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Abstract. The phase diagram for diblock copolymer melts is evaluated from lattice-based Monte Carlo
simulations using parallel tempering, improving upon earlier simulations that used sequential temperature
scans. This new approach locates the order-disorder transition (ODT) far more accurately by the occurrence
of a sharp spike in the heat capacity. The present study also performs a more thorough investigation
of finite-size effects, which reveals that the gyroid (G) morphology spontaneously forms in place of the
perforated-lamellar (PL) phase identified in the earlier study. Nevertheless, there still remains a small
region where the PL phase appears to be stable. Interestingly, the lamellar (L) phase next to this region
exhibits a small population of transient perforations, which may explain previous scattering experiments
suggesting a modulated-lamellar (ML) phase.

1 Introduction

Block copolymer melts have received considerable atten-
tion in recent years due to their intriguing phase behavior
and varied applications. Most of the focus has been on
the simplest architecture, the AB diblock copolymer con-
sisting of a linear chain of NA A-type monomers followed
by NB B-type monomers, giving a total polymerization of
N = NA + NB and an A-monomer composition of f =
NA/N . When the interaction between unlike monomers
becomes sufficiently unfavorable (as measured by the
Flory-Huggins χ parameter), they microphase-separate
forming periodically ordered structures with nanometer-
sized domains. The equilibrium phase diagram contains
the classical lamellar (L), cylindrical (C), and spherical
(S) phases, as well as a complex gyroid (G) phase [1,2].
Earlier experiments [3] also found evidence for perforated-
lamellar (PL) and modulated-lamellar (ML) phases. How-
ever, it has since been shown that PL is metastable and
eventually converts to G given sufficient time [4,5]. ML
has simply been forgotten about because of the limited
evidence for it, and the fact that its existence would con-
tradict our theoretical understanding of block copolymer
phase behavior [6]. More recently, another complex or-
thorhombic (O70) phase with Fddd symmetry has been
reported [7], but it is only stable in an extremely small
region of the phase diagram [8].

In remarkable agreement, self-consistent field theory
(SCFT) predicts a phase diagram with both G [9] and
O70 [10] as stable phases, while it finds PL to be nearly
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stable [9]. The one shortcoming of SCFT is that it pre-
dicts the L, C, S and O70 regions to converge to a common
critical point, with the S phase bordering the entire order-
disorder transition (ODT). In contrast, experiments find
that each of the ordered morphologies undergoes a direct
transition to the disordered state with increasing temper-
ature [11]. This behavior has been qualitatively captured
by fluctuation corrections to the mean-field approxima-
tion of SCFT [12–14], but there are some issues [15] with
the approximations involved in these calculations.

The alternative is to investigate fluctuation effects on
the ODT with simulations. Most of these studies have used
lattice-based Monte Carlo simulations, where the diblock
copolymers are constrained to an artificial lattice for the
purpose of computational efficiency. Even with this sim-
plification, the initial studies struggled to find a defini-
tive signature of the discontinuous ODT as the system
progressed from disorder to order. This problem was re-
solved by Vassiliev and Matsen [16] with the introduc-
tion of a new order parameter, which exhibited an abrupt
change when the system either ordered or disordered. By
monitoring the order parameter during simulated heating
and cooling scans of symmetric diblock copolymers, they
obtained a hysteresis loop bracketing the position of the
ODT. Their initial study was later extended [17] to a wide
range of compositions, mapping out the position of the
ODT in the phase diagram and identifying the symmetry
of the ordered phases. More recently, several competing
strategies for locating the ODT have been demonstrated
using off-lattice Monte Carlo simulations [18,19] and field-
theoretic Langevin simulations [20]. One of the key objec-
tives is to provide an accurate benchmark from which to
investigate various effects on the ODT, such as that of
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polydispersity [21,22], which may otherwise be obscured
by the statistical noise.

