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Abstract. This paper investigates finite-stretching corrections to the classical Milner-Witten-Cates theory
for semi-dilute polymer brushes in a good solvent. The dominant correction to the free energy originates
from an entropic repulsion caused by the impenetrability of the grafting surface, which produces a depletion
of segments extending a distance µ ∝ L−1 from the substrate, where L is the classical brush height. The
next most important correction is associated with the translational entropy of the chain ends, which
creates the well-known tail where a small population of chains extend beyond the classical brush height
by a distance ξ ∝ L−1/3. The validity of these corrections is confirmed by quantitative comparison with
numerical self-consistent field theory.

PACS. 68.47.Pe Langmuir-Blodgett films on solids; polymers on surfaces; biological molecules on surfaces
– 61.41.+e Polymers, elastomers, and plastics

1 Introduction

A simple and effective method of modifying surface prop-
erties is to graft polymer chains to the surface by one of
their ends producing a so-called brush [1]. The presence of
the brush can, for example, reduce surface friction, prevent
corrosion of the substrate, improve biocompatibility, mod-
ify adhesion, alter wetting properties, and create a steric
repulsion combating van der Waals attractions. This pa-
per focuses on brushes with high grafting densities and
long flexible chains. Furthermore, it assumes they are im-
mersed in a good solvent that dilutes the polymer, forcing
the chains to stretch away from the grafting surface.

The above assumptions permit a simple theoretical
treatment. When the chains are long and flexible, they
can be modeled as thin elastic threads commonly referred
to as Gaussian chains [2]. A high grafting density implies a
significant overlap between the chains, allowing the molec-
ular interactions to be represented by a mean field, w(z),
where z is the distance from the substrate. Provided the
brush is not too concentrated, w(z) is simply proportional
to the average polymer concentration, φ(z). The concen-
tration is evaluated from the propagator, q(z, z0, s), which
represents the partition function for a fraction, s, of a
chain in the field w(z) with its ends constrained at z and
z0. For Gaussian chains, q(z, z0, s) satisfies a modified dif-
fusion equation. Although this self-consistent field theory
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(SCFT) [2] is relatively simple, it still needs to be solved
numerically.

There is one useful limit where an analytical approxi-
mation becomes possible. As Milner et al. [3] have pointed
out, the diffusion equation for q(z, z0, s) is analogous to
the Schrödinger wave equation for a single particle in
the inverted well, −w(z), where s plays the role of time.
When the chains become strongly stretched, the quantum-
mechanical analogy reduces to that of a classical mechan-
ical problem. The fact that all chains in the brush must
reach the substrate in a fixed unit of time (i.e., from
s = 0 to 1) implies that the potential must be that of
a harmonic oscillator, for which the analytical solution
is known. (Semenov [4] actually had arrived at the same
conclusion a few years earlier by another means.) The two
principle successes of this strong-stretching theory (SST)
are the predictions that φ(z) is parabolic and that the
chain ends are distributed throughout the brush; prior to
that, researchers used the Alexander ansatz [5], which as-
sumed a uniform profile with all the chain ends located at
the outer edge of the brush. Still the SST misses a cou-
ple of key features, such as a depletion of segments next
to the substrate. It also predicts an absolute thickness,
L, beyond which φ(z) = 0, whereas in reality there is
a tail over which φ(z) gradually decays. The more com-
plete SCFT [6–8] captures these extra features and in-
deed shows good agreement with both experiment [6,9]
and simulation [10–12]. Unfortunately though, the numer-
ical SCFT does not provide the same degree of insight as
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the analytical SST, and thus there is considerable value
to be gained by improving upon the SST approach.

There have been a number of papers investigating cor-
rections to SST. For instance, the tail has been examined
by two different analytical calculations [13,14] and one nu-
merical treatment [15]. These studies found that the char-
acteristic length of the tail scales as ξ ∼ L−1/3, and they
provided predictions for φ(z) in the extremity of the tail
(z & L+ ξ), although there are slight ambiguities among
the different approaches. The depletion layer, on the other
hand, has received almost no theoretical attention apart
from an old calculation by de Gennes [16] based on the
Alexander approach [5]. He predicted that the width of
the depletion layer scales as the spacing between grafting
points and suggested a shape for φ(z) within the layer.

Here we develop a more sophisticated treatment of
the depletion layer by adapting a theory introduced by
Likhtman and Semenov [17] for dry brushes. It predicts a
universal shape for φ(z) with a characteristic width that
scales as µ ∼ L−1, which we confirm with quantitative
comparisons to SCFT. We also use SCFT to examine the
tail region in much greater detail to previous studies. This
reveals a universal shape for the entire tail (z > L), which
at sufficiently large z converges to an analytical prediction
obtained using the approach of Witten and Milner [13]. We
conclude our study by deriving an accurate expression for
the free energy of the brush.

