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Abstract. Using self-consistent field theory (SCFT), we investigate the morphologies formed by a melt
brush of AB diblock copolymers grafted to a flat substrate by their B ends. In addition to a laterally
uniform morphology, SCFT predicts three ordered morphologies exhibiting different periodic patterns at
the air surface: a hexagonal array of A-rich dots, an alternating sequence of A- and B-rich stripes, and a
hexagonal pattern of B-rich dots. When the phase diagram of the tethered film is plotted as a function
of A/B incompatibility, χN , and diblock composition, f , it resembles the bulk phase diagram with the
periodic phases converging to a mean-field critical point at weak segregation. The periodic-phase region in
the phase diagram shrinks with increasing grafting density and expands when the air surface acquires an
affinity for the grafted B blocks.

PACS. 82.35.Jk Copolymers, phase transitions, structure – 81.16.Rf Nanoscale pattern formation –
68.47.Pe Langmuir-Blodgett films on solids; polymers on surfaces; biological molecules on surfaces

1 Introduction

The natural tendency of block copolymers to self-assemble
into periodically ordered morphologies offers an efficient
means of fabricating nanoscale structures. One way that
this can be utilized is by coating a surface with a thin
film of AB diblock copolymer, which then self-assembles
into a periodically ordered morphology [1]. Proposed ap-
plications include the construction of high-capacity data-
storage devices, waveguides, quantum dot arrays, dielec-
tric mirrors, nanoporous membranes, and nanowires. Al-
though the self-assembly process is exceptionally efficient,
it does not always produce the desired morphology. Typ-
ically, the air surface has a definite affinity for one of the
components, and the morphology forms with that com-
ponent covering the entire air surface burying the peri-
odic structure beneath. Another annoying behavior is that
films tend to develop terraced surfaces in order to allow the
domains underneath to acquire their preferred size. For
applications where the desire is to have a smooth chemi-
cally patterned surface, these tendencies are a nuisance.

Here we propose a way of overcoming these problems
by functionalizing the blocks with the preference for the
air surface, so that they bond with the substrate creating
a diblock-copolymer brush as depicted in fig. 1. In this
way, the nontethered blocks will be forced to the air sur-
face by the steric repulsion between the densely grafted
chains, countering the natural affinity the tethered blocks
have for the air surface. This competition should make
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Fig. 1. Schematic diagram of an AB diblock-copolymer brush
of thickness, L, where the B blocks (dashed curves) are uni-
formly grafted to a flat substrate and the A blocks (solid
curves) segregate into domains with a lateral periodicity of D.

it relatively easy to tune the system to form a chemi-
cally patterned air surface. The tethering of chains will
also restrict the film to a monolayer preventing terrace
formation. Furthermore, the grafted film should be more
mechanically robust, which could allow it to be lightly
sheared in order to remove defects from the surface pat-
tern. We are not aware of any previous published work on
this system, but experiments are currently underway in
the two independent groups of Hamley and Föster.

There is, however, a considerable amount of litera-
ture on block-copolymer brushes immersed in selective
solvent. The first theoretical study by Zhulina et al. [2]
employed a lattice self-consistent field theory to identify
morphologies and scaling arguments to outline the general
phase behavior. Yin et al. [3] and very recently Wang and
Müller [4] have performed Monte Carlo simulations. There
have also been a number of experimental studies by Zhao
et al. [5], and most recently by Gao et al. [6] and Tomlinson
and Genzer [7]. So far, there has been general qualitative
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agreement between theory and experiment, but the sys-
tem has a large parameter space and there remains much
more work to be done.

Calculations have been performed for a similar system
of binary melt brushes, where two chemically different ho-
mopolymers are grafted to the substrate [8] or where di-
blocks are grafted by their junction points rather than by
their ends [9]. However, the attention has now turned to
solvated binary brushes, because of the potential for cre-
ating chemically responsive surfaces [10]. Calculations by
Müller [11] have predicted interesting transitions between
stripe and dimple phases as the solvent quality is changed,
and the same qualitative behavior has been observed in a
number of recent experiments [12]. This system, however,
has two independent grafting densities, and thus it has an
even larger parameter space that needs to be explored.

