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Abstract. We study the numerical efficiency of solving the self-consistent field theory (SCFT) for periodic
block-copolymer morphologies by combining the spectral method with Anderson mixing. Using AB diblock-
copolymer melts as an example, we demonstrate that this approach can be orders of magnitude faster than
competing methods, permitting precise calculations with relatively little computational cost. Moreover,
our results raise significant doubts that the gyroid (G) phase extends to infinite χN . With the increased
precision, we are also able to resolve subtle free-energy differences, allowing us to investigate the layer
stacking in the perforated-lamellar (PL) phase and the lattice arrangement of the close-packed spherical
(Scp) phase. Furthermore, our study sheds light on the existence of the newly discovered Fddd (O70)
morphology, showing that conformational asymmetry has a significant effect on its stability.

PACS. 82.35.Jk Copolymers, phase transitions, structure – 81.16.Dn Self-assembly – 64.70.Nd Structural
transitions in nanoscale materials

1 Introduction

Self-consistent field theory (SCFT) has emerged as the
leading method of investigating periodic block-copolymer
morphologies [1–3]. Exact mean-field calculations for the
standard Gaussian-chain model, apart from small numer-
ical inaccuracies, became feasible with the introduction
of the spectral algorithm in 1994 [4]. Figure 1 shows
the most up-to-date SCFT phase diagram for confor-
mationally symmetric diblock-copolymer melts. The ma-
jor achievement of SCFT was the predicted stability of
the gyroid (G) morphology and the metastability of the
perforated-lamellar (PL) phase, which was confirmed by
experiment [5] shortly after. More recently in 2005, a new
orthorhombic (O70) phase with Fddd symmetry was pre-
dicted at weak segregations by Tyler and Morse [6], and
was observed in experiment two years later by Takenaka
et al. [7]. Although this appears to be another crowning
achievement for SCFT, Miao and Wickham [8] pointed
out that we should expect this new Fddd phase to be de-
stroyed by fluctuation effects, given its close proximity to
the disordered region in fig. 1.

The main drawback of SCFT is the high computational
cost. There have been various instances where significant
degrees of inaccuracy have crept into SCFT calculations,
due to the limitations of modern computers. In fact, there
have even been a few documented examples [9], where the
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Fig. 1. SCFT phase diagram for AB diblock-copolymer melts,
showing the stability regions for the ordered lamellar (L), cylin-
drical (S), bcc spherical (S), hcp spherical (Scp), gyroid (G),
and Fddd (O70) morphologies. The diagram is plotted in terms
of the Flory-Huggins χ parameter, the degree of polymeriza-
tion, N , and the A-block volume fraction, f , for equal statis-
tical segment lengths, aA and aB .

numerical inaccuracies were so severe as to result in qual-
itatively incorrect predictions. Although these have now
been corrected [10], there are undoubtedly others yet to
be identified. In the interest of minimizing numerical inac-
curacy and applying SCFT to evermore computationally
demanding problems, considerable effort continues to be
devoted to the development of improved algorithms.
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While the spectral method gained a reputation for its
initial predictions, it is no longer the method of choice [1,
11]. An alternative semi-spectral scheme [12] is now re-
garded as the superior numerical approach. The compu-
tational power of this method was recently demonstrated
by Cochran et al. [13] by examining the gyroid region up
to a segregation of χN = 100, well beyond the χN = 40
reached with the spectral method [14]. However, we must
remember that the spectral calculation is from 1996. Not
only are computers far more powerful now, there is also
the potential for improvements to the algorithm.

Here we introduce several advances to the spectral al-
gorithm, the most significant being the replacement of the
Broyden method by Anderson mixing [15] for solving the
self-consistent field equations. These advances increase the
performance by orders of magnitude, allowing SCFT cal-
culations on period morphologies to be performed with
unprecedented speed. The improvement in computational
speed also facilitates increased accuracy, which we use to
investigate the small free-energy differences among the
stacking sequences of the perforated-lamellar (PL) phase
and the lattice arrangements of the close-packed spheri-
cal (Scp) phase, in order to address some recent exper-
iments [16,17]. We also examine the free energy of the
complex phases more thoroughly, revealing that the sta-
bility of the new Fddd phase is significantly enhanced by
conformational asymmetry.