2 Theory

Before describing our various theoretical methods, we out-
line the details of the underlying model for a brush with
n polymer chains grafted to a flat substrate of area, A,
at z = 0. Each polymer occupies a fixed volume of N/ρ0

and has a natural end-to-end length of aN1/2, where N
is the degree of polymerization, ρ0 represents the segment
density in a pure melt, and a is the statistical segment
length. The configuration of the α-th chain is specified by
the space curve, rα(s), where s is a parameter that runs
along the polymer backbone increasing from 0 at the free
end to 1 at the grafted end. With that, we can then define
the dimensionless polymer concentration,

φ̂(r) =
N

ρ0

n
∑

α=1

∫

1

0

δ(r − rα(s))ds . (1)

The remaining space is then filled with solvent molecules,
each of volume vs, producing a uniform concentration of
one in dimensionless units. The solvent degrees of freedom
can be integrated out, producing the effective Hamilto-
nian,

H[{rα}]
kBT

=
3

2a2N

n
∑

α=1

∫

1

0

|r′α(s)|2ds+
vρ0

2

∫

φ̂2(r)dr ,

(2)
where the first integral represents the entropic penalty of
stretching polymer chains and the second integral involves
the excluded-volume parameter, v ≡ (vsρ0)

−1 − 2χ. The

first term of v accounts for the translational entropy of the
solvent assuming its concentration is relatively high [18],
and the second term involves the Flory-Huggins polymer-
solvent interaction parameter, χ. (Note that it is common
practice to define the polymer segment volume equal to
that of the solvent, in which case vsρ0 = 1.)

Provided that the polymer brush is not too dilute, the
segment interactions can be represented by a mean field,

w(z) = vN
〈

φ̂(r)
〉

, (3)

where the angle brackets denote an ensemble average. By
symmetry, the field is uniform in the x and y directions
and thus xα(s) and yα(s) obey random-walk statistics,
while zα(s) obeys Boltzmann statistics with an energy,
E[zα; 1], defined by

E[zα; s]

kBT
=

∫ s

0

[

3

2a2N
|z′α(t)|2 + w(zα(t))

]

dt . (4)

For convenience, the grafting density, σ ≡ n/A, can be
removed from the problem by defining the scaled concen-
tration,

φ(z) =
aρ0

σN1/2

〈

φ̂(r)
〉

, (5)

normalized such that
∫

∞

0

φ(z)dz = aN1/2 . (6)

The field equation is then rewritten as

w(z) = Λφ(z) , (7)

where the reduced interaction parameter is defined as

Λ ≡ vσN3/2

aρ0

. (8)

Likewise, the degree of polymerization, N , can be scaled
out of the problem by simply expressing all lengths in
terms of aN1/2. Thus the brush can be characterized by
the single parameter, Λ, and therefore there is no need
for us to explicitly discuss how the various quantities vary
with respect to σ or N ; it is sufficient to know how they
vary with Λ or alternatively L (see Eq. (25)).

2.1 Self-consistent field theory (SCFT)

We now describe the exact mean-field treatment generally
referred to as self-consistent field theory (SCFT) [6–8].
Underpinning the calculations is the partition function,

q(z, z0, s) ∝
∫

Dzα exp

(

−E[zα; s]

kBT

)

×δ(zα(0) − z0)δ(zα(s) − z) , (9)

for a fragment of sN segments with its ends fixed at
zα(0) = z0 and zα(s) = z. It is evaluated by solving the
modified diffusion equation [2,19],

∂

∂s
q(z, z0, s) =

[

a2N

6

∂2

∂z2
− w(z)

]

q(z, z0, s) , (10)
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subject to the initial condition, q(z, z0, 0) = δ(z −
z0)aN

1/2, and the boundary condition, q(0, z0, s) = 0.
Once q(z, z0, s) is determined, the concentration profile

for a single chain with its free end at z = z0 is given by

φ(z; z0) =

∫

1

0

q(ǫ, z, 1 − s)q(z, z0, s)

q(ǫ, z0, 1)
ds . (11)

(Note that numerical calculations must be done with the
grafting point at a small distance, ǫ, from the substrate.)
The probability that the free end (s = 0) occurs at z0 is
given by

g(z0) =
aN1/2q(ǫ, z0, 1)
∫

∞

0
q(ǫ, z, 1)dz

, (12)

which allows us to evaluate the overall segment concen-
tration using

φ(z) =
1

aN1/2

∫

∞

0

g(z0)φ(z; z0)dz0 . (13)

As usual, the field has to be adjusted such that the con-
centration satisfies the field equation (7). This is done by a
numerical method analogous to that used in reference [20]
for dry brushes.

After the field has been determined self-consistently,
the free energy of the brush can be evaluated as

F

nkBT
=

1

aN1/2

∫

∞

0

g(z0)

[

fe(z0)

kBT
+ ln g(z0)

]

dz0

+
Λ

2aN1/2

∫

∞

0

φ2(z)dz . (14)

The first term is an average of

fe(z0)

kBT
= − ln q(ǫ, z0, 1) − 1

aN1/2

∫

∞

0

w(z)φ(z; z0)dz ,

(15)
which represents the stretching energy of extending a
chain to z0. The second term, involving g(z0) ln g(z0), ac-
counts for the translational entropy of the free ends, and
the last term is the average interaction energy.

