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Abstract. This paper addresses the statistical mechanics of ideal polymer chains next to a hard wall. The
principal quantity of interest, from which all monomer densities can be calculated, is the partition function,
GN (z), for a chain of N discrete monomers with one end fixed a distance z from the wall. It is well accepted
that in the limit of infinite N , GN (z) satisfies the diffusion equation with the Dirichlet boundary condition,
GN (0) = 0, unless the wall possesses a sufficient attraction, in which case the Robin boundary condition,
GN (0) = −ξG′

N (0), applies with a positive coefficient, ξ. Here we investigate the leading N−1/2 correction,
∆GN (z). Prior to the adsorption threshold, ∆GN (z) is found to involve two distinct parts: a Gaussian
correction (for z � aN1/2) with a model-dependent amplitude, A, and a proximal-layer correction (for
z � a) described by a model-dependent function, B(z).

PACS. 82.35.Gh Polymers on surfaces; adhesion – 61.25.he Polymer solutions – 05.70.Np Interface and
surface thermodynamics

1 Introduction

It is well known that polymer chains have an entropic
tendency to avoid hard walls, which generally results in
a depletion layer of width aN1/2, where N is the degree
of polymerization and a is the statistical segment length.
The reason is rather simple; surfaces restrict the allowed
configurations of a polymer molecule, and thus polymers
lose configurational entropy as they approach a wall. An
important consequence is the depletion-induced attrac-
tion that occurs between colloidal particles, when a small
amount of polymer is added [1]. The thin depletion layer
surrounding each particle reduces the effective volume ac-
cessible to the polymers, but some of the volume is freed
up when the depletion layers overlap. The resulting gain
in translational entropy of the polymers, in turn, causes
the effective attraction between the particles.

In the ideal case of a theta solvent, the polymers can
be treated as non-interacting and the solvent can be ig-
nored [2], which allows the statistical mechanics to be per-
formed exactly. This is done by calculating the partition
function, GN (r), for a single chain of N monomers, with
one end fixed at position r. As such, GN (r) is proportional
to the end-monomer distribution of the chain. In the limit
of large N , it can be obtained by solving the modified
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diffusion equation,

∂

∂N
GN (r) =

[

a2

6
∇2 − w(r)

kBT

]

GN (r), (1)

subject to the initial condition, G0(r) = 1 [3]. For com-
pleteness, we have included a field, w(r), acting on the
monomers. Once GN (r) is known, the average monomer
concentration for n polymers of polymerization N is given
by

ρ(r) =
n

Z

∫ N

0

Gs(r)GN−s(r)ds, (2)

where Z ≡
∫

GN (r)dr. When there is a flat impenetrable
wall at z = 0, the diffusion equation is solved with the
Dirichlet boundary condition,

GN (0) = 0, (3)

and zero field, which leads to the solution [4]

GN (z) = Erf

(

√

3

2N

z

a

)

. (4)

The monomer density, ρ(z), can also be expressed analyt-
ically in terms of the error function, but the expression is
much messier [4,5]. The main result is that both GN (z)
and ρ(z) exhibit a depletion zone of characteristic width,
aN1/2, over which they both decay to zero as the wall is
approached.
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Fig. 1. Equation (4) compared to actual simulation results for
the end-monomer distribution, GN (z), of an N = 100 chain
(dashed curves). The difference, ∆GN (z), is then compared
with the prediction by Erukhimovich et al. [4] (solid curves).
The simulation shows two distinct regions, a proximal layer
(z � a) where there is sharp variation in ∆GN (z) followed
by an intermediate region (a � z � aN1/2) where ∆GN (z) is
Gaussian.

This cannot be completely correct, because if ρ(z)
drops to zero then the polymers will not exert any pres-
sure on the wall. This latter fact follows from the wall
(or contact) theorem, which states that the pressure is
given by P = kBTρ(0) [6]. However, we know that non-
interacting molecules obey the ideal-gas law, and thus they
must create a positive pressure of P = nkBT/V . The fail-
ure of the theory to capture this is linked with the Dirich-
let boundary condition. Motivated by this inconsistency,
Erukhimovich et al. [4] recently examined the statistical
mechanics for finite N , where it is unnecessary to specify
a boundary condition. By calculating the finite-N correc-
tions to the partition function, ∆GN (z), they were able to
satisfy the wall theorem and recover the Dirichlet bound-
ary condition in the limit of N → ∞.