Here we use self-consistent field theory (SCFT) [13,14]
to investigate AB diblock copolymers uniformly grafted
to a flat substrate by their B ends, but this time in the
absence of any solvent. Not only are these melt brushes
suitable to a range of different applications, the number of
parameters can be reduced to a more manageable level. To
do this, we consider sufficiently large grafting densities and
air/polymer surface tensions so that we can assume that
the brush forms a film of uniform thickness as illustrated
in fig. 1. In this limit, the relevant parameters are just
the film thickness relative to the natural polymer size,
L/aN1/2, and the affinity of A segments for the air surface,
ΛN , in addition to the usual block-copolymer parameters
of segregation, χN , and composition, f . The affinity of
A segments for the substrate can be ignored, because it
would have to be extremely large to overcome the strong
steric interactions forcing the A blocks towards the air
surface.

2 Theory

This section describes the SCFT [13,14] for a melt brush
of n AB diblock-copolymer molecules grafted to a flat sub-
strate of area, A, at z = 0. The copolymers are monodis-
perse, each with fN A-type segments joined to (1 − f)N
B-type segments. All segments have a statistical length of
a and are incompressible with a fixed volume of ρ−1

0
such

that total volume of the film is V = nN/ρ0. For simplicity,
we consider the grafting density and air/polymer surface
tension to be sufficiently large that we can assume a flat
air/polymer surface at z = L ≡ V/A.

The configuration of the α-th polymer is specified by a
space curve, rα(s), where s is a parameter that increases
along the polymer backbone from s = 0 at the free A end
to s = 1 at the grafted B end. This allows us to specify
the dimensionless A- and B-segment concentrations as

φ̂A(r) =
N

ρ0

n
∑

α=1

∫ f

0

δ(r − rα(s))ds, (1)

φ̂B(r) =
N

ρ0

n
∑

α=1

∫

1

f

δ(r − rα(s))ds. (2)

The internal energy of the brush can then be expressed as

Û

kBT
= ρ0

∫

{

χφ̂A(r)φ̂B(r) − H(r)[φ̂A(r) − φ̂B(r)]
}

dr,

(3)
where the first term is the standard interaction between
A and B segments controlled by the usual Flory-Huggins
χ parameter. The surface interactions are accounted for
by the function [15],

H(r) = 2Λδ(z − L)aN1/2, (4)

where Λ ≡ (γB − γA)/kBTρ0aN1/2 incorporates the dif-
ference between the A- and B-polymer surface tensions,
γA and γB , respectively.

The interaction between segments makes an exact
treatment of the statistical mechanics intractable. To over-
come this, SCFT approximates the interactions experi-
enced by the A and B segments with static fields that
satisfy the self-consistent conditions

wA(r) = χNφB(r) − H(r)N + ξ(r), (5)

wB(r) = χNφA(r) + H(r)N + ξ(r), (6)

where φγ(r) is the ensemble average, 〈φ̂γ(r)〉, (for γ =
A and B) and ξ(r) is a pressure field that enforces the
compressibility constraint,

φA(r) + φB(r) = 1. (7)

To proceed, we need to calculate the average A- and
B-segment concentrations for given fields. These are eval-
uated by [16]

φA(r) =

∫ f

0

q(r, s)q†(r, s)ds, (8)

φB(r) =

∫

1

f

q(r, s)q†(r, s)ds, (9)

where q(r, s) and q†(r, s) are partition functions for the
(0, s) and (s, 1) portions, respectively, of a chain with its
sN -th segment constrained to rα(s) = r. The first parti-
tion function is obtained by solving the diffusion equation

∂

∂s
q(r, s) =

[

a2N

6
∇2q(r, s) + wγ(r)

]

q(r, s), (10)

with γ = A for s < f and γ = B for s > f , starting from
the initial condition,

q(r, 0) = 1. (11)

Next q†(r, s) is obtained by solving an equivalent diffusion
equation with the right-hand side multiplied by −1, this
time starting from

q†(r, 1) =
2δ(z)L

q(r, 1)
. (12)
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To solve the diffusion equation, we must also specify
boundary conditions. At the air/polymer surface, we use

∂

∂z
q(r, s)|z=L = 0, (13)

which is appropriate for flexible polymers [13]. We could
use the same boundary condition at the substrate, but we
modify it to help deal with a delta function that occurs
in the pressure field, ξ(r), suppressing a cusp in the seg-
ment concentration that would otherwise develop along
the grafting plane [13]. With the simple modification,

∂

∂z
q(r, s)|z=0 = β q(r, s)|z=0, (14)

the self-consistent fields are transformed by

wγ(r) → wγ(r) − βa2N

3
δ(z), (15)

which can be used to reduce the delta function. We are
not concerned about eliminating the delta function com-
pletely, which in fact would be difficult to achieve for
periodic phases where the amplitude of the delta func-
tion varies slightly in the lateral direction. Nevertheless, a
choice of β = 3L/a2N removes most of the delta function,
and greatly improves the performance of our numerical al-
gorithm, as we will demonstrate in the next section. The
justification for this particular choice of β will be explained
later in the Discussion.