2.2 Full classical theory (FCT)

If the polymer chains are highly stretched, we can imple-
ment a useful approximation [7,21,22] by assuming that
each polymer is restricted to the trajectory, zα(s), that
minimizes E[zα; 1], in which case the partition function
becomes

q(0, z0, 1) ∝ exp(−E[zα; 1]/kBT ) . (16)

This is called the full classical theory (FCT), because the
lowest-energy trajectories are obtained by appealing to
an analogy with a completely distinct problem involving
the classical mechanics of a particle sliding down an in-
cline [19]. By interpreting s as time, 3/a2N as mass, and
zα(s) as the position of the particle, the quantity E[zα; 1]

then corresponds to the action of the particle in the in-
verted potential, −w(z). Thus the problem of determin-
ing the polymer path of lowest energy is equivalent to
the classical mechanics problem, where a particle starts
at zα(0) = z0 and finishes at zα(1) = 0. (In the absence
of chain fluctuations, we can now set ǫ = 0.)

Using classical mechanics, the dimensionless speed at
position z is

S(z; z0) ≡
|z′|

aN1/2
=

(

v2(z0) −
2

3
[w(z0) − w(z)]

)1/2

,

(17)
where v(z0) is the initial velocity at z = z0. For weakly
stretched chains, v(z0) > 0 in which case the trajec-
tory first extends outward to z = zm as determined by
S(zm; z0) = 0, before it reverses direction back towards
the substrate. For strongly stretched chains, the trajectory
approaches the substrate monotonically and thus zm = z0.
Note that the division between these two behaviors coin-
cides with the peak in g(z0) [7].

The concentration of segments along the polymer path
is given by N |ds/dz|, which is inversely proportional to
the speed of our imaginary particle. Thus the segment
distribution for a chain starting from z0 is given by

φ(z; z0) =











1/S(z; z0) , if 0 < z < z0 ,

2/S(z; z0) , if z0 < z < zm ,

0 , if zm < z .

(18)

The factor of 2, for z0 < z < zm, follows from the fact that
the trajectory transverses the interval in both directions.
By noting that the total number of segments in a chain is
N , we obtain the constraint,

1

aN1/2

∫

∞

0

φ(z; z0)dz = 1 , (19)

which is used to determine v(z0). Once the trajectories are
known, E[zα; 1] is evaluated with equation (4), q(0, z0, 1)
is then determined by equation (16), g(z0) follows from
equation (12), and φ(z) is obtained with equations (13)
and (18). As with SCFT, w(z) must be adjusted so as to
satisfy equation (7), after which the free energy can be
evaluated using equation (14). Despite the extra approxi-
mations, this still remains a numerical calculation.

2.3 Strong-stretching theory (SST)

To obtain the analytical strong-stretching theory (SST) of
Milner et al. [3], one must assume that the chains are so
stretched that the tension at their free ends is relatively
negligible, which implies v(z0) ≈ 0. In terms of the classi-
cal mechanical analogy, the trajectories, zα(s), must then
start from rest and arrive at the substrate in one unit of
time regardless of their starting points. The only potential
that satisfies this is

w0(z) =
3π2(L2 − z2)

8a2N
, (20)
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for which the trajectory is

zα(s) = z0 cos(πs/2) . (21)

Notice that the classical potential in equation (20) involves
a constant, L, which will ultimately be interpreted as an
absolute brush thickness, beyond which the field and thus
the segment concentration are identically zero.

For these simple harmonic trajectories, the segment
concentration in equation (18) reduces to

φ0(z; z0) =

{

2aN1/2

π
√

z2

0
−z2

, if z < z0 ,

0 , if z > z0 .
(22)

At this level of approximation, all trajectories have the
same energy,

E[zα; 1]

kBT
=

3π2L2

8a2N
, (23)

regardless of their starting point, which implies that g0(z0)
is a constant. This is because the SST approximation is
too crude for the use of equation (12), but fortunately we
can calculate φ0(z) without g0(z0) since we already know
the field. (Note that SST quantities are denoted with a
subscript of 0.) From equations (6) and (7), it immediately
follows that

φ0(z) =
3(L2 − z2)aN1/2

2L3
, (24)

where the classical brush height is given by

L

aN1/2
=

(

4Λ

π2

)1/3

=

(

4vσ

π2aρ0

)1/3

N1/2 . (25)

(Note that this relation allows us to characterize the brush
with the quantity, L/aN1/2, instead of Λ.) Now that φ(z)
is known, we can use equation (13) to evaluate the end-
segment distribution as

g0(z0) =
3z0aN

1/2

L3

√

L2 − z2
0
. (26)

Substituting the above results into equation (14), the
classical free energy works out to be

F0

nkBT
=

9π2

40

(

L

aN1/2

)2

− 5

3
+ ln

(

6aN1/2

L

)

. (27)

The constant and logarithmic terms, which originate from
the translational entropy of the end-segment distribution,
are usually neglected because they are small relative to
the L2 term. In the interest of developing an improved
approximation to SCFT, these terms are now retained.
Furthermore, ln(2/

√
3) must be added to equation (27)

to account for the unspecified proportionality factor in
equation (9). The need for this extra constant is easily
demonstrated by examining a chain in the harmonic po-
tential. In SST, the free energy is given by equation (23),
but in SCFT, the free energy is

− ln q(0, z0, 1) =
3π2L2

8a2N
+ ln

(

2√
3

)

, (28)

where

q(z, z0, s) =

(

3

4 sin(πs/2)

)1/2

exp

(

−3π2L2s

8a2N

−3π[(z2 + z2
0
) cos(πs/2) − 2zz0]

4a2N sin(πs/2)

)

(29)

is the appropriate solution of the diffusion equation (10).
(Note that this solution does not enforce the q(0, z0, s) = 0
boundary condition, because that will be accounted for in
the next section.)