2 Spectral algorithm

To discuss the numerics of SCFT, we consider the specific
example of AB diblock copolymers of polymerization, N ,
and A-block composition, f . At the heart of the SCFT
calculation is the evaluation of the segment profiles, φA(r)
and φB(r), for a given set of fields, wA(r) and wB(r). In
the spectral approach [4], spatially dependent quantities,
such as φA(r), are expanded as

φA(r) =

M
∑

i=1

φA,ifi(r), (1)

in terms of Fourier basis functions, f(r), satisfying the
orthonormal conditions

1

V

∫

dr fi(r)fj(r) = δij , (2)

where V is the volume of the system. The basis functions
are also selected to be eigenfunctions of the Laplacian,

∇2fi(r) = − λi

D2
fi(r), (3)

where D defines the period of the morphology. The basis
functions are ordered starting from f1(r) = 1 so that λi

forms a non-decreasing sequence.
Here we simply list the computational steps required

to obtain φA,i and φB,i from wA,i and wB,i; see ref. [2] for

the derivation. The process begins with the evaluation of
a symmetric matrix, A, with elements,

Aij = −λia
2
AN

6D2
δij −

M
∑

k=1

wA,kΓijk, (4)

where

Γijk ≡ 1

V

∫

drfi(r)fj(r)fk(r). (5)

Of course, eq. (4) has to be modified for phases such as
PL and O70, where the unit cell involves more than one
independent length scale, D. The matrix is then diagonal-
ized as

A = UADAU
T
A, (6)

where the elements, dA,i, of the diagonal matrix, DA, are
the eigenvalues of A and the columns of the orthogonal
matrix, UA, are the normalized eigenvectors. Similarly, an
analogous matrix, B, obtained by substituting aA with aB

and wA,k with wB,k, is evaluated and diagonalized in the
same manner.

Next the partition function of a single chain is evalu-
ated as

Q = V

M
∑

i=1

qi(f)q†i (f), (7)

where

qi(f) =
M
∑

j=1

UA,ij exp(dA,jf)UA,j1, (8)

q†i (f) =

M
∑

j=1

UB,ij exp(dB,j(1 − f))UB,j1. (9)

The Fourier coefficients of the segment profiles are then
given by

φγ,i =
V

Q

M
∑

j,k=1

Iγ,jkΓijk, (10)

where γ = A or B, and

Iγ = Uγ ĪγU
T
γ . (11)

The elements of ĪA, for example, are

ĪA,mn =

[

exp(fdA,m) − exp(fdA,n)

dA,m − dA,n

]

q̄m(0)q̄†n(f), (12)

where

q̄i(f) =

M
∑

j=1

qj(f)UA,ji, (13)

q̄†i (f) =

M
∑

j=1

q†j (f)UA,ji. (14)

We now illustrate the spectral algorithm on the gyroid
(G) phase. To maximize its efficiency, it is best to build the
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Fig. 2. Wave vector cutoff, kmax, as a function of the number
of basis functions, M , with Ia3̄d symmetry. The dotted line
demonstrates M1/3 scaling and the dashed line shows the cutoff
without the use of symmetry, eq. (15).

Ia3̄d symmetry of G into the basis functions [14]. Contrary
to popular belief, this is not actually necessary [18], but
it does greatly reduce the number of basis functions, M ,
required for a given wave vector cutoff, kmax. Without the
symmetry, the number of basis functions would be

M ≈ 4π

3

(

kmaxD

2π

)3

, (15)

where D is now defined as the size of the cubic unit cell.
Figure 2 shows that M is reduced by two orders of magni-
tude when the symmetry is included, which as we will see
cuts the computational effort by six orders of magnitude!

The memory demands of the spectral algorithm result
primarily from the storage of Γijk in eq. (5). The naive
storage of M3 double-precision values would require 1000
GBs of memory for M = 5000, but this can be greatly
reduced by taking advantage of the fact that Γijk is sym-
metric and extremely sparse. We do this by storing the
non-zero elements in a one-dimensional array, and defin-
ing three integer arrays specifying the values of i, j and k
for each element. Another space-saving trick is to realize
that Γijk only exhibits a small number of distinct values,
26 in the case of the G phase. So instead of storing a one-
dimensional array of double-precision numbers, we store
short integers pointing to the actual value in a 26-element
array. The solid curve in fig. 3 plots the reduced mem-
ory requirements for Γijk, which ultimately scales as M2.
Even for M = 5000, Γijk only consumes 0.54 GBs! Each
of the square matrices, such as UA, also requires a mod-
est amount of memory, shown in fig. 3 with a dashed line.
The combined memory requirement of the various square
matrices is similar to that of Γijk.

Of all the operations needed to evaluate φA,i and φB,i,
there are only two that consume a significant amount of
CPU time. The first is the matrix diagonalization of A and
B (see eq. (6)). For this we choose between two linear al-
gebra subroutines, rsm from the Eispack library and dsyev
from the Lapack library. The former proves to be faster
for M � 1000, while the latter works better for larger M
scaling as M3. The second costly step is the four matrix
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Fig. 3. Memory requirements of the tensor, Γijk, for the
G phase (solid curve) and of a square matrix such as UA,ij

(dashed line) plotted as a function of the number of basis func-
tions, M . The dotted line demonstrates M2 scaling.
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Fig. 4. CPU time in seconds (solid dots) required to calcu-
late the concentration profiles, φA(r) and φB(r), using a given
number of basis functions, M . The dotted line demonstrates
M3 scaling. Open triangles denote the contribution from diag-
onalizing A and B, and open diamonds show the time for the
matrix multiplications, UAĪAUT

A and UB ĪBUT
B .

multiplications required to evaluate IA and IB from ĪA

and ĪB , respectively (see eq. (11)). For this we use the
built-in Fortran subroutine, matmul, which is about twice
as fast as simple naive matrix multiplication, although the
time still scales as M3. Figure 4 shows the total CPU time
required to evaluate φA,i and φB,i (solid dots), as well as
the contributions due to the two matrix diagonalizations
(open triangles) and the four matrix multiplications (open
diamonds). The dotted line illustrates the M3 scaling at
large M .