Once the fields have been adjusted so as to satisfy the
field equations, the free energy of the brush is F = U−TS,
where U ≡ 〈Û〉 is the average internal energy calculated
in the mean-field approximation and

S

nkB
≡ 1

V

∫

{2δ(z)L ln q(r, 1) + wA(r)φA(r)

+wB(r)φB(r)}dr +
βa2N

6L
(16)

is the entropic contribution due to chain stretching. The
logarithmic term in eq. (16) gives the free energy of the
diblock copolymers in the self-consistent fields with their
s = 1 ends grafted to z = 0 [16], and the following two
terms remove the field energy leaving just the entropy.
The last term outside the integral accounts for the delta
function that was removed from the fields, eq. (15), by
modifying the z = 0 boundary condition, eq. (14).

3 Numerical algorithm

There are several established algorithms for solving SCFT:
the simple real-space approach [17], the semi-spectral
technique [18], and the full spectral method [19]. Heck-
mann and Drossel [20] have recently demonstrated diffi-
culties in attaining numerically accurate solutions with the
semi-spectral algorithm due to the memory requirements
of storing q(r, s) and q†(r, s). In fact, they found that nu-
merical inaccuracies in previous calculations had resulted

in incorrect predictions for the equilibrium morphologies
of thin block-copolymer films. The same problems will af-
fect real-space algorithms, and therefore we opt for the full
spectral method where all spatially dependent quantities
are expanded in terms of basis functions.

The spectral method has been well documented [13],
but there are a couple of new aspects to the present ap-
plication. As usual, the basis functions are expressed as

f
‖
i (x, y)f⊥

j (z), for i, j = 0, 1, 2, . . ., but here we use two
different sets of functions for the z dependence. For the
fields, wγ(r), and concentrations, φγ(r), we choose

f⊥
j (z) =

{

1, if j = 0,√
2 cos(jπ(1 − z/L)), if j > 0,

(17)

while for the partition functions, q(r, s) and q†(r, s), we
choose

f⊥
j (z) = Cj cos(λj(1 − z/L)), (18)

where

Cj =

√

4λj

2λj + sin(2λj)
(19)

is a normalization constant and

λj tan(λj) = βL, (20)

so as to satisfy the boundary condition (14) at the sub-
strate. The use of two different sets of basis functions only
results in minor modifications to the spectral method, and
does not alter the computational demands for a given
number of basis functions.

An advantage of the full spectral method is that most
of the steps can be performed analytically, which makes
it relatively easy to manage the numerical inaccuracies.
The only numerical step in calculating the concentrations
from the fields involves the diagonalization of two sym-
metric matrices [13], but this is readily done by standard
subroutines that provide the eigenvalues and eigenvectors
to almost machine precision. Solving the self-consistent
field equations and minimizing the free energy with re-
spect to domain size also has be done numerically, but
we do both simultaneously using the Broyden algorithm
which converges so rapidly that we can again achieve close
to machine precision. The integral of ln q(r, 1) over the
grafting surface in eq. (16) also has to be done numeri-
cally, but it is such a small part of the calculation that we
can readily afford 4×104 evaluations of the integrand per
unit cell, which is enough with the Simpson method to
render the numerical inaccuracy irrelevant. The only sig-
nificant source of inaccuracy comes from the truncation of
the basis functions.