2.4 Depletion layer

In this section, we develop a new calculation for the de-
pletion layer, which follows a previous theory of Likhtman
and Semenov [17] for dry brushes. There the grafting sur-
face was treated as a reflecting boundary [19] and could
be ignored until the very end, at which point the segment
concentration at negative z was just reflected to positive z.
Here we must invoke the zero boundary condition from the
very start. Otherwise, the details of the calculation [23] re-
main much the same, which allow us to skip a few parts
of the derivation.

The calculation starts by considering a single chain
with its s = 0 end at z = z0 and its s = 1 end slightly
removed from the substrate at z = ǫ. In the region near
the substrate, the chain tension, τkBT , is given by

τ ≡ 3

a2N
z′α(1) =

3πz0
2a2N

. (30)

This observation allows us to approximate the concentra-
tion next to the substrate by

φ(z; z0) ≈
∫

1

0
ds
∫

∞

0
dz1q(ǫ, z, 1 − s)q(z, z1, s) exp(τz1)
∫

∞

0
q(ǫ, z1, 1) exp(τz1)dz1

,

(31)
where the parabolic potential is removed and replaced by
the appropriate external tension. Following the same steps
described in reference [23] for dry brushes, we arrive at the
approximation,

φ(z; z0) ≈ ψ1(z)ψ2(z) , (32)

where

ψ1(z) ≡
aN1/2

ǫ

∫

∞

0

q(ǫ, z, s) exp

(

−a
2N

6
τ2s

)

ds , (33)

ψ2(z) ≡
ǫ

aN1/2

∫

∞

0
q(z, z1, 1) exp(τz1)dz1

∫

∞

0
q(ǫ, z1, 1) exp(τz1)dz1

. (34)

In this current derivation, factors of ǫ must be inserted so
that ψ1(z) and ψ2(z) remain finite in the limit ǫ→ 0. Al-
though ψ1(z) has no simple physical interpretation, ψ2(z)
involves the ratio of two partition functions for chains with
one end under the external tension, τkBT , and the other
end fixed at either z or ǫ.
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It follows from equation (10) that ψ2(z) satisfies

a2N

6

∂2

∂z2
ψi(z) =

(

a2N

6
τ2 +∆w(z)

)

ψi(z) , (35)

where

∆w(z) ≡ w(z) − w0(0) , (36)

= Λφ(z) − 3π2L2

8a2N
. (37)

The definition in equation (34) also implies that ψ2(0) = 0
and ψ2(ǫ) = ǫ/aN1/2. By taking the limit ǫ → 0, the
latter condition reduces to ψ′

2
(0) = 1/aN1/2. Similarly,

ψ1(z) also satisfies equation (35) but with a delta func-
tion, δ(z − ǫ)a2N/ǫ, subtracted from the right-hand side,
and its definition in equation (33) implies the boundary
conditions, ψ1(0) = ψ1(∞) = 0. The only effect of the
delta function is to cause a rapid rise from ψ1(0) = 0 to
ψ1(ǫ) = 6. Thus in the limit of ǫ → 0, we can disregard
the delta function and just use equation (35), provided we
set ψ1(0) = 6 rather than zero.

Once the ψi(z) are solved for the full range of tensions
(or equivalently, z0 values), the overall concentration is
given by

φ(z) =

∫ L

0

g0(z0)ψ1(z)ψ2(z)dz0 . (38)

Naturally ∆w(z) must be adjusted so that φ(z) satisfies
the self-consistent condition in equation (37). After that,
the entropic energy loss due the substrate is calculated for
each chain using

∆fe(z0)

kBT
= ln

[

lim
z→∞

ψ2(z) exp(−τz)aN1/2/ǫ
]

− 1

aN1/2

∫

∞

0

∆w(z)φ(z; z0)dz , (39)

and then averaged over g0(z0). Of course, the depletion of
segments also affects the internal energy; we estimate this
effect by

∆Fu

nkBT
=

Λ

aN1/2

[
∫

∞

0

φ2(z) − φ2
0
(0)

2
dz +Σφ0(0)

]

,

(40)
where

Σ ≡
∫

∞

0

[φ0(0) − φ(z)]dz (41)

represents the number of displaced segments. The integral
in equation (40) provides the reduction in enthalpy caused
by the removal of segments from the depletion layer, while
the second term estimates the increased enthalpy of de-
positing them in the region beyond the depletion layer.
This assumes that the vast majority of segments, Σ, are
deposited not too far from the substrate, where the poly-
mer concentration is still well approximated by φ0(0). The
justification for this will come in Section 3.1.

z/L
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φ (
z
)L

/a
N

1
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L/aN
1/2

= 2

4

8

z
0
/L
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g
(z

0
)L

/a
N

1
/2

0.0

0.4

0.8

1.2

1.6

L/aN
1/2

= 2

4

8

(b)

(a)

Fig. 1. (a) End-segment distributions and (b) concentration
profiles. Solid curves are calculated with SCFT for various
brush thicknesses, L, and dashed curves show the L → ∞
limit predicted by SST.