3 Anderson mixing

The fields must be adjusted to satisfy the self-consistent
conditions

wA(r) = χNφB(r) + ξ(r), (16)

wB(r) = χNφA(r) + ξ(r), (17)

where χ is the standard Flory-Huggins interaction param-
eter and ξ(r) is a pressure field used to enforce the incom-
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pressibility condition, φA(r)+φB(r) = 1. For this step, we
choose the Anderson-mixing iteration implemented previ-
ously by Thompson et al. [15], but with a slight general-
ization [19].

As before in ref. [15], the k-th iteration begins with
the evaluation of new fields

w̄
(k)
A,i = χNφB,i +

1

2

(

w
(k)
A,i + w

(k)
B,i

)

, (18)

w̄
(k)
B,i = χNφA,i +

1

2

(

w
(k)
A,i + w

(k)
B,i

)

, (19)

from the old fields, w
(k)
A,i and w

(k)
B,i, for i = 2, 3, . . . ,M .

(Note that the uniform, i = 1, contribution to the fields
does not affect the SCFT solution of a canonical ensem-
ble.) Next we evaluate the deviations,

d
(k)
γ,i = w̄

(k)
γ,i − w

(k)
γ,i , (20)

for γ = A and B, from which we define

error ≡

⎡

⎣

∑

γ,i

(

d
(k)
γ,i

)2
/

∑

γ,i

(

w
(k)
γ,i

)2

⎤

⎦

1/2

, (21)

as a measure of the numerical inaccuracy in the field equa-
tions (16) and (17).

If the inaccuracy exceeds our error tolerance (generally

10−5), then improved estimates, w
(k+1)
A,i and w

(k+1)
B,i , are

obtained from the preceding nr iterations. This is done
by evaluating the symmetric matrix

Umn =
∑

γ,i

(

d
(k)
γ,i − d

(k−m)
γ,i

)(

d
(k)
γ,i − d

(k−n)
γ,i

)

, (22)

and vector

Vm =
∑

γ,i

(

d
(k)
γ,i − d

(k−m)
γ,i

)

d
(k)
γ,i , (23)

for m,n = 1, 2, . . . , nr. From these, we calculate the coef-
ficients

Cn =

nr
∑

m=1

(U−1)nmVm, (24)

with which the previous histories are combined as

W
(k)
γ,i = w

(k)
γ,i +

nr
∑

n=1

Cn

(

w
(k−n)
γ,i − w

(k)
γ,i

)

, (25)

D
(k)
γ,i = d

(k)
γ,i +

nr
∑

n=1

Cn

(

d
(k−n)
γ,i − d

(k)
γ,i

)

. (26)

It is at this point that we deviate from ref. [15]; our esti-
mate of the new fields

w
(k+1)
γ,i = W

(k)
γ,i + λD

(k)
γ,i , (27)

now involves an arbitrary mixing parameter, 0 < λ ≤
1 [19].
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Fig. 5. Convergence of the Anderson-mixing scheme applied
to the G phase at several points, χN , along the metastable
C/L phase boundary.

Thompson et al. [15] started off by performing simple
mixing to build up nr histories, before switching to Ander-
son mixing with λ = 1. This was necessary because Ander-
son mixing does not work for large λ when nr too small.
Here we overcome this problem by increasing the mixing
parameter gradually, λ = 1.0−0.9k, using all the available
histories up to the 30 most recent, nr = min(k−1, 30). By
using Anderson mixing from the start, we significantly re-
duce the required number of iterations, particularly when
starting from a good initial guess for the fields. Figure 5
demonstrates the convergence for the G phase at several
points along the metastable C/L phase boundary; each
example starts from a previous solution obtained at a χN
value 5 units below.