With this goal in mind, we improve upon the lattice-
based simulations of ref. [17] by using parallel temper-
ing [23–25], where the different temperatures are simu-
lated simultaneously on separate CPUs. This algorithm
takes advantage of the trend towards multi-processor plat-
forms, greatly reducing the runtime and, in turn, permit-
ting us to ramp up the number of Monte Carlo steps
performed at each temperature. Furthermore, by allow-
ing the exchange of configurations between adjacent tem-
peratures, the method offers an effective way of overcom-
ing energy barriers and thus reaching equilibrium more
quickly. As a consequence, the system develops a reliable
well-defined spike in the heat capacity that locates the
ODT with far more accuracy than the previous hysteresis
loops.

2 Monte Carlo method

We employ the lattice-based Monte Carlo method de-
scribed in detail by Vassiliev and Matsen [16]. The model
consists of n diblock copolymers, each with NA monomers
in its A block and NB monomers in its B block. Poly-
mer chains are placed on an artificial lattice with peri-
odic boundary conditions. Each lattice site may be vacant
or occupied by a single monomer, and bonded monomers
must occupy nearest-neighbor sites. Lattice effects are
minimized by selecting an fcc lattice structure with a large
coordination number, z = 12. It is constructed by tak-
ing an L × L × L simple cubic lattice with a lattice con-
stant, d, and deleting every second site leaving a lattice
with V = L3/2 sites and a nearest-neighbor distance of

b =
√

2d. The lattice is then filled to a copolymer occu-
pancy of φc ≡ nN/V ≈ 0.8 to allow the polymers room to
move. The only molecular interactions are between neigh-
boring A and B monomers, with an interaction strength
of ǫAB from which we define a lattice-based Flory-Huggins
parameter,

χ ≡ zǫAB

kBT
. (1)

Simulations are performed at a sequence of tempera-
tures, {χi}, using the standard Metropolis algorithm. We
attempt four different types of moves, slithering snake,
chain reversal, crankshaft and block exchange, as de-
scribed in ref. [16], with relative frequencies of 6:1:2:1,
respectively. However, rather than simulating each tem-
perature sequentially, we now simulate all temperatures
simultaneously on separate computer processors with par-
allel tempering [23–25]. As well as having each replica of
the system perform local Monte Carlo moves as usual, an
additional global move is introduced which attempts to
swap the configurations of two randomly selected repli-
cas, i and j, after every 103 Monte Carlo steps (MCS) per
monomer. The swap is accepted according to the transi-
tion probability,

Pi↔j = min{1, exp[(χi − χj)(nAB,i − nAB,j)/z]}, (2)

where nAB,i is the number of A-B monomer contacts in the
replica corresponding to χi. We attempt swaps only be-
tween neighboring values of χ, since the acceptance prob-
ability decreases exponentially with Δχ ≡ |χi − χj |.

For each value of L and N ≡ NA + NB , we perform a
single athermal simulation (i.e., χ = 0) of 106 MCS per
monomer in order to provide an initial disordered-state
configuration. Then for each composition, f ≡ NA/N , we
select a sequence of χi values (i = 1, 2, . . . ,M) spanning
the expected position of the ODT, guided by the earlier
study in ref. [17]. We typically use M = 20 with a spac-
ing of Δχ = 0.5 for the most symmetric diblocks and
Δχ = 1.0 for the more asymmetric compositions. The M
replicas begin with a relaxation period of typically 3×106

MCS per monomer, all starting from the athermal config-
uration. After this relaxation period, a visual inspection
of the resulting configurations is performed. If it appears
that the ODT has not been captured, then the tempera-
ture interval is adjusted accordingly and further relaxation
steps are performed. We also monitor the acceptance rate
for replica exchange between neighboring temperatures; if
it drops below 20%, then we insert an intermediate point.
This is generally only required near the ODT, particu-
larly if the transition is relatively strong. To ensure that
our results are free of non-equilibrium effects, a few of the
simulations are repeated with all the replicas starting from
ordered configurations.