3 Results

Our SCFT results for the end-segment distribution, g(z0),
and the overall concentration, φ(z), are shown in Fig-
ures 1a and b, respectively, and are analogous to those cal-
culated earlier by Netz and Schick [7,24]. As expected, the
SCFT curves ultimately converge to the SST predictions
(dashed curves) in equations (26) and (24) once the brush
becomes sufficiently thick. However, for moderate thick-
nesses, there are two distinct regions where the SCFT pro-
files differ significantly from the classical parabolic shape:
the depletion layer near z ≈ 0 and the tail region near
z ≈ L. In the following sections, we examine these two re-
gions separately and then conclude by investigating their
combined effect on the free energy.

3.1 Depletion layer

This section focuses on the depletion of segments in Fig-
ure 1b next to the substrate. A crude analytical estimate
of the effect can be obtained by neglecting the field (i.e.,
setting ∆w(z) = 0). In this case, ψ1(z) = 6 exp(−τz) and
ψ2(z) = sinh(τz)/τaN1/2, from which it follows that

φ(z; z0) ≈
3

τaN1/2
(1 − exp(−2τz)) . (42)
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z/aN
1/2

0.0 0.1 0.2 0.3

φ (
z
;z

0
)

0.0

0.4

0.8
L/aN1/2 = 4

z
0
/aN

1/2
= 1

2

4

Fig. 2. Segment profiles near the substrate for individual
chains with different end points, z0, in a brush of thickness
L/aN1/2 = 4. The dotted curves show the estimate from equa-
tion (42) assuming ∆w(z) = 0, dashed curves show the predic-
tions with ∆w(z) satisfying equation (37), and the solid curves
are the full SCFT.

Hence, the range over which the segment profiles are de-
pleted is roughly (2τ)−1 = a2N/3πz0, and the total num-
ber of displaced segments is 3/2τ2aN1/2 ∝ z−2

0
. There-

fore, the weakly stretched chains are by far the most af-
fected, which provides our justification for equation (40).

Figure 2 compares the analytical profile in equa-
tion (42) with actual SCFT predictions for chains ex-
tending to z0/aN

1/2 = 1, 2, and 4 in a brush of thick-
ness L/aN1/2 = 4. Even with this simple treatment, the
agreement is reasonable, particularly when the chains are
strongly stretched. However, when the field is adjusted to
satisfy the self-consistent condition in equation (37), the
agreement becomes nearly perfect.

It is interesting to note that all the curves in Figure 2
start off with the exact same slope regardless of z0 or
whether ∆w(z) is solved self-consistently or is simply set
to zero. This is verified by inserting the initial conditions
for ψi(z) into

φ′(0; z0) = ψ′

1
(0)ψ2(0) + ψ1(0)ψ′

2
(0) =

6

aN1/2
. (43)

Of course, if this condition applies to each individual
chain, it must also apply to the total concentration, φ(z).

The overall width of the depletion layer, µ, is estimated
by averaging (2τ)−1 over the classical end-segment distri-
bution in equation (26), which predicts

µ ≡ a2N

3π

∫ L

0

g0(z0)

z0
dz0 =

a2N

4L
. (44)

This dependence of the width on L can be removed by us-
ing the scaling quantities: z/µ, µτ , µ2∆w, ψ1, and ψ2/µ.
By doing so, equation (38) provides a universal shape for
the concentration profile next to the substrate, shown in
Figure 3 with a dashed curve. When compared to SCFT
for L/aN1/2 = 2, 4 and 8, only the most weakly stretched
brush shows any appreciable departure from the predic-
tion. This is because a significant reduction in the classical
parabolic profile, φ0(z), occurs before z ≫ µ.

z/µ
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)L
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1
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1/2
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Fig. 3. Concentration profiles of the depletion layer plotted for
L/aN1/2 = 2, 4 and 8, where the distance from the substrate
is scaled by µ. The dashed curve denotes the scaling result
predicted by equation (38).

3.2 Tail region

Our attention now turns to the tail that extends beyond
the classical cut-off at L. It exists for two reasons: first, the
translational entropy of the chain ends causes a broaden-
ing of g(z0), and second, fluctuations about the classical
trajectories cause a further spread in the concentration.
It will become evident from the good agreement between
FCT and SCFT that the chain fluctuations are relatively
unimportant.

To investigate the shape of the tail, we extend a clas-
sical derivation developed by Milner and Witten [13]. It
follows the FCT where g(z0) ∝ exp(−E[zα; 1]/kBT ), but
to keep the calculation analytical, it assumes the parabolic
field for z < L and zero field for z > L. This defines a clear
division, zα(f) = L, along the classical trajectory separat-
ing the part of the chain (0 < s < f) outside the brush
from the part (f < s < 1) inside. The amount of chain
extending beyond L is well approximated by

f ≈ 2

π

√

z0 − L

L
, (45)

provided that f ≪ 1. Once f is determined, the complete
trajectory and its energy, E[zα; 1], are easily calculated
giving

g(z0) ≈ kg(L) exp

(

−π
(

z0 − L

ξ

)3/2
)

, (46)

where the length of the tail,

ξ ≡ L−1/3a4/3N2/3 , (47)

emerges naturally. Because of the approximations in-
volved, equation (46) only applies to z0 & L+ ξ, which is
why the prefactor, k, must be inserted. Figure 4a confirms
that the functional form agrees with our SCFT results,
and estimates k ≈ 1.34 by fitting to L/aN1/2 = 8.