Although Erukhimovich et al. modified the Dirichlet
solution, equation (4), to provide a pressure consistent
with the wall theorem, the details of their solution dis-
agree with some recent simulations of ours as shown in
Figure 1 and described in the caption. The simulations
were performed by generating many (e.g., ∼ 108) polymer
configurations, each constructed from a sequence of N −1
bond vectors randomly chosen from a Gaussian distribu-
tion (see the inset of Fig. 1), and spatially averaging them
over the center-of-mass coordinate. The procedure is so
straightforward and the statistical noise is so small (less
than 1 part in 104) that the disagreement must almost
certainly originate with the analytical calculation [4].

The calculation by Erukhimovich et al. was also lim-
ited to neutral walls, whereas we know that the results will
be affected by any interaction the polymers have with the
wall. For instance, de Gennes [7] has argued that if the im-
penetrable wall possesses a sufficiently strong short-range
attraction, then the Dirichlet boundary condition switches
to the Robin boundary condition

GN (0) = −ξG′

N (0), (5)

with some positive coefficient, ξ. This leads to the solu-
tion [7]

GN (z) ∝ exp(a2N/6ξ2 − z/ξ), (6)

for which the monomer concentration decays as

ρ(z) ∝ exp(−2z/ξ). (7)

Hence the depletion layer gives way to adsorption at the
wall [5,8]. Naturally, it would be interesting to also under-
stand what happens to ∆GN (z) as this absorption thresh-
old is approached.

Here we re-examine the statistical mechanics of ideal
polymers (i.e., the theta solvent condition), but this time
numerically so to avoid the need for any approximations.
Of course our calculations will be affected by the limited
machine precision of the computer, but for these simple
computations the relative inaccuracies are � 10−10 and
therefore are of no practical significance whatsoever. Fur-
thermore, the versatility of the numerical approach will
allow us to include a short-range attraction with the wall,
and thus investigate the transition from the Dirichlet to
the Robin boundary condition.

2 Partition function for discrete chains

For a discrete chain of N monomers, the partition func-
tion, GN (r), is obtained by applying the recursive equa-
tion

GN+1(r) = h(r)

∫

g(R)GN (r − R)dR, (8)

starting from G1(r) = h(r). The function, h(r) ≡
exp(−w(r)/kBT ), will account for the interaction, w(r),
of monomers with the wall, and the function, g(R) ∝
exp(−b(R)/kBT ), is the Boltzmann factor for the bond
potential, b(R), normalized so that

∫

g(R)dR = 1. (9)

In order to demonstrate the degree of universality, we will
perform calculations for two different polymer models: one
with a Hookian-spring potential

g(R) =

(

3

2πa2

)3/2

exp

(

−3R2

2a2

)

, (10)

and another with a fixed bond length

g(R) =
1

4πa2
δ(R − a). (11)

Once GN (r) has been evaluated, the monomer concentra-
tion is given by

ρ(r) =
n

Zh(r)

N
∑

i=1

Gi(r)GN+1−i(r). (12)

In this paper, we limit our attention to systems with
a flat wall at z = 0, which implies that quantities such as
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Fig. 2. (a) End-monomer and (b) total-monomer distribu-
tions for harmonic chains of various polymerization, N . The
bold curves denote the infinite-N limit corresponding to equa-
tion (4).

w(z), h(z), GN (z) and ρ(z) will necessarily have transla-
tional invariance in the x and y directions. We will also as-
sume that w(z) → 0 for large z, which means GN (z) → 1
for large z and thus n/Z = ρ(∞)/N . Furthermore, the
translational invariance conveniently allows us to complete
the integration over X and Y in equation (8), which in ef-
fect transforms g(R) into g(Z) ≡

∫

g(R)dXdY . For the
harmonic chains

g(Z) =

(

3

2πa2

)1/2

exp

(

−3Z2

2a2

)

, (13)

and for the freely jointed chains

g(Z) =

{

(2a)−1, if |Z| < a,

0, if |Z| > a.
(14)

In this way, the vectors, r and R, in equation (8) are trans-
formed into the scalars, z and Z, reducing the recursion
relation to something that can be solved numerically with
relative ease.