Once the system has been equilibrated, an estimation
period of typically 5×106 MCS per monomer is performed,
during which various thermodynamic quantities are in-
dependently sampled in each replica every 40 MCS per
monomer. The simplest quantity to evaluate is the internal
energy, U = ǫAB〈nAB〉, where nAB is the total number of
A-B contacts and the angle brackets denote Monte Carlo
averages. The heat capacity is also easily calculated using
CV = (ǫ2AB〈n2

AB〉 − U2)/kBT 2. To identify the symme-
try and domain size of an ordered phase, we occasionally
compute the structure function,

S(q) =
1

V
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, (3)

where σk = 1, 0 or −1 if the k-th lattice site is occupied by
an A-monomer, a vacancy or a B-monomer, respectively.

3 Results

We now demonstrate the parallel tempering method on
diblock copolymers of polymerization N = 30, the same
case studied previously in ref. [17] by sweeping the tem-
perature back and forth across the ODT. The system is
symmetric about f = 0.5 due to the invariance in swap-
ping the A and B monomer labels, and therefore we only
investigate values of NA ≤ 15. To prevent the A block from
losing its polymeric character, we also limit our study to
NA ≥ 4, and as a result, we do not encounter any spherical
morphologies.
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Fig. 1. (a) Heat capacity, CV , and (b) average number of A-B
contacts, 〈nAB〉, plotted as a function of segregation, χN , for
compositions, NA, adopting a layered morphology. The order-
disorder transition, (χN)ODT, is identified by a spike in the
heat capacity and a sudden drop in A-B contacts.

3.1 Lamellar phase

Our study begins with the diblock compositions, NA = 15
to 11, which all ordered into a lamellar (L) morphology in
the earlier study of ref. [17]. Plots of the heat capacity,
CV , are shown in fig. 1(a) as a function of χN ; for clarity
purposes, the curve for NA = 14 has been omitted because
it nearly coincides with that of NA = 15. Although the size
of the spike decreases significantly as the diblock becomes
increasingly asymmetric, the spike for NA = 11 is still far
larger than the statistical noise. In fact, it is nearly as big
as the largest spike observed in ref. [17] for NA = 15; it
only appears small due to the current scale of the vertical
axis.

The finite size, L = 54, of our simulation box can
potentially affect the estimate of the ODT in two com-
peting ways; the finite size coupled with periodic bound-
ary conditions will limit fluctuations pushing (χN)ODT

downwards, while the constraint on the allowed period-
icity of the ordered phase will reduce its stability push-
ing the ODT upwards. Although the previous studies [16,
17] have not detected a significant influence of the sys-
tem size on (χN)ODT, we can now locate the ODT with a
much higher resolution and so finite-size effects could be-
come relevant. To test for this, we repeat our simulations
at NA = 15 using seven different sized simulation boxes.
Figure 2 compares the heat capacity and average number
of contacts for three of the different systems sizes. The
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Fig. 2. Analogous plots to those of fig. 1, but this time for a
series of system sizes, L, at a fixed composition of NA = 15.

Table 1. Positions of the ODT for symmetric, NA = 15, di-
blocks obtained using simulation boxes of different sizes, L.
Also listed are the orientations, (hkl), and resulting periodici-
ties, D, of the ordered lamellar phase.

L (χN)ODT (hkl) D/b

38 40.8 (210) 12.02

46 39.8 (220) 11.50

50 40.0 (221), (300) 11.79

54 40.5 (311) 11.51

58 40.9 (320) 11.37

62 40.4 (321) 11.72

70 40.5 (411) 11.67

locations of the ODT, as determined by the spike in the
heat capacity, are provided in table 1.