Figure 2a shows the self-consistent field acting on A
segments in a laterally uniform phase at f = 0.4 and
χN = 40 calculated with β = 3L/a2N (solid curve) and
with β = 0 (dashed curve) where the two sets of ba-
sis functions, eqs. (17) and (18), become identical. Both
curves are calculated with 15 basis functions, f⊥

j (z) for
j = 0, 1, . . . , 14, but the level of convergence is consider-
ably different. With β = 0, there is a sizable delta func-
tion at z = 0, which causes a significant ringing, but with
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Fig. 2. (a) A-segment field, wA(z), and (b) corresponding
A-segment profile, φA(z), of a uniform phase as a function
of distance from the substrate, evaluated with 15 basis func-
tions, f⊥j (z). The solid and dashed lines are calculated with
β = 3L/a2N and β = 0, respectively, and the dot denotes the
position of the A/B interface.
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Fig. 3. Numerical inaccuracy in the free energy of a uniform
phase, ∆F , as a function of the number of basis functions for
i) ΛN = 0 and L/aN1/2 = 0.5, ii) ΛN = 0 and L/aN1/2 = 0.6,
and iii) ΛN = −0.15 and L/aN1/2 = 0.6. The solid and dashed
lines are calculated with β = 3L/a2N and β = 0, respectively.

β = 3L/a2N the delta function is almost completely re-
moved resulting in much better convergence. Interestingly
though, the A-segment concentration plotted in fig. 2b is
virtually unaffected by the choice of β.

Figure 3 investigates the effect of β on the convergence
of the free energy, F , for two film thicknesses, L/aN1/2,
and two different surface affinities, ΛN . As the number of
basis functions increases, the free energy converges rapidly

when β = 3L/a2N , particularly when ΛN = 0. The delta
function in H(r) also causes some ringing in the fields,
but it is relatively minor compared to that caused by the
grafting. When β = 0, the convergence of the free energy
is greatly reduced. However, the latter situation is not
nearly as bad as it appears. We find that it is a systematic
numerical inaccuracy that affects all phases almost iden-
tically, and consequently the effect on the predicted phase
boundaries is negligible provided that the same number
of f⊥

j (z) basis functions is used for each of the phases.
Thus the use of a nonzero β is not essential if one is only
interested in polymer concentrations and relative free en-
ergies, but nevertheless we continue to use β = 3L/a2N
because it still offers some improvement without any extra
computational cost.

4 Results

Our first step is to identify the potential morphologies
of the brush, using the Drolet-Fredrickson combinatorial
screening method [17] whereby the self-consistent field
equations are solved for a range of system parameters
starting from fields consisting of random noise. This is

done with the spectral method by choosing the f
‖
i (x, y)’s

to be general Fourier functions for a large square area of
film [21]. In this case, there is no need for high numerical
accuracy and so we do not require a tremendous number
of basis functions.

Once the candidate structures have been identified,

their lateral symmetry can then be built into the f
‖
i (x, y)

basis functions in order to perform accurate calculations.
In addition to the simple uniform phase where the A
blocks form a layer of constant thickness at the top of
the film, our search finds three morphologies with peri-
odic surface patterns shown in fig. 4 for L/aN1/2 = 0.5,
χN = 40, and ΛN = 0. One exhibits a hexagonal array of
B-rich dots at the air surface, another produces alternat-
ing A- and B-rich stripes, and the third involves a hexag-
onal array of A-rich dots. To ensure a high level of numer-
ical accuracy for the full range of parameters considered
in this study, we generally use 15 of the f⊥

j (z) functions

combined with 10 and 20 of the f
‖
i (x, y) functions for the

stripe and hexagonal phases, respectively.
For well-segregated films with relatively pure domains,

the advantage of forming periodic phases is that it reduces
the A/B interfacial area from that of the uniform phase.
This is demonstrated in fig. 5a, where we compare their
average internal energies, U , which in this case is entirely
A/B interfacial energy since ΛN = 0. However, there is
also a penalty for creating periodic phases, because it re-
quires additional stretching of the chains in the lateral di-
rection. This extra cost is illustrated in fig. 5b, where we
compare their entropic stretching energies, −TS. For the
periodic phases to become stable relative to the uniform
phase, this increase in stretching energy must be compen-
sated for by the reduction in A/B interfacial energy.

To check if this is the case, fig. 5c plots the combined
free energy, F = U − TS, of the different morphologies
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(b) hex
I
, f=0.35

(c) stripe, f=0.25

(a) uniform, f=0.45

(d) hex, f=0.15

Fig. 4. Equilibrium morphologies calculated for four dif-
ferent diblock compositions, f , with χN = 40, ΛN = 0
and L/aN1/2 = 0.5. Each image displays a lateral area of
3aN1/2 × 3aN1/2.

as a function of diblock composition, f . Indeed, the film
switches from the uniform phase to the hex phase at f =
0.1137, then to stripes at f = 0.1868, followed by hexI

at f = 0.3359, and finally back to the uniform phase at
f = 0.3998. Note that with the number of basis functions
used in our study, we actually have more accuracy than
the four digits quoted, and this remains true even with
β = 0 provided we are careful to compare phases using
the same number of f⊥

j (z) basis functions.