3 Neutral wall

We begin our study by considering a neutral impenetra-
ble wall, where h(z) = 0 for z < 0 and h(z) = 1 for
z > 0. Figure 2 compares the resulting end-monomer and
total-monomer concentrations for Hookian chains of var-
ious N to those of continuous chains (i.e., N → ∞), and
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Fig. 3. Same as Figure 2, except that the curves are calcu-
lated for freely jointed chains (i.e., using Eq. (14) instead of
Eq. (13)).

Figure 3 repeats the calculation for freely jointed chains.
Although both sets of curves converge to the same limits
(e.g., Eq. (4)), the results at finite N are, not surprisingly,
sensitive to the details of the model, or in other words to
the function, g(Z). The one exception is at the wall, where
GN (0) and ρ(0) exhibit universal values. For instance

ρ(0)

ρ(∞)
=

1

N
, (15)

for both models to within our numerical accuracy of 10 or
so significant digits.

3.1 Concentration at the wall

Here we prove that the equality (15) is no accident. To
proceed, we define the position of the i-th monomer as
ri for i = 1, 2, . . . , N , which then allows us to specify
the position and configuration of a polymer chain by r1

and the set, Γ ≡ {Ri}, of bond vectors, Ri ≡ ri+1 − ri,
for i = 1, 2, . . . , N − 1. In terms of these quantities, the
monomer concentration for a given r1 and Γ takes the
form

ρ(r; r1, Γ ) ∝
N

∑

i=1

δ(r − ri). (16)

The next step is to average ρ(r; r1, Γ ) over the allowed
values of r1 for fixed Γ . Since z = zi−zI ≥ 0 is the closest
distance that the i-th monomer can approach the wall,
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where I is defined as the index of the monomer closest
to the wall, it follows that the spatial average for a fixed
configuration is

ρ(z;Γ ) ∝
N

∑

i=1

H(z − zi + zI), (17)

where H(x) is the Heaviside step function that switches
from 0 to 1 when x becomes positive. Note that we can
neglect all configurations where there are two or more
monomers equally close to the wall, because their com-
bined probability (or measure) is identically zero. In this
case, the sum in equation (17) starts off at 1 for z infinites-
imally close to zero and becomes equal to N for large z,
which means that the concentration at the wall is 1/N
relative to that at z = ∞. Since the density, ρ(z), that
we are interested in is just the average of ρ(z;Γ ) over Γ ,
it must also satisfy this 1/N relation and thus the proof
is complete. Note that this derivation of ρ(0) = ρ(∞)/N
is remarkably general. It applies to all polymer architec-
tures so long as the chain is sufficiently connected that the
probability of any two monomers being infinitely far apart
is zero. Furthermore, it is not affected by intra-molecular
interactions as long as there are no inter-molecular inter-
actions between the polymers and no finite-range interac-
tions with the wall.

3.2 Pressure considerations

The relation in equation (15) is also required by the ideal-
gas law, which must be satisfied by non-interacting poly-
mers. For the moment, we consider a wall with a small
degree of penetrability by assuming that w(z) is zero for
positive z and increases rapidly towards infinity for nega-
tive z. The pressure exerted on the monomers penetrating
the wall (i.e., zi < 0) is then

P = −
∫ 0

−∞

dw

dz
ρdz. (18)

Imagine a fixed configuration, Γ ; as the first monomer
(previously labeled I) penetrates the wall, the probability
of the configuration will decrease as exp(−w(zI)/kBT ),
until the second closest monomer makes contact, at which
point the probability will decrease even faster. If the po-
tential rises sufficiently fast, exp(−w(zI)/kBT ) will be ef-
fectively zero by the time a second monomer comes into
contact with the wall; again it is fair to assume that there
will be some finite separation between the two monomers.
Thus it follows that ρ(z;Γ ) ∝ exp(−w(z)/kBT ), which
obeys the relation

dρ

dz
= − ρ

kBT

dw

dz
. (19)

The same must also apply to ρ(z), since it is just an av-
erage of ρ(z;Γ ) over Γ . Substituting equation (19) into
the integral of equation (18), we obtain the wall theorem,
P = kBTρ(0). From the ideal-gas law, we know that the

pressure must also equal P = nkBT/V , where the num-
ber of polymer chains per unit volume is n/V = ρ(∞)/N .
Equating the two expressions immediately implies that
ρ(0) = ρ(∞)/N .