Although there is no simple analytical expression for
the entire tail, Figure 4b demonstrates that it, neverthe-
less, has a universal shape. By plotting g(z0)/g(L) versus
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Fig. 4. (a) Tail of the end-segment distribution plotted so as to
test the functional form of equation (46); the dashed line is a fit
to L/aN1/2 = 8 with k = 1.34. (b) Scaling plot that collapses
the three SCFT distributions in Figure 1a onto a single mas-
ter curve; the dashed curve shows the master curve for FCT.
(c) Plot demonstrating the power law behavior, g(L) ∼ L−α,
for SCFT (solid circles) and FCT (open circles).

z0/ξ, the SCFT curves for L/aN1/2 = 2, 4 and 8 in Fig-
ure 1a collapse onto a single master curve for z0 > L.
The same happens for the FCT, but thicker brushes (e.g.,
L/aN1/2 ∼ 10) are required and the master curve is
slightly different.

Naturally, the amplitude of the tail, g(L), should van-
ish as L diverges. Figure 4c suggests that this happens
according to the power law,

g(L) ∼ L−α , (48)
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Fig. 5. Analogous plots to those in Figure 4, but for the overall
concentration. In this case, (a) tests equation (49), (b) collapses
the profiles in Figure 1b, and (c) demonstrates the power law
behavior, φ(L) ∼ L−β .

with an exponent of α ≈ 1.58. Our SCFT calculations
can only access brushes up to L/aN1/2 ≈ 13, but we can
go somewhat further with the FCT. A fit to the FCT at
larger L gives a slightly bigger exponent of α ≈ 1.61, which
suggests that the true exponent for the thick-brush limit
is still a bit larger.

Continuing with the classical Milner-Witten ap-
proach [13], we now examine the concentration profile,
φ(z). Because the field for z > L is assumed to be zero,
the fN segments of a chain extending outside the brush
are distributed uniformly from z = L to z = z0. The in-
tegral of this concentration over g(z0) from equation (46)
then results in an incomplete gamma function, which can
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be approximated to give

φ(z) ≈ 4kg(L)ξ

3π2(z − L)

√

ξ

L
exp

(

−π
(

z − L

ξ

)3/2
)

. (49)

As confirmed in Figure 5a, the SCFT results conform to
this expression (again with k = 1.34) even though the
derivation ignores fluctuations about the classical path.
Again, the analytical expression is not valid for the initial
part of the tail, L < z . L+ ξ.

Nevertheless the entire tail, z > L, of the concentra-
tion profile does exhibit a universal shape as illustrated in
Figure 5b by the fact that the SCFT curves in Figure 1b
collapse to a single curve when φ(z) and z are normal-
ized by φ(L) and ξ, respectively. Again a nearly identical
master curve results from the FCT calculation.

The behavior of φ(L) can be deduced by considering
the total number of segments in the tail. On the one hand,
it is given by the integral of fNg(z0) over z0 > L, which
must scale as ∼ g(L)ξ3/2L−1/2 according to Figure 4b. On
the other hand, it is also equal to the integral of φ(z) over
z > L, which goes as ∼ φ(L)ξ according to Figure 5b. The
equivalence implies that

φ(L) ∼ L−β , (50)

with an exponent given by

β = α+ 2/3 . (51)

Figure 5c illustrates the power law decay of φ(L) and ex-
tracts an exponent, β ≈ 2.25, in good agreement with
equation (51).

3.3 Free energy

Previous studies have paid little attention to the free en-
ergy of the brush, presumably because g(z0) and φ(z) are
the quantities most accessible to experiment and simula-
tion. Nevertheless, the free energy is important because it
relates to the force required to deform the brush [3], by, for
example, compressing it, applying a lateral shear, or in-
serting a particle [25]. For brushes where the chains adsorb
to the substrate as opposed to being covalently bonded,
the free energy dictates the equilibrium value of σ [9]. Free
energy is also the quantity that controls the level of com-

position fluctuations in φ̂(r) [26]. For us, examination of
the free energy provides one more way of validating our
finite-stretching corrections.