By repeating the free energy calculation of fig. 5c for
a range of segregations, χN , we construct the equilib-
rium phase diagram shown in fig. 6a for diblock-copolymer
brushes with a moderate thickness (L/aN1/2 = 0.5) and
a neutral air surface (ΛN = 0). The interval in f over
which the periodic phases are stable gradually decreases
as the segregation is reduced, causing the regions to con-
verge to a mean-field critical point denoted by a solid dot.
Figure 6b repeats the phase diagram calculation, but for
a higher grafting density corresponding to a film thickness
of L/aN1/2 = 0.6. The topology of the phase diagram re-
mains the same, but the region of the periodic phases is
squeezed into a narrower interval of f . The final diagram
in fig. 6c shows the effect of imposing a preference for the
grafted B blocks at the air surface (ΛN = −0.15). Again
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Fig. 5. (a) Internal energy, U , (b) entropic stretching energy,
−ST , and (c) total free energy, F ≡ U − TS, of the uniform
morphology (dashed curve) and the three periodic morpholo-
gies (solid curves) plotted as a function of composition, f , for
χN = 40, ΛN = 0 and L/aN1/2 = 0.5. The dots denote the
equilibrium phase transitions.

the structure of the diagram is unchanged, but this time
the size of the periodic regions is increased.

As demonstrated in fig. 5, the selection of periodic
phases is linked to their ability to minimize the A/B in-
terfacial area without stretching the polymer chains too
much. For the stripe phase, we can expect the optimum
shape of the morphology to occur when the A- and B-type
stripes are of similar width, or in other words when the
A-rich surface area is about 50% of the total surface area.
Figure 7 plots the relative area of the A regions for the
three different cases in fig. 6, and this indeed seems to be
a general principal governing the selection of the stripe
phase. If the relative width of the A stripes drops below
40%, they then break up into dots forming the hex phase,
and conversely if it surpasses 60%, then the B stripes break
up into dots forming the hexI phase.
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Fig. 6. Equilibrium phase diagrams calculated for (a) ΛN = 0
and L/aN1/2 = 0.5, (b) ΛN = 0 and L/aN1/2 = 0.6, and
(c) ΛN = −0.15 and L/aN1/2 = 0.6. The dots denote mean-
field critical points.
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Fig. 7. Fraction of the air surface covered by the A-rich do-
mains of the periodic phases plotted as a function of compo-
sition, f , at a fixed segregation, χN = 40. The three curves
are calculated for i) ΛN = 0 and L/aN1/2 = 0.5, ii) ΛN = 0
and L/aN1/2 = 0.6, and iii) ΛN = −0.15 and L/aN1/2 = 0.6.
Note that the discontinuities correspond to order-order phase
transitions.
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Fig. 8. Cross-section showing the A/B interface of the stripe
phase at χN = 40 and f = 0.25 for brushes of thickness
(a) L/aN1/2 = 0.5 and (b) L/aN1/2 = 0.6. For the thicker
brush, we show interfaces for a neutral air surface (ΛN = 0)
and for a surface with a preference for the grafted B blocks
(ΛN = −0.15).

Figure 8 examines the cross-sectional shape of the A-
rich domains of the stripe phase, in order to help explain
the shift of the periodic morphologies in the phase dia-
gram with changes in film thickness, L/aN1/2, and surface
affinity, ΛN . At L/aN1/2 = 0.5 and ΛN = 0, the A-rich
domain is elliptical in shape with a semi-major axis of
0.380aN1/2 and a semi-minor axis of 0.285aN1/2, which
corresponds to a modest aspect ratio of 1.33. When the
film thickness increases to L/aN1/2 = 0.6, the steric repul-
sion forcing the A blocks towards the air surface is ampli-
fied, which increases the aspect ratio of the A-rich domain
to 1.43. This in turn decreases the relative width of the
B-rich stripes as shown in fig. 7, which drives the system
towards the hexI phase consistent with the shift in the
phase boundaries observed between figs. 6a and b. When
the surface affinity changes to ΛN = −0.15, the prefer-
ence for B segments at the air surface pushes the A-rich
domains into the film, causing the aspect ratio to decrease
to 1.18. This time, the A-rich stripe becomes narrower,
which drives the film towards the hex phase in accord
with the shift in the phase boundaries observed between
figs. 6b and c.