3.3 Partition function at the wall

Now we derive the universal expression for GN (0), the
relative number of end-monomers at the wall. We start
from

N
∑

n=1

Gn(0)GN+1−n(0) = 1, (20)

which follows immediately from equations (12) and (15).
In reality, this expression (20) also follows from the fact
that the n-th term in the summation is the Boltzmann
weight over those configurations where the n-th monomer
is closest to the wall. Hence the summation equates to the
total partition function in the absence of a wall, which is
the same as GN (∞) = 1. By deriving equation (20) in
this way, it can be used to obtain an alternative proof of
ρ(0) = ρ(∞)/N , although one that only applies to linear
polymers.

Equation (20) can be transformed into the recursive
relation

GN (0) =
1

2

(

1 −
N−1
∑

n=2

Gn(0)GN+1−n(0)

)

, (21)

which allows us to evaluate GN (0) sequentially starting
from G1(0) = 1. The general solution is

GN (0) =
(2N − 2)!

[2N−1(N − 1)!]2
, (22)

and indeed it agrees with Figures 2(a) and 3(a) to within
our 10 digits of numerical accuracy. The proof follows by
noting that the quantity in equation (22) is just the N -th
Taylor-series coefficient of 1/

√
1 − x, and thus the sum in

equation (20) must be the N -th Taylor-series coefficient of
[1/

√
1 − x]2 = 1/(1−x), which is equal to one as required.

For large N , equation (22) reduces to

GN (0) ≈ 1√
πN

, (23)

using the Stirling approximation, n! ≈
√

2πn(n/e)n.

3.4 Partition function far from the wall for large N

The solution for GN (z) in equation (4), which leads to a
zero monomer concentration at the wall, can in fact be
deduced without assuming the Dirichlet boundary condi-
tion. The derivation starts from the propagator

GN (z, z′) =

√

3

2πa2N
exp

(

−3(z − z′)2

2a2N

)

, (24)
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Fig. 4. For flexible continuous chains, there is a one-to-one
correspondence between configurations from z′ to z that cross
the wall and all configurations from −z′ to z. This correspon-
dence is slightly broken for discrete chains, because the bond
crossing the wall changes length when the end at z′ is reflected
to −z′.

for a chain with one end at z′ and the other at z in the
absence of a wall. It satisfies the diffusion equation (1)
with zero field and the initial condition G0(z, z′) = δ(z −
z′). In terms of the propagator, the partition function next
to a wall can be expressed as

GN (z) =

∫

∞

0

[GN (z, z′) − GN (z,−z′)]dz′ , (25)

which equates to the error function. The integration over
z′ enforces the initial condition, G0(z) = 1, and the sub-
traction of GN (z,−z′) from GN (z, z′) conveniently re-
moves all configurations where the polymer chain contacts
the wall [4,9]. This follows from the fact that for contin-
uous chains (i.e., infinite N), there exists a one-to-one
mapping between any configuration from z′ > 0 to z > 0
contacting the wall with a configuration of identical en-
ergy from −z′ to z. As illustrated in Figure 4, this can be
done by reflecting the portion of the chain between z′ and
the first point of contact about the plane of the wall.

This argument, however, breaks down for discrete
chains. As illustrated in Figure 4, reflecting the portion
of the chain from z′ up to the first bond that crosses the
wall does not in general map onto a configuration of equal
energy. This is because the reflection changes the length
of the last bond. As a consequence, discrete chains are
permitted to have a finite monomer concentration next to
the wall. As we have already shown, the concentration of
end-monomers in the proximal layer scales as N−1/2, while
the concentration of middle-monomers only scales as N−1.
Therefore, the leading correction to equation (25) needs
an additional term proportional to GN (z, 0)N−1/2 to ac-
count for the extra preference end-monomers have for the
proximal layer (i.e., z′ � a). This motivates the improved
expression

GN (z) = Erf

(

√

3

2N

z

a

)

+
A√
πN

exp

(

− 3z2

2a2N

)

. (26)

The constant A will be determined from considering small
z, while the factor of

√
π is included for convenience.