4 Domain spacing and phase boundaries

The last step that remains is to adjust the domain spacing,
D, so as to minimize the free energy

F

nkBT
= − ln

(

Q
V

)

− χN
M
∑

i=1

φA,iφB,i. (28)

Since the field equations are derived by requiring F to
be an extremum with respect to the fields and concentra-
tions [20], it is sufficient to determine D by requiring

∂

∂D
ln

(

Q
V

)

= 0, (29)

for fixed fields [21]. Naturally, for morphologies such as PL
or O70, there will be one equation for each independent di-
mension of the unit cell. In principle, the Anderson-mixing
scheme could be modified to adjust D concurrently with
the fields. However, the evaluation of the above deriva-
tive (by finite differences) significantly increases the it-
eration time. So, instead, we solve the field equations at
fixed D using Anderson mixing, and then adjust D us-
ing the Newton-Raphson scheme. Of course, this means
we have to resolve the field equations after each Newton-
Raphson step, but only one or two steps are needed and
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Fig. 6. Inaccuracy, ∆FG, in the free energy of the G phase, FG,
as a function of the number of basis functions, M , at several
points, χN , along the metastable C/L phase boundary, where
the C and L phases possess a common free energy, FC/L. The
dotted line estimates the rate of convergence as M−4.

plus each subsequent step requires fewer Anderson-mixing
iterations. Therefore we expect the computational cost of
the two approaches to be similar.

We are normally interested in locating phase bound-
aries, and this is done by adjusting f (or alternatively
χN) by the Newton-Raphson scheme in order to equate
the free energies of the two phases. In this instance, there is
no significant cost in expanding this into a multi-variable
Newton-Raphson scheme and adjusting the domain sizes
at the same time. Since the field equations have to be
resolved after each Newton-Raphson step regardless of
whether or not the domain sizes are adjusted, there is now
a real time savings on account of the fact the Anderson-
mixing iterations proceed faster with the domain sizes
fixed.

5 Numerical accuracy

Now we assess the accuracy of the spectral method, focus-
ing on the gyroid channel examined recently by Cochran
et al. [13]. This is done by comparing the free energy of
the gyroid phase, FG, with those of the lamellar and cylin-
drical phases. The two classical phases can be solved with
very high precision, and so the only relevant inaccuracy is
with regards to the G phase. Figure 6 plots its inaccuracy,
∆FG, as the number of basis functions, M , is increased.
This is estimated by taking an exceptionally accurate so-
lution for M = 5000 and error < 10−8, and examining the
convergence of FG as terms are added to eqs. (7) and (28).
For each value of χN , the composition is set to fC/L listed
in table 1, where C and L have the same free energy, FC/L.
Figure 6 plots ∆FG relative to the free-energy difference,
FG − FC/L, so that the value approximates the relative
inaccuracy in the width of the gyroid channel, ∆f , listed
in table 1. The dashed line in fig. 6 is simply a guide to
the eye illustrating that the inaccuracy decreases as ap-
proximately M−4. Thus an additional digit of accuracy is
gained by increasing M by about 80%. To maintain a given
accuracy, the cutoff in the Fourier expansion should be

Table 1. Gyroid channel as a function of segregation, χN :
fC/L is the position of the metastable C/L phase transition,
fC/G and fL/G are the boundaries of the gyroid region, and
∆f is the width of the gyroid region.

χN fC/L fC/G fG/L ∆f

20 0.36345 0.33777 0.37452 0.03675

30 0.34042 0.32018 0.34849 0.02828

40 0.33118 0.31528 0.33742 0.02214

50 0.32641 0.31299 0.33168 0.01869

60 0.32352 0.31154 0.32825 0.01671

80 0.32016 0.3096 0.3244 0.0148

Table 2. Accurate phase boundaries of conformationally sym-
metric diblock-copolymer melts (aA/aB = 1).

χN = 20 χN = 30 χN = 40

fdis/Scp
0.21012 0.14783 0.11621

fScp/S 0.21290 0.15376 0.12139

fS/C 0.24344 0.19164 0.16606

fC/G 0.33777 0.32018 0.31528

fG/L 0.37452 0.34849 0.33742

adjusted so that kcut ∝ 1/wI , where wI is the interfacial
width between the A and B domains. Since kcutD ∝ M1/3

for a triply periodic morphology and D/wI ∝ (χN)2/3 ac-
cording to strong-stretching theory [22], the truncation
should roughly obey M ∝ (χN)2.

For all the digits quoted in table 1 to be significant,
we need M to be large enough that ∆FG/(FG − FC/L) �

10−3. At χN = 40, this requires M ≈ 2000 basis func-
tions, which we confirm to be sufficient by repeating the
calculation with a much larger M . In this study, we use
up to M = 5000, which is enough to maintain five digits
of accuracy until χN = 60. For χN = 80, we must settle
with one less digit of accuracy, which is still, nevertheless,
somewhat better than that achieved by Cochran et al.

6 Conformationally symmetric diblocks

Given our improved SCFT algorithm, we now take the
opportunity to recheck some previous results, and also
to investigate some of the subtler issues being addressed
by current experiments. To start, table 2 provides ac-
curate coordinates along the phase boundaries in fig. 1
for conformationally symmetric diblock-copolymer melts,
improving upon values quoted earlier in ref. [14]. While
calculating the boundaries of the O70 phase, we detected
slight inaccuracies in the triple points quoted in ref. [6];
the L/G/O70 points are found to occur at χN = 13.69
and f = 0.4140 and 0.5860, while the C/G/O70 points are
located at χN = 11.61 and f = 0.4317 and 0.5683. These
more precise values may serve as useful benchmarks for
testing future calculations.

