Fig. 4~b!. Presumably, this would, in turn,
correct the remaining inaccuracies inf g and f e @see Eqs.~36!
and ~37!, and Fig. 7#. The only apparent hitch is that the
corresponding correction tow(z) required to shift the peak
in g(z) appears inconsistent with theDw(z) plotted in Fig.
2~b!. Any reduction in segment concentration nearz'L
should correspond to an increase inw(z). However, we must
remember that, in FCT, thesNth segment only interacts with
w(z) at a single point,z5za(s), whereas, in SCFT, it inter-
acts with the field over the finite distributionr(z;z0 ,s). This
distinction is most important when the curvature inw(z) is
large, as it is atz5L. Thus, it seems entirely reasonable that
correctingg(z0) so as to fix the excess segment concentra-
tion in Fig. 12 and requiring the segments to interact with
w(z) over the finite distributionr(z;z0 ,s) would remove the
last of the significant inaccuracies in the FCT.

Likhtman and Semenov12 do adjustg(z0) so as to re-
move the excess segment concentration atz'L, but they do
this assumingr(z;z0 ,s) is give by Eq.~29!, which was ob-
tained for the parabolic potential. This is their source of in-
accuracy in the calculation ofKj . However, it is very likely
that the accuracy could be greatly improved by simply using
the estimate ofr(z;z0 ,s) given by Eq.~38!.

FIG. 12. Brush profile predicted by SCFT~solid! compared to that~dashed!
obtained from FCT wherer(z;z0 ,s) is given the finite Gaussian distribu-
tions in Eq.~38!.

FIG. 13. Difference between the free energy per chainf and the first two
terms of Eq.~1!, f 0 /kBT[p2L2/8a2N2 ln(A3L/2aN1/2). In this instance,
the added constant, ln)20.25, in Eq.~5! has been dropped fromf. Crosses
denote the actual SCFT calculations, while the solid curve shows the fit
given by Eq.~40!.
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Not only can SCFT be used to verify strong-stretching
corrections to SST, it can also identify mistaken proposals.
Here, we call into question past SST-based calculations,7,24

which assume the free energy of the brush is given by

f

kBT
5

3p2

8a2NL
E z2f~z!dz1

a2N

24L E @f8~z!#2

f~z!
dz, ~41!

to within an additive constant. The first integral is a standard
expression for the stretching energy,3 and the second integral
is a well-known penalty for a sharp change in the polymer
concentration.25 However, evaluating this expression for the
predicted scaling profile in Fig. 6~b! gives the result,

f

kBT
5

3p2L2

8a2N
10.41S L

aN1/2D 22/3

1const, ~42!

which seriously contradicts our fit in Eq.~40!. Not only is the
logarithmic term missing, the coefficient of 0.41 has the
wrong sign. The validity of the first integral in Eq.~41! is
reasonably certain, and so it is presumably the second inte-
gral that causes the problem. We suggest that the profile
never meets the necessary requirement of sharpness.

Finite-stretching corrections are far more than an aca-
demic curiosity and are, in fact, critical in the calculation of
certain quantities such as the positive tensiongb/h between a
brush and its parent homopolymer responsible for the phe-
nomena of autophobic dewetting.7,8 The tension involves the
difference between the free energy of a dry brush~as consid-
ered in this paper! and that of a brush in contact with ho-
mopolymer. Because the bare SST prediction forf cancels
out, gb/h is determined entirely by the finite stretching cor-
rections. The fact that Ref. 7 treats these corrections using
Eq. ~41! implies that their results cannot be trusted. This
conclusion also extends to SST-based calculations for the
interaction between brushes as pertaining to, for example,
colloidal stabilization,26 because the physics is essentially the
same.8

Unfortunately, we are unable to offer a similar explana-
tion for the apparent discrepancy between the SCFT and SST
predictions for the phase boundaries between the lamellar,
cylindrical, and spherical morphologies of strongly-
segregated A/B diblock copolymer melts.10 In this case, the
asymptotic limit for the boundaries is controlled by the
dominant term in the free energy expansion@i.e., the first
term in Eq.~1!#, and its dependence on the curvature of the
brush. That may, in fact, be where the problem lies. Our
conclusion that SCFT properly converges to the present for-
mulation of SST does not necessarily extend beyond flat in-
terfaces. In a planar geometry, the lateral trajectory of the
chain@i.e.,xa(s) andya(s)] is decoupled from the stretching
in the z direction,8 but this is no longer true for curved
brushes. Perhaps there are some subtleties with curved ge-
ometries that we are still unaware of. It would be worth
exploring this possibility as the implications could extend far
beyond the phase boundaries of block copolymer melts.

V. CONCLUSIONS

Detailed and accurate SCFT calculations were per-
formed on thick ~i.e., 2aN1/2<L<8aN1/2) polymeric
brushes in order to investigate and test finite-stretching cor-
rections to the conventional SST. This comparison has en-
hanced our general understanding of strongly stretched
brushes in several ways. To start, it provided compelling evi-
dence that SST is the correct asymptotic limit of SCFT, at
least for flat brushes. However, it also demonstrated that ex-
treme thicknesses are required before SST becomes accurate,
implying that finite-stretching corrections are of considerable
significance. Our study also differentiated between the effec-
tiveness of competing strategies for incorporating such cor-
rections, and identified one questionable treatment@i.e., Eq.
~41!# used in several previous occasions.

We ultimately conclude that three distinct corrections are
needed to bring SST into good agreement with SCFT. In
practical terms, the most relevant correction comes from the
entropy of the chain ends as treated by the FCT. This gives
an average free energy per chainf that is well approximated
by Eq. ~35!. The next two corrections involve fluctuations in
the chain trajectoryza(s) about the classical path of lowest
energy. The fluctuations broaden the individual segment dis-
tributions,r(z;z0 ,s), causing an accumulation of segments
near the substrate and the outer edge of the brush. A proxi-
mal layer extendingm5a2N/6L from the substrate corrects
for the first effect, increasing the stretching energy, particu-
larly, of the weakly-stretched chains. On the other hand, the
excess of segments near the brush edge requires a relaxation
of the strongly-stretched chains. Although the Likhtman-
Semenov theory does not provide an accurate treatment for
this latter effect, their free energy expression in Eq.~1! re-
mains accurate provided that we setKj50.64.

SST will undoubtedly remain a valuable theoretical tool
because of its transparency and analytical predictions, and
thus it is important to understand its leading corrections. The
corrections are particularly significant for phenomena in-
volving small excess free energies, such as interfacial tension
and the interaction between brushes. In these instances, an
incorrect treatment can actually invalidate the qualitative
predictions of a SST-based calculation. Given the seriousness
of this, it is certainly worth considering further tests against
SCFT to validate other fundamental assumptions of the SST.
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