For each of the different system sizes, we also list the
orientation, (hkl), of the lamellar phase next to the ODT
along with the resulting periodicity, D. Evidently, the pre-
ferred domain spacing is approximately D ≈ 11.5b. The
problem with the smallest system size, L = 38, is that the
gap between allowed periodicities is relatively large (e.g.,
D = 10.97b for (211) and D = 12.02b for (210)). Of course,
the spacing is much finer at L = 70 (e.g., D = 11.36 for
(331), D = 11.67 for (411), and D = 12.00 for (410)),
but then it takes much longer for the system to equili-
brate. Our chosen size of L = 54 appears to be a good
compromise for dealing with finite-size effects and non-
equilibrium effects.
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Fig. 3. Disordered and ordered configurations adjacent to the
ODT for NA = 15 (χN = 40.375 and 40.75) and NA = 12
(χN = 45.5 and 46.5).

The spike in the heat capacity signifies that the ODT
is a discontinuous (i.e., first-order) transition. Also con-
sistent with a first-order transition is the fact that the
internal energy, U = ǫ〈nAB〉, exhibits a sharp drop at the
ODT, as illustrated in figs. 1(b) and 2(b). Furthermore,
the trends in fig. 2 are consistent with finite-size scal-
ing for a first-order transition [26], which predicts that
the height of the CV spike should grow as V 2 and the
width should decrease as V −1 with increasing system size,
V = L3/2. Additional confirmation of a discontinuous
transition is the abrupt change in morphology as demon-
strated in fig. 3, where configurations are compared from
just above and below the ODT.

3.2 Perforated-lamellar phase

The ordered phase for NA = 11 was found to be lamellar
in the previous study [17], but this time we observed per-
forated lamellae (PL). One possible explanation is that we
are now using a slightly different system size of L = 54.
Upon repeating our simulation for L = 50, some of the
replicas did form simple lamellae while others produced
perforated lamellae. More specifically, the PL phase oc-
curred when the layer orientation was (300) and the L
phase resulted for (220) as illustrated in fig. 4. Although
the occasional perforation is observed in the minority lay-
ers of the L phase, when one does appear it only diffuses
around for a short time before vanishing (e.g., ∼ 104 MCS
per monomer). In contrast, the minority layers of the PL
phase are densely packed with four perforations each. Fur-
thermore, the perforations are permanent and their posi-
tions are fixed to a lattice. The finite system size prevents
hexagonal in-plane symmetry, but nevertheless the perfo-

Fig. 4. Ordered configurations for NA = 11 diblocks with
a system size of L = 50. The layer orientation (300) on the
left results in a perforated-lamellar (PL) morphology, while
the orientation (220) on the right produces a simple lamellar
(L) morphology. A minority layer of each is shown below; the
PL layers exhibit a dense packing of permanent perforations,
whereas those of L only exhibit the occasional transient perfo-
ration.

eN
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Fig. 5. Open and closed symbols denote where perforations
in the lamellae are stable and metastable, respectively, for
NA = 11 diblocks. The dashed curve denotes the resulting
boundary between the PL and L morphologies. The cross
marks the approximate location of the ODT, and the bold
curve shows the expected trajectory assuming that the pre-
ferred spacing varies as D ∝ χ0.3.

rations in adjacent layers are staggered as predicted by
theory [9] and observed in experiment [27].

The fact that the two layer orientations led to such
different populations of perforations suggests that their
presence is very sensitive to the lamellar period. To test
this hypothesis, we took layered configurations of vari-
ous orientations and system sizes and ran them for 106

MCS per monomer at a sequence of segregations (without
parallel tempering). In fig. 5, we catalogued the result-
ing morphologies as either L or PL and sorted them ac-
cording to domain size. As surmised, the PL phase forms
when the lamellar period is small, or equivalently when
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the minority lamellae are thinnest. Furthermore, increas-
ing segregation seems to suppress the perforations, which
is consistent with our finding that the PL morphologies
have a higher internal energy, U , than the L ones.