Another way of rationalizing the shift in phase bound-
aries is to recognize that an increase in film thickness re-
quires the polymers to stretch in the z-direction, which in
turn amplifies the entropic penalty of the lateral stretch-
ing required by the periodic phases. Thus an increase in
L/aN1/2 reduces the stability of the periodic phases rela-
tive to the uniform phase. On the other hand, a decrease
in ΛN favors the periodic phases, because they have fewer
A segments at the air surface.

To conclude, fig. 9 plots the periodicity, D, of the stripe
and hexagonal phases across the three phase diagrams in
fig. 6 at χN = 40 as well as vertically at f = 0.25. We
define the periodicity as D ≡ 2π/k∗, where k∗ is the
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Fig. 9. Lateral periodicity, D, plotted (a) as a function of
segregation, χN , at fixed composition, f = 0.25, and (b) as
a function of f at fixed χN = 40. The three curves in each
diagram are calculated for i) ΛN = 0 and L/aN1/2 = 0.5,
ii) ΛN = 0 and L/aN1/2 = 0.6, and iii) ΛN = −0.15 and
L/aN1/2 = 0.6. Note that the discontinuities correspond to
order-order phase transitions.

magnitude of the principal in-plane wave vector. With
this definition, the period of the stripe phase is D and
the nearest-neighbour spacing of the hexagonal dots is
2D/

√
3. In this way, all three phases emerge from the crit-

ical point with equal periodicities. Of course, the period-
icities of the different phases do not remain matched, and
thus discontinuities in D develop along each of the order-
order transitions with increasing segregation. Notice that
the discontinuities in fig. 9b for χN = 40 are about twice
as large as the one in fig. 9a at χN = 26.31.

In nontethered films, the domain structure adjusts
affinely, such that a change in lateral periodicity, D, is
accompanied by a proportional change in film thickness,
L, which necessarily affects the degree of terrace forma-
tion [22]. Consequently, the periodicity of nontethered
films quantitatively matches that of bulk phases [23]. Here
however the films thickness is fixed by the grafting den-
sity, but nevertheless we still observe the same qualita-
tively trends in D. For instance, the periodicity increases
with χN as illustrated in fig. 9a, because an increase in
domain size still reduces the interfacial area per molecule
as it does for bulk phases [24,25].

Figure 9a shows that the size of the A-rich domains and
thus the periodicity generally increase as the A blocks be-
come larger, analogous to what happens in bulk melts as f

approaches 0.5 [24]. In the bulk system, there is one excep-
tion to this trend where the period of the spherical phase
swells near the order-disorder transition, and indeed the
hex phase of the tethered films exhibits identical behavior
at small f . The source of this swelling is undoubtedly the
same. As the A blocks become short, they tend to pull
out of their respective domains causing a reduction in the
total number of A-rich domains, which in turn results in
a larger spacing between domains.

5 Discussion

Our predictions for the equilibrium phase behavior of teth-
ered diblock-copolymer films should be reliable when the
grafting density and air/polymer tensions are sufficiently
large to ensure a reasonably flat air surface and the segre-
gation, χN , is enough to prevent significant composition
fluctuations. This expectation is partly based on previ-
ous experience showing good agreement between SCFT
and experiment for bulk diblock-copolymer melts [25]. Of
course, the SCFT can only make reliable predictions if
the numerical accuracy is well controlled, which is our
reason for using the full spectral algorithm. Heckmann
and Drossel [20] have recently demonstrated that some
past studies using finite-difference schemes predicted in-
correct morphologies for nontethered films, even for rel-
atively weak levels of segregation, as a result of insuffi-
ciently fine meshes. This is why we have taken extra care
to monitor our numerical accuracy and to employ a gen-
erous number of basis functions.