Figure 7 shows how the G, PL and O70 phases com-
pete for stability along the metastable C/L phase bound-
ary, by plotting their free energies relative to that of the
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C and L phases up to χN = 40. Interestingly, O70 is
more stable than PL for the full range of segregations;
nevertheless, G is considerably more stable than both for
χN � 20. For PL, we consider two separate morpholo-
gies: PLAB where the hexagonally-perforated layers are
stacked in an ABAB. . . sequence and PLABC where the
layers exhibit an ABCABC. . . sequence. Previous calcu-
lations [23] have shown that there is a slight preference for
PLAB at weak segregations, which switches to PLABC for
χN � 13. We now have the numerical resolution to show
that PLABC maintains a small preference throughout the
intermediate-segregation regime, and presumably beyond
to χN → ∞.

The close-packed spherical (Scp) phase was first pre-
dicted by Semenov [24] and confirmed later by SCFT [14].
The original calculation predicted that the Scp phase
would switch between the hcp and fcc lattice arrange-
ments, but the SCFT calculation was unable resolve the
small free-energy difference, except at the lowest segre-
gations. With our improved numerical precision, we now
re-examine this issue. Although the free-energy difference
proves to be absolutely tiny, we always find hcp to be fa-
vored over fcc, as illustrated in fig. 8 for χN = 40.

f
0.0 0.2 0.4 0.6 0.8 1.0

χN

0

10

20

30

40

L CC S

disordered(a)  a
A 

/a
B 

=
 
1.5

G

S

S
cp

Scp

O
70

f
0.4 0.5 0.6 0.7

χN

10

12

14

16

L

C

C
S

disordered

G

S

O
70

G

(b)
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but for conformationally asymmetric diblock copolymers with
aA/aB = 1.5. (b) Expanded view of the O70 regions.

Table 3. Accurate phase boundaries of conformationally
asymmetric diblock-copolymer melts (aA/aB = 1.5).

χN = 20 χN = 30 χN = 40

fdis/Scp
0.21769 0.15305 0.12042

fScp/S 0.22268 0.16111 0.12780

fS/C 0.26863 0.22605 0.21297

fC/G 0.39869 0.40054 0.40633

fG/L 0.43803 0.43087 0.43145

fL/G 0.67558 0.71405 0.73401

fG/C 0.70451 0.73993 0.75884

fC/S 0.77118 0.82508 0.85451

fS/Scp
0.79242 0.84988 0.88192

fScp/dis 0.79432 0.85495 0.88594

7 Conformationally asymmetric diblocks

Figure 9a shows the diblock-copolymer phase diagram
with a significant degree of conformational asymmetry,
aA/aB = 1.5, calculated previously in ref. [25]. With
our improved SCFT algorithm, we now extend the gy-
roid phase boundaries up to χN = 40, with the same high
degree of precision as for the conformationally symmetric
diblock copolymers. Table 3 quotes the locations of the
phase boundaries at χN = 20, 30 and 40. This time, the
values calculated by Cochran et al., fC/G = 0.411 and
fG/L = 0.438 for χN = 40, prove to be considerably inac-
curate. They mistakenly assumed that the mesh resolution
used for the conformational symmetric diblocks would be
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are for the large-f and small-f sides of the phase diagram,
respectively.

sufficient for the asymmetric case [13]. Indeed we needed
to increase M by about 50% in order to maintain our
five digits of accuracy. Although Cochran et al. possessed
the capacity to improve their accuracy, they were deterred
from doing so due to the high computational cost. Because
of the superior efficiency of our algorithm, this was not an
issue for us.

Our revised phase diagram for conformational asym-
metric diblocks now includes the new Fddd (O70) phase.
Interestingly, the asymmetry has an important effect on
the stability of O70, as illustrated in fig. 9b. In particular,
the L/G/O70 triple point on the left moves towards the
ODT to χN = 12.61 and f = 0.4861, while on the right it
shifts deeper into the ordered region to χN = 15.02 and
f = 0.6445. This is consistent with experiments on PI-PS
diblocks [7], where O70 is only observed on the right side
of the phase diagram at f ≈ 0.64. It is evidently this shift
of the O70 region towards higher segregation that allows
it to survive fluctuation effects [8] on the right side of the
phase diagram.

The conformational asymmetry does not, however, af-
fect the preferred arrangements of the PL and Scp phases.
As evident from fig. 10, the perforated-lamellar phase still
displays a general preference for the ABCABC. . . layer
stacking. Likewise, the close-packed spheres still exhibit a
tiny preference for the hcp lattice.