3.5 Partition function close to the wall for large N

From equation (23), we know that the partition function
in the proximal layer is approximately proportional to
N−1/2, and so we write

GN (z) ≈ φ(z)√
πN

. (27)

Inserting this into equation (12) and approximating the
sum by an integral gives

ρ(z)

ρ(∞)
≈ φ2(z)

Nh(z)
, (28)

which is consistent with the N−1 dependence in equa-
tion (15). To obtain φ(z), we substitute equation (27) into
the recursion relation (8) and make the approximation√

N + 1 ≈
√

N for large N , which gives the condition

φ(z) = h(z)

∫

g(Z)φ(z − Z)dZ. (29)

In order for equation (27) to match up with equation (26),

we require φ(z) →
√

6z/a + A at large z. In this way, the
modification to the partition function,

GN (z) = Erf

(

√

3

2N

z

a

)

+
A√
πN

exp

(

− 3z2

2a2N

)

+
B(z)√

πN
,

(30)
just involves an additional short-range function, B(z) ≡
φ(z)−

√
6z/a−A. To numerically calculate φ(z), we start

from φ(z) =
√

6z/a+A and iterate equation (29) until we
have convergence. If there is no finite-range surface inter-
action, then A must be adjusted to satisfy equation (23),
which requires φ(0) = A + B(0) = 1.

Figure 5 compares equation (30) to our numerical eval-
uation of ∆GN (z) for the harmonic-spring model at vari-
ous values of finite N . The upper plot shows convergence
to a Gaussian function with an amplitude corresponding
to A = 0.8239 for z � a, and the lower plot shows con-

vergence to (A + B(z))/
√

πN for z � a. (Note that the
N = 100 curve is completely consistent with the simula-
tion results plotted in Fig. 1.) To illustrate the model de-
pendence of A and B(z), we repeat the calculation for the
freely jointed chain model. Figure 6(a) shows that the coef-
ficient of the Gaussian correction has a somewhat smaller
value of A = 0.7283, and Figure 6(b) shows that the short-
range function, B(z), has a totally different shape with a
sharp cusp at z = a.

4 Wall with short-range attraction

As it turns out, our finite-N correction in equation (30)
remains valid even when the hard wall is supplemented by
a weak short-range interaction. We will demonstrate this
for the simple exponential potential

w(z) =

{

∞, if z < 0,

−w0 exp(−z/a), if z > 0.
(31)
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Fig. 6. Same as Figure 5, but for freely jointed chains.
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Fig. 7. Same as Figure 5, but calculated for a weak surface
attraction given by equation (31) with w0 = 0.05kBT .

In this case, equation (23) no longer applies, and so we
need a different criterion for determining A. Of course,
the ideal-gas law must still hold [10], and so we determine
A by requiring that the pressure

P = kBTρ(0) −
∫

∞

0

w′(z)ρ(z)dz (32)

obey P = kBTρ(∞)/N . Inserting equation (28), this con-
dition reduces to

φ2(0)

h(0)
+

∫

∞

0

h′(z)φ2(z)

h2(z)
dz = 1. (33)

Figure 7 compares the finite-N correction (bold curves)
to the actual partition function calculated for N = 300,
1000 and 3000 with a wall potential of w0 = 0.05kBT . The
convergence is considerably slower than before, but it still
works provided the amplitude of the potential, w0, is not
too strong.

When the strength of the attraction becomes greater
than w0 > 0.174kBT , the recursion relation (8) diverges
with N as demonstrated in Figure 8(a). This is because

λψ(z) = h(z)

∫

g(Z)ψ(z − Z)dZ (34)

develops an eigenvalue, λ > 1. The resulting solution for
the partition function is

GN (z) ∝ λNψ(z). (35)
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tion, plotted on a semi-logarithmic scale so as to show the
exponent decay, exp(−z/ξ), at large z.

Figure 8(b) confirms the exponential growth, λN , with
the semi-logarithmic plot of GN (0) versus N . The cor-
responding eigenfunctions, ψ(z), are plotted in Figure 9
on a semi-logarithmic scale demonstrating an exponential
decay of exp(−z/ξ), where

ξ = a/
√

6 ln λ (36)

is determined by the fact that GN (z) must satisfy the
diffusion equation (1) for z ≫ a and large N .
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Fig. 10. (a) End-monomer and (b) total-monomer concentra-
tions for various N with a surface attraction of w0/kBT =
0.225. The dashed curves show the solution to the diffusion
equation (1) with the Robin boundary condition (5), and the
bold curve plots G3000(0)ψ(z).