The most significant numerical concern is the delta
function that develops in the self-consistent fields, wA(r)
and wB(r), at the grafting surface, but most of it can be
adsorbed into the boundary condition (14) with an appro-
priate choice of β. For a uniform morphology, the ampli-
tude of the delta function is approximately β = 〈τ−1〉−1,
where τkBT is the chain tension at the grafting point [26].
For both a homopolymer brush (i.e., f ≈ 0) where the
field is approximately parabolic and a uniform layered
morphology (i.e., f ≈ 0.5) where the field will be approx-
imately constant in the B domain, the distribution of ten-
sions gives β = 3L/a2N in the limit of strongly stretched
chains. As it turns out, this value also works well for the
periodic phases at the intermediate values of f . Similarly,
we could have removed the delta function at the air sur-
face resulting from the surface field, H(r), in eq. (4), but
this would have been slightly more complicated because it
would require two different boundary conditions and thus
two different sets of basis functions for q(r, s) and q†(r, s),
which we would have to switch between at s = f . However,
the delta function at the air surface has a much smaller
effect on the convergence as demonstrated in fig. 3. Even
for the grafting surface, there was no real need to remove
the delta function provided we compare free energies using
an equal number of f⊥

j (z) basis functions. However, the
removal of the delta functions may become necessary for
other problems or perhaps other numerical approaches.

The general structure of the phase diagrams in fig. 6 is
very reminiscent to that of bulk diblock-copolymer melts.



226 The European Physical Journal E

The correspondence emerges by associating the uniform
phase with the bulk disordered state. The critical point
occurs when this state becomes unstable with respect
to periodic modulations. According to the argument of
Alexander and McTague [27], the emerging phases will be
one-dimensional, two-dimensional with hexagonal order,
or three-dimensional with b.c.c. symmetry. In the bulk
system, these are the lamellar, cylindrical and spherical
phases, respectively. In the brush system, modulations can
only occur in the x- and y-directions, which rules out triply
periodic phases. Consequently, the brush is restricted to
the one-dimensional stripe phase and the two-dimensional
hex and hexI phases. Just as in the bulk system [28], the
critical point will be destroyed by thermal fluctuations.

Although the tethering of chain alters the physics
of block-copolymer thin films, the resulting morpholo-
gies are nevertheless similar. The hex, stripe, hexI and
uniform morphologies closely resemble the observed se-
quence in nontethered films, where the minority compo-
nent forms hexagonally packed spheres, parallel cylinders,
hexagonally perforated lamella, and flat lamella embed-
ded in the majority component. Just as for experiments
on nontethered films [1], we can expect similar deviations
from the SCFT predictions. For instance, nonequilibrium
effects will tend to prevent ordered stripes resulting in-
stead in fingerprint-like patterns. However, the tethered
films might be more robust to techniques such as the appli-
cation of shear to orient the stripes. For the two hexagonal
phases, however, a certain number of defects will remain
even in fully equilibrated films, where some of the A-rich
(or B-rich) dots of the hex (or hexI) phase will have either
5 or 7 nearest neighbors [29]. As a consequence of these
equilibrium defects, the hex and hexI phases will lose their
long-range translational order, but they should still retain
their long-range orientational order.

There have been no previous studies on melt brushes,
but Yin et al. [3] have reported similar behavior for sim-
ulations of diblock-copolymer brushes in a selective sol-
vent that swells the grafted block. They observed phases
equivalent to ours, which they labeled as layer (uni-
form), perforated-layer (hexI), ripple (stripe), and spher-
ical (hex) structures. Interestingly, the lateral periodicity
of their spherical phase was significantly smaller than that
of their perforated-layer phase just as predicted in fig. 6a.
In both cases, their spheres and perforations seemed to
have a preference for a hexagonal arrangement, but their
finite system size prevented it from actually occurring.
One difference, however, is that they claimed to find an
additional worm-like phase between the spherical and rip-
ple phases, where the end-blocks aggregate into discrete
worm-like micelles. Yin et al. suggested that the worm-
like phase might just be a metastable intermediate state.
They also found instances, which they classify as coexis-
tence between the spherical and ripple phases. However,
macrophase separation is not permitted in a brush with a
fixed grafting density. They suggested that the coexistence
might be a manifestation of thermal fluctuations, but we
suggest that it was simply due to non-equilibrium and/or
finite system size effects. We suspect that the films are
particularly susceptible to these effects because the spher-

ical and ripple phases have similar free energies over a
relatively large range of f , as is the case in fig. 5c for our
analogous hex and stripe phases.