8 Discussion

To illustrate the speed of our new algorithm, we time the
evaluation of fG/L at χN = 40, using M = 800 basis func-
tions for the G phase. The initial fields for the Anderson-
mixing iterations (sect. 3) are taken from solutions at
χN = 35, and the initial domain spacings and composi-
tion, fG/L = 0.33541, for the Newton-Raphson iterations
(sect. 4) are obtained by a linear extrapolation from χN =
30 and 35. Our first Newton-Raphson iteration refines the
composition of the G/L transition to fG/L = 0.33766 us-
ing 19.5 minutes of CPU time, and the second iteration

gives fG/L = 0.33752 after an additional 17.7 minutes.
To get closer to the true value of fG/L = 0.3374214 . . ., we
would need to increase M . Nevertheless, the accuracy is al-
ready better than the fG/L = 0.3367 obtained by Cochran
et al. with the semi-spectral algorithm. They obtained the
transition by evaluating the free energies of L and G over
a series of compositions separated by ∆f = 0.002; each
evaluation of G takes about 2000 minutes of CPU time,
using 643 plane waves, 250 integration steps in the con-
tour variable s, and approximately 1000 iterations of the
field equations [26]. Interestingly, our full spectral calcu-
lation achieves better accuracy with far fewer plane waves
(i.e., 800 × 96 = 76800 as compared to 643 = 262144).
Furthermore, our algorithm is approximately two orders
of magnitude faster, since their evaluation of G is compa-
rable to one of our Newton-Raphson iterations.

Naturally, the relative performance of the two meth-
ods will depend on the level of segregation. Since the time
for the semi-spectral calculation scales as M lnM with the
number of plane waves [11], as compared to M3 for the
spectral method, the difference in performance should re-
duce at higher χN . SCFT calculations are, however, typ-
ically performed at lower segregations such as χN = 20.
Here the G phase is well described by M = 200 basis func-
tions and the spectral algorithm takes a mere four CPU
seconds per Newton-Raphson iteration of fG/L, whereas
the scaling suggests that the semi-spectral approach would
still take several CPU hours to solve the G phase. Natu-
rally, there is scope for further improvements to the semi-
spectral method, the most obvious being the use of Ander-
son mixing. Although this may save an order of magnitude
in time, assuming that the Anderson-mixing procedure
performs as well as it does for the spectral method, the
performance gap at χN ≈ 20 would still remain orders of
magnitude in size.

The earlier calculation by Cochran et al. [13] predicted
the width of the gyroid channel to be ∆f = 0.0154 and
0.0153 at χN = 80 and 100, respectively, indicating that
it saturates towards a finite value. Thus, it is tempting
to suggest [13,27] that the channel might actually extend
all the way to χN → ∞, but this would contradict an
earlier calculation by Likhtman and Semenov [28], where
they used strong-stretching theory (SST) to show that the
G phase is unstable in the χN → ∞ limit. On one hand,
the SST prediction could be wrong, because it approxi-
mates the classical paths of the A and B blocks by straight
trajectories. On the other hand, our calculation has de-
tected a significant inaccuracy creeping into the earlier
SCFT results (e.g., their prediction that fC/G = 0.3088 at
χN = 80). Although Cochran et al. have certainly shown
that G extends far into the strong-segregation regime,
their results cannot be considered as compelling evidence
against the SST prediction.

It was previously shown [23] that the PL phase fa-
vors the ABAB. . . stacking of perforated layers over the
ABCABC. . . sequence for weak segregations of χN �
13. Here, we have now demonstrated that ABCABC. . .
becomes the favored sequence in the intermediate-
segregation regime. However, as suggested earlier [14], the
free-energy difference between the two stackings is likely
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too small for any actual PL structure to choose one over
the other. Indeed, this was demonstrated in recent exper-
iments [16] where SAXS patterns from the PL morphol-
ogy, produced by shearing G-forming diblocks, were ra-
tionalized by modeling the PL phase as a mixture of 80%
ABCABC. . . and 20% ABAB. . . . Interestingly, the higher
volume fraction of the ABCABC. . . sequence is consistent
with our prediction that it has a slightly lower free energy.

Similarly we should expect the close-packed spherical
(Scp) phase to be a mixture of hcp and fcc, given that
the free-energy difference between the two lattices is even
smaller than that of the two PL layer sequences. Indeed,
experiments [29] initially observed a densely packed ar-
ray of disordered micelles along the ODT. More recently,
however, Huang et al. [17] observed SAXS patterns with

peak positions at ratios of 1 :
√

8/3 :
√

4, which they in-
terpreted as evidence for fcc. The selection of fcc over hcp
certainly contradicts our SCFT calculation, but perhaps
they actually observed a mixture of both lattices. We pre-
dict the 3rd reflection of the hcp lattice to be the strongest,
and that it should occur at

√

41/36 (relative to the 1st
fcc peak), which approximately matches a peak that the
authors associated with disordered micelles. We find that
the next strongest peak to be the 2nd reflection of hcp,
which almost perfectly coincides with the 1st fcc peak.
The 1st and 4th peaks of hcp could also produce small
peaks at positions

√

8/9 and
√

17/9, but these seem to
be absent. The 5th peak of hcp, however, should coincide
with the 3rd peak of fcc. In any case, the justification for
hcp seems to be at least as good as that for fcc, consid-
ering that the authors have not explained the absence of
the 4th fcc peak, which should occur at the relative po-
sition,

√

11/3; perhaps, the 4th and 5th peaks of fcc are
unresolved appearing as a single peak.