To illustrate this behavior, Figure 10(a) plots GN (z)
(solid curves) for several values of N with a wall potential
of w0 = 0.225kBT , for which Figure 9 predicts a decay
length of ξ = 8.75a. Indeed, the N = 3000 result com-
pares well with the shape of ψ(z) (bold curve). We also
plot GN (z) (dashed curves) calculated using the diffusion
equation (1) with the Robin boundary condition (5) and
zero field, and likewise they agree reasonably well. Fig-
ure 10(b) shows an analogous plot, but for the monomer
density, ρ(z). In accord with the exponential decay in
equation (7) predicted by de Gennes, we would expect
ρ(z) (solid curves) to be well approximated by ψ2(z)/h(z)
(bold curve). However, this becomes inaccurate shortly
beyond the proximal layer, and we will explain why in
the following section. Nevertheless, the diffusion equation
solved with the Robin boundary condition (dashed curves)
does still provide a fairly good approximation.

5 Discussion

The analytical calculation by Erukhimovich et al. [4] for
GN (z) yields a similar expression to our equation (30)
except that it misses the short-range function, B(z), and
predicts A = 1 for the amplitude of the longer-range Gaus-
sian correction. Their result still satisfies wall theory (or
equivalently ρ(0) = ρ(∞)/N), but only because the two
differences compensate each other such that A+B(0) = 1.
This problem with the analytical calculation is not entirely
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Fig. 11. Overall monomer density, ρ(z), for the harmonic-
chain model. (a) Finite-N corrections from simulations (thin
curves) compared to equation (77) of reference [4] scaled by
a factor of A = 0.8239 (bold curve). (b) Concentration in the
proximal layer from simulations (thin curves) compared to our
equation (28) and equation (78) in reference [4] (bold curves).

unexpected, because N is treated as a continuous variable
so that a Laplace transform can be applied to GN (z) [11].
In their paper, Erukhimovich et al. do acknowledge that
the resulting error will in fact be of the same order, N−1/2,
as the leading correction to GN (z).

There is, however, another significant approximation
in reference [4]; the Fourier transform of the bond func-
tion, g(R), is truncated after second order in the wave
vector. Under this approximation, the correction to GN (z)
becomes universal, whereas we have demonstrated that it
is definitely not so, by showing that the correction for
Hookian-spring chains (see Fig. 5) is different than for
freely jointed chains (see Fig. 6). Although the functional
form of equation (30) is universal, the constant A and
the function B(z) are both sensitive to the details of the
polymer model.

With the amendment to GN (z) in equation (30), there
is now excellent agreement with our simulations. We have
already mentioned the match between the simulation re-
sult in Figure 1 and the numerical result in Figure 5 for
GN (z). The agreement also holds for the overall monomer
concentration, ρ(z). Figure 11(a) shows that the finite-
N correction obtained from the simulations (thin curves)
converges to the prediction in equation (77) of refer-
ence [4], but only if it is scaled by our model-dependent

parameter, A = 0.8239. Note that B(z) does not af-
fect this result because the leading N−1/2 contribution
to ∆ρ(z) vanishes at the wall. In the proximal layer,
the simulations find a weaker N−1 contribution to ρ(z)
as illustrated in Figure 11(b), which matches perfectly
with our equation (28), but disagrees with the prediction,

ρ(z)/ρ(∞) ≈ (1 +
√

6z/a)2/N , in reference [4].
Interestingly, the two-part correction in equation (30)

remains valid even when the wall is supplemented by an
interaction, provided that it is short range (i.e., w(z) → 0
for z � a). The only difference is that the wall theo-
rem no longer holds, and the constant A has to be de-
termined instead by equation (33) for mechanical equi-
librium, whereby the force exerted by the wall balances
the pressure of the polymers, P = nkBT/V . Although we
only demonstrate this for a very specific attractive poten-
tial, equation (31), the result will apply to potentials of
all shapes, both repulsive and attractive, with the caveat

that the amplitude is not too large in the case of attrac-
tive potentials. Furthermore, the correction also extends
to penetrable walls provided that w(z) → ∞ for z � −a.
In this case, the criterion in equation (33) for determining
A changes slightly; the first term, φ2(0)/h(0), is dropped
and the integral is extended to z = −∞.