To a first approximation, the SCFT free energy is given
by F ≈ F0 +nkBT ln(2/

√
3), where F0 is the SST predic-

tion in equation (27) and the logarithmic term accounts
for the proportionality factor in equation (10). The next
most important contribution originates from the deple-
tion layer, for which there are two parts. First there is
the increased stretching energy, ∆Fe, which is estimated
by averaging ∆fe(z0) in equation (39) over the classical
g0(z0) distribution in equation (26). Because of the way
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Fig. 6. Residual free energy, ∆F ≡ F −F0−nkBT ln(2/
√

3)−
∆Fe−∆Fu, remaining after the SST is corrected for the deple-
tion layer. Analogous results are also shown for the FCT (open
circles), for which ∆F ≡ F − F0.

the depletion layer scales with L (see Fig. 3), we obtain
the simple expression,

∆Fe

nkBT
= ln

(µ

ǫ

)

− 0.1532 . (52)

Second, there is the change in the interaction energy from
equation (40), which reduces to a simple constant,

∆Fu

nkBT
≈ Λ

2aN1/2

∫

∞

0

[φ(z) − φ0(0)]
2
dz = 0.2854 , (53)

on account of the scaling. With these two contributions,
the SCFT free energy can now be expressed as

F

nkBT
=

9π2

40

(

L

aN1/2

)2

−0.9852−ln

(

L2ǫ

a3N3/2

)

+
∆F

nkBT
,

(54)
where ∆F represents the remaining corrections.

Figure 6 demonstrates that the residual energy can be
fit to the power law,

∆F ∼ −L−γ . (55)

Numerical inaccuracies in our SCFT calculations prevent
us from considering ∆F at L/aN1/2 & 10, but again the
FCT calculations are capable of going somewhat further.
Of course, the depletion layer is absent from the FCT, and
so in that case the residual free energy is just∆F = F−F0.
The fact that FCT produces a consistent exponent implies
that the main effect of the depletion layer has been prop-
erly removed from our SCFT expression for ∆F . The FCT
exponent, γ ≈ 1.67, is somewhat larger than the SCFT
one, γ ≈ 1.57, primarily because the fit has been done at
larger L; naturally this implies that the true exponent for
the thick-brush limit is even larger.

4 Discussion

Although the depletion layer at the grafting surface has
been well documented by past numerical SCFT calcula-
tions [6–8], simulations [10–12] and experiment [9], there
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has been relatively little attention paid to its width, µ, or
concentration profile, φ(z). The cause is certainly clear;
an entropic repulsion is created because the impenetrable
substrate impedes chain fluctuations about the classical
paths, which incidentally explains why the effect is ab-
sent from the classical theories. It is basically the same
mechanism that creates the depletion layer in polymer so-
lutions next to solid walls [27], but, of course, the details
are different when the polymers are not attached. This
fact was appreciated as early as 1980 when de Gennes [16]
predicted that the width should scale as µ ∼ σ−1/2 with
a concentration profile φ(z) ∼ z2/3. However, his calcula-
tion was based on the early Alexander approach [5], and
has never been reconsidered in terms of the newer theo-
ries. Recent studies [6,9,10] have investigated the location
of the peak in φ(z), but this is not really a direct measure
of µ; roughly speaking, the peak occurs when the increas-
ing slope of the dashed curve in Figure 3 balances the
decreasing slope of the parabolic profile in equation (24).

Even within mean-field theory, there will be additional
effects that influence the details of the depletion layer. For
instance, we have not included surface interactions, apart
from the impenetrability and the covalent bonds anchor-
ing the chain ends. Real substrates will generally have an
affinity for either the polymer or the solvent. Although
this affinity will break our scaling relations for the de-
pletion layer, it is nevertheless easily incorporated in the
theory of Section 2.4. The finite flexibility of real poly-
mers may also be important, because like the substrate
it impedes chain fluctuations. This could be investigated
by substituting the Gaussian chain model by the worm-
like chain model [28]. The finite spacing between graft-
ing points could also have an appreciable effect on the
depletion layer, in which case it might be important to
fix the grafting points rather than allowing them to float
freely within the grafting plane. This can certainly be done
within SCFT, although it will break the translational sym-
metry that normally simplifies the calculation.

The tail region has received considerably more atten-
tion than the depletion layer. The first calculation by Wit-
ten et al. [14] predicted

g(z0) ∝ exp

(

−2

3

(

z0 − L

ξ

)3/2
)

, (56)

φ(z) ∝ exp

(

−4

3

(

z − L

ξ

)3/2
)

, (57)

using assumptions based on the ground-state-dominance
approximation [18]. The calculation was performed for
opposing dry brushes, but it is thought that the results
equally apply to semi-dilute brushes [8,15]. A couple of
years later, Milner and Witten [13] calculated similar ex-
pressions based on a FCT approach, but they found that
the coefficients in the exponentials were both −π instead
of −2/3 and −4/3. They confirmed their prediction for
g(z0) with a numerical SCFT calculation, but they did
not examine the tail of φ(z). References [8] and [15] have
since demonstrated that lnφ(z) versus [(z−L)/ξ]3/2 is lin-
ear at large z, but neither reported the resulting coefficient

(i.e., slope). Figures 4a and 5a now provide conclusive evi-
dence that the coefficients for g(z0) and φ(z) are both −π.
Furthermore, they also confirm that the predicted ampli-
tudes of g(z0) and φ(z) in equations (46) and (49) are
indeed related by a common factor of k ≈ 1.34.