Our study also contradicts the explanation given by
Huang et al. [17] for the selection of the different spherical
phases. Their arguments are based on the Scp phase having
lower packing frustration, and the classical S phase having
lower interfacial area per molecule. First of all, Thomas et
al. [30] have shown that bcc is the optimum arrangement
for packing frustration. Second of all, their latter claim
is based on an assumption that the principal scattering
vectors of the fcc and bcc morphologies should be identi-
cal, which our calculation shows to be false. In fact, our
calculation finds that, to a very good approximation, the
domain spacings of the bcc, fcc and hcp lattices all adjust
in order to achieve a common area per molecule. As sug-
gested previously [3,31], the more consistent explanation
for the switch to closed-packed spheres near the ODT is
that packing frustration, which favors bcc spheres, is re-
lieved by chains that detach from the interface and swell
the matrix domain.

Miao and Wickham [8] have raised serious questions
regarding the experimental observation of the Fddd (O70)
phase in PI-PS diblocks [7], even though it was pre-
viously predicted by SCFT [6]. Applying the standard
Fredrickson-Helfand fluctuation theory [32], they pre-
dicted that it should be destroyed by fluctuations. Our
realization that the O70 phase extends further into the

ordered region when the statistical segment length of the
majority component exceeds that of the minority compo-
nent offers a sensible explanation of how it manages to
survive fluctuation effects. Still the conformational asym-
metry of PI-PS diblocks is only aPI/aPS ≈ 1.2 [33], and
thus the standard fluctuation correction may still predict
its destruction. Of course, there could be any number of
additional effects, such as chain stiffness, compressibility,
and modifications to the enthalpic interactions, that could
further enhance the stability of the O70 phase. Even if this
is not the case, the quantitative predictions of the fluctu-
ation calculation cannot be trusted for large shifts of the
ODT. Among the various approximations involved [34],
the fluctuation treatment approximates the O70 phase
with just a single harmonic, whereas our SCFT calcula-
tion shows that hundreds of basis functions are required
in order to represent the O70 phase accurately near the
L/G/O70 triple point.

9 Conclusions

We have introduced a new strategy for solving the SCFT
for periodic block-copolymer morphologies, where the full
spectral method is combined with Anderson mixing. Al-
though the memory and computational costs grow as M2

and M3, respectively, as the number of Fourier basis func-
tions, M , is increased, the method proves to be exception-
ally fast and accurate under typical conditions. There are a
number of reasons for its impressive performance. Firstly,
the symmetry of the morphologies can be readily incorpo-
rated into the basis functions, allowing for a huge reduc-
tion in M (two orders of magnitude for the G phase). Sec-
ondly, vast amounts of memory can be saved by the fact
that the tensor, Γijk, in eq. (5) is exceptionally sparse and
only exhibits a few distinct values. Thirdly, integrations
over the polymer backbone can be performed analytically.
Fourthly, Anderson mixing proves to be remarkably effi-
cient. For moderate segregations (e.g., χN � 20) where
M � 102 is sufficient, the memory requirement is negli-
gible and the calculation takes just seconds running on a
2.4GHz AMD Opteron processor. Even for relatively large
segregations (e.g., χN ≈ 40) where triply-periodic phases
such as G may need M ∼ 103, the memory requirement is
still less than 0.1 GBs and the computational time is only
tens of minutes.

The demonstration of our algorithm on AB diblock-
copolymer melts also produced a number of interesting re-
sults. Firstly, it provided evidence that the G phase prob-
ably does not extend to the χN → ∞ limit, consistent
with SST predictions [28]. Secondly, it showed that, be-
yond relatively weak segregations, the perforations in the
minority lamellae of the PL phase have a slight prefer-
ence for ABCABC. . . over ABAB. . . stacking, consistent
with experiment [16]. Similarly, the close-packed spherical
phase (Scp) has a tiny preference for the hcp over the fcc
lattice arrangement, which leads us to suggest that the
experiments in ref. [17] may have observed a mixture of
fcc and hcp rather than a mixture of fcc and disordered
micelles. Perhaps our most important finding, however,
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is that the stability of the newly discovered Fddd (O70)
phase is enhanced when the majority block has the larger
statistical segment length, which explains how it can sur-
vive fluctuation effects and why it has only been observed
on one side of the diblock-copolymer phase diagram [7].
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References

1. G.H. Fredrickson, The Equilibrium Theory of Inhomo-

geneous Polymers (Oxford University Press, New York,
2006).