From our simulations at L = 50, 54 and 58, we esti-
mate that the melt orders at (χN)ODT = 51.0±0.5 with an
initial layer spacing of D = 12.2b±0.2b. This is well within
the PL region of fig. 5, which is consistent with the typical
configurations observed near the ODT. However, the fact
that domain size increases with segregation implies that
the ODT should be followed by an order-order transition
(OOT) to the L phase. Assuming that the layer spacing
increases as D/aN1/2 ∼ (χN)0.3, where the exponent is
consistent with the intermediate-segregation regime [28],
the OOT should occur around χN ≈ 57.

Re-examining the L phase at the more symmetric com-
positions, we find transient perforations for NA = 12.
They are reasonably numerous near the ODT, but very
short lived. As we move away from the ODT, the popula-
tion drops but the lifetime increases. This indicates that
the formation of a perforation involves the crossing of an
energy barrier into a metastable state. The fact that there
are fewer perforations at lower temperatures is consistent
with their metastablity, and the fact that their lifetime
increases is explained by the energy barrier.

For similar runs at NA = 10, the disordered melt trans-
formed to PL at about χN ≈ 58.0, with L never being ob-
served. This indicates that the perforations have switched
from being metastable to stable, which we attribute to
the fact that the minority-component (i.e., A-rich) layers
are substantially thinner than before. However, as we will
now demonstrate, the PL phase does not represent the
most stable phase at this composition.

3.3 Gyroid phase

It is expected [4–6] that the gyroid (G) morphology should
be more stable than PL. The difficulty with G is that it
has a large unit cell, which needs to be reasonably com-
mensurate with the size of the simulation box [29]. Based
on the peak in the disordered-state structure function, a
single unit cell of G should correspond to a box size of
about L ≈ 42. Therefore, we ran a series of simulations
for NA = 10 diblocks with L = 40, 42, 44 and 46. Although
there was no clear spike in the heat capacity indicating an
ODT, inspection of the configurations revealed the spon-
taneous formation of G-like structures for both L = 42
and 44. Notably, the symmetry of G seemed slightly dis-
torted at L = 44, presumably because the simulation box
was a bit too large. In any case, the G configurations were
observed at segregations well below the point where the
PL phase disordered in the larger system sizes, adding to
the evidence that G is more stable than PL.

Admittedly, the smaller simulation boxes (i.e., L = 42
and 44) will suppress fluctuations, thus making it eas-
ier to form ordered morphologies. To ensure the stabil-
ity of G with respect to fluctuations, we periodically re-
peated the morphology to fill an L = 84 simulation box
and then re-ran the simulation for a further 106 MCS per

Fig. 6. Equilibrium morphology for NA = 10 and χN = 60.5
from a simulation box of L = 84. The left plot shows all
monomers, while the one on the right only shows those A-
type monomers with at least nine other A-type neighbors. The
diagram at the bottom compares a level-surface that approxi-
mates the A-B interface in the gyroid (G) structure.

monomer. Figure 6 shows an equilibrated configuration
at χN = 60.5, first plotting all monomers and then just
A-type monomers. In the latter case, A-type monomers
with fewer than nine A-type neighbors have been omit-
ted to make the topology of the network easier to visual-
ize. The lower image in fig. 6 compares the network with
a level-surface for the G morphology formed from a lin-
ear combination of the

√
6 and

√
8 basis functions of the

Ia3d symmetry group [28]. The striking similarity leaves
no doubt that the morphology is indeed gyroid.

Nevertheless, further confirmation for the G morphol-
ogy is obtained by evaluating the structure function, S(q).
Figure 7 plots the structure function spherically averaged
over the wave vectors, q, for three different segregations.
At the higher segregations, S(q) exhibits peaks consistent

with the Ia3d space-group symmetry. Although the
√

14
and

√
16 peaks of Ia3d are absent, an unusually small am-

plitude of these peaks has been anticipated for f = 0.33
by previous SCFT calculations [28]. The disappearance of
the remaining peaks at χN = 54.5 indicates an ODT of
(χN)ODT = 55.0 ± 0.5, which is indeed well below the
point at which the PL morphology disorders.