In another study, Netz and Schick [7] found that the
tail eventually exhibits the Gaussian form,

g(z0) ∝
z0

aN1/2
exp

(

− 3z2
0

2a2N

)

, (58)

φ(z) ∝ aN1/2

z
exp

(

− 3z2

2a2N

)

. (59)

This does not actually contradict our results. Equa-
tions (46) and (49) are derived assuming that only a small
fraction (i.e., f ≪ 1) of the chains stretches beyond the
classical brush edge, which requires that z0 − L ≪ L. If
we extended the horizontal axes of Figures 4a and 5a, the
slope of our SCFT results would begin to deviate from
−π and follow curves given by equations (58) and (59).
In fact, there is evidence of this already happening for
L/aN1/2 = 2. For the larger L/aN1/2 values, however,
g(z0) and φ(z) would be so incredibly small by the time the
Gaussian form took effect that their actual shape would
be absolutely inconsequential.

The above discussions regarding the detailed shape of
g(z0) and φ(z) only pertain to z0 and z well beyond L.
Figures 4b and 5b are the first to show that g(z0)/g(L)
and φ(z)/φ(L) converge to master curves for the entire
tail beyond L when scaled with respect to ξ. Further-
more, Figures 4c and 5c are the first to illustrate that
the amplitudes, g(L) and φ(L), decay with L according to
power laws, equations (48) and (50). This is not entirely
surprising because similar scaling was reported previously
for opposing dry brushes [20,21], although in that case
there is no exponent β because φ(L) = 1/2. Interestingly,
the exponent for g(L) in that system takes on a simple
rational value of α = 1/3 as justified by a numerical fit
as well as a simple scaling argument [21]. We suspect that
the true exponent for semi-dilute brushes is also rational,
but the fact that g(L) decays so quickly makes it difficult
to extract numerically. Nevertheless, we can still predict
a value based on a reasonable scaling argument, whereby
we assume that the significant departure of g(z0) from
equation (26) begins at z0 ≈ L − ζ eventually match-
ing up with equation (46) at z0 ≈ L + ξ. From equa-
tion (26), it then follows that g(L − ζ) ∼ ζ1/2L−3/2 and
g′(L − ζ) ∼ −g(L − ζ)/ζ. Similarly, equation (46) pre-
dicts g′(L + ξ) ∼ −g(L + ξ)/ξ. Assuming that ζ and ξ
are relatively small, we expect both sets of expressions to
correctly represent g(L) and g′(L). This requires ζ ∼ ξ,
which means that ζ also scales as ∼ L−1/3. That, in turn,
implies g(L) ∼ ξ1/2L−3/2, which gives an exponent,

α = 5/3 , (60)

in reasonable agreement with the fits in Figure 4c.
For dry brushes, the free-energy contribution from the

tail, ∆F , scales with a rational exponent γ = 2/3 [17,
20,21], and so we might again expect a rational value for
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semi-dilute brushes. If we simply assume that the chains in
the tail each contributes an average energy of order kBT ,
then it follows that ∆F ∼ g(L)ξ, which implies

γ = α+ 1/3 . (61)

This relation certainly holds for dry brushes, where α =
1/3. However, if we take α = 5/3 for semi-dilute brushes,
then γ = 2 is significantly larger than the values indicated
in Figure 6. Perhaps we have overlooked an important con-
tribution to the free energy, or maybe the depletion layer
is not properly accounted for by equations (52) and (53).
However, the fact that the FCT produces a consistent ex-
ponent to SCFT suggests otherwise. We believe that the
true value of γ simply does not emerge until L is extremely
large. If we consider the principal contribution to ∆F ,
which comes from

∫

g ln gdz0, Figure 4b implies that the
tail portion of the integral scales as ∼ g(L)ξ once the L-
dependence of ln g(L) becomes sufficiently weak, and in-
deed this requires a very large L. It is impractical to test
our suspicions by pushing the numerical FCT calculation
to higher L, but the problem might be resolved with an an-
alytical treatment along the lines of that in reference [17]
for dry brushes.

5 Conclusions

We have examined the scaling behavior of the two
dominant corrections to the classical strong-stretching
theory (SST) for semi-dilute brushes in good solvent. The
first correction originates from the impenetrability of the
grafting surface, which causes a depletion of segments
next to the substrate. By adapting a theory of Likhtman
and Semenov [17], we predict a universal shape for the
concentration profile, φ(z), of the depletion layer with a
width that scales as µ ∼ L−1. The prediction is confirmed
by quantitative comparisons to self-consistent field theory
(SCFT). The second correction involves a tail that extends
beyond the classical brush height, L, primarily due to
the translational entropy of the end-segment distribution,
g(z0), as evident from the fact that it is well accounted
for by the full classical theory (FCT). We demonstrate
that the tails of g(z0) and φ(z) have universal shapes
with a range that scales as ξ ∼ L−1/3 and amplitudes
that decay as g(L) ∼ L−5/3 and φ(L) ∼ L−7/3. We also
calculate analytical expressions (46) and (49) for g(z0)
and φ(z), respectively, at the extremity of the tail using
the classical approach of Milner and Witten [13]. Fur-
thermore, we derive an expression (54) for the free energy
that improves vastly upon the simple SST prediction.
Not only do these finite-stretching corrections provide
valuable insights into the behavior of semi-dilute brushes,

they also remain reasonably accurate down to experimen-
tally relevant thicknesses of L/aN1/2 ∼ 2.

This work was supported by EPSRC (EP/D031494/1).
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