2. M.W. Matsen, in Soft Matter, Polymer Melts and Mix-

tures, edited by G. Gompper, M. Schick Vol. 1 (Wiley-
VCH, Weinheim, 2006).

3. M.W. Matsen, J. Phys.: Condens. Matter 14, R21 (2002).
4. M.W. Matsen, M. Schick, Phys. Rev. Lett. 72, 2660 (1994).
5. D.A. Hajduk et al., Macromolecules 30, 3788 (1997).
6. C.A. Tyler, D.C. Morse, Phys. Rev. Lett. 94, 208302

(2005).
7. M. Takenaka et al., Macromolecules 40, 4399 (2007); M.I.

Kim et al., Macromolecules 41, 7667 (2008); 42, 5266
(2009).

8. B. Miao, R.A. Wickham, J. Chem. Phys. 128, 054902
(2008).

9. M. Laradji, A.-C. Shi, R.C. Desai, J. Noolandi, Phys. Rev.
Lett. 78, 2577 (1997); H.P. Huinink, J.C.M. Brokken-Zijp,
M.A. van Dijk, G.J.A. Sevink, J. Chem. Phys. 112, 2452
(1997); J.R. Roan, Phys. Rev. Lett. 86, 1027 (2001).

10. A. Ranjan, J. Qin, D.C. Morse, Macromolecules 41, 942
(2008); M. Heckmann, B. Drossel, Macromolecules 41,
7679 (2008); J.U. Kim, M.W. Matsen, Macromolecules 41,
4435 (2008).

11. H.D. Ceniceros, G.H. Fredrickson, Multiscale Model.
Simul. 2, 452 (2004).

12. K.Ø. Rasmussen, G. Kalosakas, J. Polym. Sci., Part B 40,
1777 (2002).

13. E.W. Cochran, C.J. Garcia-Cervera, G.H. Fredrickson,
Macromolecules 39, 2449 (2006); 39, 4264 (2006).

14. M.W. Matsen, F.S. Bates, Macromolecules 29, 1091
(1996).

15. R.B. Thompson, K.Ø. Rasmussen, T. Lookman, J. Chem.
Phys. 120, 31 (2004).

16. L. Zho et al., Phys. Rev. Lett. 86, 6030 (2001); Macro-
molecules 36, 3180 (2003).

17. Y.-Y. Huang, J.-Y. Hsu, H.-L. Chen, T. Hashimoto,
Macromolecules 40, 406 (2007).

18. Z.J. Guo et al., Phys. Rev. Lett. 101, 028301 (2008).
19. V. Eyert, J. Comput. Phys. 124, 271 (1996); F. Schmid,

Phys. Rev. E 55, 5774 (1997).
20. By using the chain rule and expressing the free energy as

the functional, F [φA, wA, φB , wB , ξ], in ref. [4], the deriva-
tive, dF/dD, can be separated into a contribution, ∂F/∂D,
due to the explicit dependence on D plus terms for the
implicit dependence though each of the functions, φA(r),
wA(r), φB(r), wB(r) and ξ(r). Since the functional is an
extremum with respect to the five functions, only the ex-
plicit dependence in Q survives.

21. C.A. Tyler, D.C. Morse, Macromolecules 36, 8184 (2003).
22. A.N. Semenov, Sov. Phys. JETP 61, 733 (1985).
23. M.W. Matsen, Phys. Rev. Lett. 80, 201 (1998).
24. A.N. Semenov, Macromolecules 22, 2849 (1989).
25. M.W. Matsen, F.S. Bates, J. Polym. Sci., Part B 35, 945

(1997).
26. E.W. Cochran, private communication.
27. A.J. Meuler, M.A. Hillmyer, F.S. Bates, Macromolecules

42, 7221 (2009).
28. A.E. Likhtman, A.N. Semenov, Macromolecules 30, 7273

(1997).
29. N. Sakamoto et al., Macromolecules 30, 1621 (1997);

Macromolecules 31, 8493 (1998).
30. E.L. Thomas, D.J. Kinning, D.B. Alward, C.S. Henkee,

Macromolecules 20, 2934 (1987).
31. M.W. Matsen, F.S. Bates, J. Chem. Phys. 106, 2436

(1997).
32. G.H. Fredrickson, E. Helfand, J. Chem. Phys. 87, 697

(1987).
33. F.S. Bates, M.F. Schulz, A.K. Khandpur, S. Förster, J.H.

Rosedale, K. Almdal, K. Mortensen, Faraday Discuss. 98,
7 (1994).

34. P. Grzywacz, J. Qin, D.C. Morse, Phys. Rev. E 76, 061802
(2007).