When the strength of the attraction surpasses a criti-
cal value, the end-monomer distribution at the wall begins
to grow exponentially, GN (0) ∝ λN , with a λ > 1, sig-
nifying the onset of absorption. As a result, the Dirichlet
boundary condition (3) for large N gives way to the Robin
boundary condition (5) as anticipated previously by de
Gennes [7]. Just as de Gennes argued, the end-monomer
distribution must decay with increasing distance from the
wall as GN (z) ∝ exp(−z/ξ), with ξ given by equation (36).
However, de Gennes neglected to emphasize that the expo-
nential decay cannot continue forever. Equation (6) should
in fact be revised to

GN (z) =

{

exp(C + N lnλ − z/ξ), if a � z � z0,

1, if z � z0,
(37)

where z0 ≡ (C + N lnλ)ξ and C is a constant of order
one. For our particular potential with w0 = 0.225kBT ,
the parameters are λ = 1.00218, ξ = 8.75a and C = 0.904.
This gives a value of z0 = 65a for N = 3000, which indeed
is the point in Figure 10(a) where G3000(z) begins to level
off towards one.

By overlooking the fact that the exponential decay
of GN (z) only extends a finite distance from the wall,
de Gennes incorrectly suggested that the polymer concen-
tration also decays exponentially but twice as fast; see
equation (7). However, Figure 10(b) clearly shows that
this is not the case. While it is true that the concentra-
tion distribution of any individual monomer in the middle
of the chain will decay exponentially with a decay length
of ξ/2, it does not follow that the overall average decays
in the same way, even when the number of end segments
becomes irrelevant. It is easy to understand why if we
carefully consider the concentration distribution of the N ′

monomer, which is proportional to GN ′(z)GN−N ′(z). For
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the sake of argument, let us take the case N ′ ≤ N/2.
The concentration will initially decay exponentially with
a decay length of ξ/2 for z � z1 ≡ (C + N ′ lnλ)ξ, but
then it will switch to the longer decay length of ξ for
z1 � z � z2 ≡ (C + (N − N ′) ln λ)ξ, until it finally levels
off for z � z2. Because the crossover points, z1 and z2,
are different for the different monomers, the decay of the
combined concentration, ρ(z), will not be exponential.

6 Summary

This study examined the statistical mechanics of polymer
chains of polymerization, N , in a theta solvent confined to
z > 0 by an impenetrable wall. We have proven that the
partition function, GN (z), for a chain with one end fixed
a distance z from the wall (equivalently, the end-segment
distribution) exhibits a universal value at the wall given
by equation (22) irrespective of the bond potential (i.e.,
the details of the polymer model). In the limit of infinite
polymerization, we recover the standard Dirichlet bound-
ary condition, equation (3). Similarly, we have proven that
the monomer concentration at the wall, ρ(0), obeys equa-
tion (15), which is in effect equivalent to the well-known
wall (or contact) theorem. In this case, our proof is very
general in that it applies to all polymer architectures with
arbitrary intra-molecular interactions, so long as there are
no intermolecular interactions.

Next we examined the finite-N correction to equa-
tion (4) for GN (z) in the vicinity of the wall. To the
lowest-order correction, N−1/2, the partition function is
given by equation (30), which involves a model-dependent
constant, A, and short-range function, B(z). The function
is obtained by finding a fixed point, φ(z) ≡ B(z) + A +√

6z/a, of the recursion relation in equation (8) with A ad-
justed so as to satisfy the wall theorem (i.e., A+B(0) = 1).
In contrast, the analytical calculation in reference [4],
which disagreed with our computer simulations, predicted
a fixed A = 1 with no B(z). With our new modifications,
this inconsistency with the simulations is now resolved.

Our numerical approach also allows us to examine
walls with a finite short-range interaction, w(z). Provided
that the interaction is not too attractive, the lowest-order
correction to GN (z) follows the exact same form as in
equation (30). The only difference is that the wall theo-
rem no longer applies, and A now has to be determined
by equation (33) for mechanical equilibrium, whereby the
force exerted on the non-interacting polymers by the wall
matches the ideal-gas law. However, if the attraction be-
comes so strong that equation (34) develops an eigenvalue,
λ, greater than one, then the polymers adsorb to the wall.
Beyond this adsorption threshold, the Dirichlet boundary
condition (3) for the infinite-N limit switches to the Robin
boundary condition (5) with a positive coefficient, ξ, given
by equation (36).

We are grateful to I.Y. Erukhimovich and A. Johner for use-
ful discussions, and we acknowledge the EPSRC for financial
support.
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