Wang and Müller [4] have performed further simula-
tions on diblock-copolymer brushes in selective solvent.
For solvent that prefers the grafted block, they again
observed analogous morphologies, which they labeled as
sandwich (uniform), perforated (hexI), ripple (striped),
and dimple (hex). Again thermal fluctuations and perhaps
some nonequilibrium effects prevented the laterally struc-
tured phases from adopting any clear order. Another con-
tributing factor was their random grafting of chains, which
is appropriate for low grafting densities. (Note that Yin
et al. employed a regular square array of grafting points.)
A significant difference observed in this study is that the
end-block domains became pinned to the substrate, pre-
sumably because of stronger solvent interactions combined
with lower grafting densities. Wang and Müller also stud-
ied solvent that was poor for both blocks, which is more
closely related to our melt brushes. In this case, the end-
block domains remained at the top of the brush. Further-
more, they found that the stability region of the laterally
structured phases expands with decreasing grafting den-
sity, consistent with figs. 6a and b.

We have examined tethered films up to thicknesses of
L/aN1/2 = 1.0, and all that happens to the phase di-
agram (not shown) is that the periodic phases become
squeezed towards smaller f . What would be more inter-
esting is to extend our study to lower grafting densities
where the periodic phases are more prevalent, but this will
require a couple of refinements to our model. With lower
grafting densities, we should include a substrate interac-
tion; this could cause the pinning of A-rich domains to
the substrate, which in turn may result in new morpholo-
gies. Furthermore, we should relax the assumption of a flat
air/polymer surface, which could be done by replacing the
air region above the brush by an incompatible C-type ho-
mopolymer of infinite molecular weight [30]. The behavior
of the film will become slightly more involved because it
will then depend on both the A- and B-polymer surface
tensions (controlled by χACN and χBCN , respectively)
rather than just their difference (i.e., ΛN). The freedom
to adjust the topography of the air surface will be of no
consequence to the uniform phase, but it will allow the pe-
riodic phases to alleviate some of their packing frustration
thus increasing their relative stability. This in itself will be
a welcome consequence, but more interesting is the possi-
bility of forming surfaces with a self-assembling periodic
topography in addition to the periodic chemical pattern.

6 Summary

Self-consistent field theory (SCFT) was used to investi-
gate the equilibrium behavior of melt brushes formed by
uniformly grafting monodisperse AB diblock copolymers
by their B ends to a flat substrate. This study assumed
a sufficiently high grafting density that one could ignore
the substrate interactions that might otherwise pin the A-
rich domains to the substrate. It also assumed that the
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high grafting density combined with large air/polymer
tensions was sufficient that the air surface could be ap-
proximated as flat. Under these conditions, the behavior
of the tethered films is controlled by four quantities: the
usual diblock-copolymer parameters of segregation, χN ,
and A-block volume fraction, f , plus the film thickness rel-
ative to the natural polymer size, L/aN1/2, and the affin-
ity of A segments for the air surface, ΛN . When the phase
diagram is plotted as a function of χN and f , it resem-
bles the SCFT phase diagram for bulk diblock-copolymer
melts [25], where a uniform phase (fig. 4a) transforms into
periodic phases as χN increases beyond a mean-field criti-
cal point. In this two-dimensional system, the films exhibit
three laterally periodic morphologies: a hexI phase where
the grafted B blocks form hexagonal perforations through
the top A-rich layer (fig. 4b), a stripe phase where the A-
rich layer splits into a sequence of parallel lines (fig. 4c),
and a hex phase where the A-rich layer breaks into a
hexagonal array of dots (fig. 4d).

The region of the periodic morphologies in the phase
diagram increases in size as the air surface acquires a pref-
erence for the grafted B blocks (i.e., as ΛN becomes neg-
ative). Unlike nontethered films where such interactions
would force the A-rich domains into the interior of the
film, in tethered films they continue to reside at the air
surface due to the steric interactions in the brush and
thus the chemically patterned air surface is retained. The
SCFT calculation also predicts that the region of the pe-
riodic morphologies is enhanced with decreasing grafting
density (i.e., a reduction in L/aN1/2). It would be in-
teresting to investigate the advantages of lower grafting
densities, but this would require one to relax the present
assumptions of a flat air surface and a neutral substrate.
Such modifications to the SCFT treatment will be rea-
sonably straightforward, but there will be additional pa-
rameters to deal with and the behavior will undoubtedly
be somewhat more complicated. We leave this to a future
publication.
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