Given the accepted view that G is more stable than
PL [4–6], we also expected G to form spontaneously at
NA = 11. However, simulations at L = 40, 42, 44 and
46 failed to produce a single G morphology. Furthermore,
even when we started simulations from the replicas equi-
librated with NA = 10, all the G morphologies eventually
fell apart, generally transforming to either PL or L de-
pending on their chosen layer spacing as anticipated by
fig. 5.
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Fig. 7. Structure function, S(q), of the gyroid phase at NA =
10, spherically averaged over the wave vector, q. For clarity,
the curves for χN = 55.5 and 60.5 have been shifted upwards
by one and two decades, respectively.

Consistent with ref. [17], diblocks with NA = 9 or-
dered into cylindrical (C) morphologies for box sizes of
L = 50, 54 and 60. However, the cylinders tended to be
poorly ordered and there was no obvious spike in the heat
capacity. Suspecting again that G was the preferred mor-
phology, we ran further simulations for L = 40, 42, 44
and 46. Indeed, the gyroid phase spontaneously formed at
L = 42 and 44, although it experienced considerable com-
petition with the cylinder phase, particularly for the larger
box size. At the more optimum size of L = 42, the repli-
cas still contained a significant number of C morphologies
even after 3×106 MCS per monomer, presumably because
this composition is very close to the C/G phase bound-
ary. Nevertheless, by 11 × 106 MCS per monomer, all the
ordered replicas had converted to gyroid. We located the
ODT at (χN)ODT = 59.0, by following the previous proce-
dure of filling an L = 84 simulation box with the G phase
and identifying the segregation below which the peaks in
S(q) vanish.

3.4 Cylinder phase

As shown in fig. 8(a), the spikes in the heat capacity, CV ,
return once again for the compositions, NA = 8 to 4,
but they are roughly half the size of those from the more
symmetric compositions in fig. 1(a). Coinciding with the
spikes, fig. 8(b) reveals sudden drops in the average num-
ber of A-B contacts, although much smaller than those in
fig. 1(b). As confirmed by fig. 9, these features in CV and
〈nAB〉 correspond to the ODT, but this time between the
disordered state and the ordered cylindrical (C) phase.

Interestingly, close examination of the heat-capacity
curve for NA = 4 reveals a double peak. The small peak on
the left at χN = 152 is, in fact, the ODT. The larger spike
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Fig. 9. Disordered and ordered configurations adjacent to the
ODT for NA = 8 (χN = 62 and 63) and NA = 4 (χN = 150
and 153). The corners of the simulation boxes on the right have
been clipped so as to reveal the ordered cylinders.
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Table 2. Position of the ODT and the resulting ordered mor-
phology obtained at the various compositions, NA. The first set
of results is from our parallel tempering simulations, and the
second set is from the simulated temperature scans of ref. [17].

parallel tempering temperature scans

NA (χN)ODT phase (χN)ODT phase

15 40.5 L 39-41 L

14 41.0 L 40-44 L

13 42.8 L 41-45 L

12 46.0 L 44-47 L

11 51.0 PL 49-54 L

10 55.0 G 56-59 PL

9 59.0 G 57-62 C

8 62.5 C 59-65 C

7 69.5 C 68-74 C

6 84.0 C 79-87 C

5 109.5 C — —

4 152.0 C — —

on the right at χN = 156 is a transition between two com-
peting orientations of the cylindrical domains. Of course,
this is an artifact of the finite system size, which prevents
the cylinder spacing from increasing continuously.

3.5 Phase diagram

Table 2 compares the values of (χN)ODT obtained from
the current simulations with the intervals of the hystere-
sis loops from ref. [17]. Apart from one exception, our
accurate determinations of the ODT each fall within the
corresponding hysteresis loop. At NA = 10, however, our
value of (χN)ODT is slightly below the hysteresis loop, but
this is readily explained by the fact that the earlier study
observed the less stable PL phase. Indeed, we found that
the PL phase disorders at χN = 58.0, which is within the
hysteresis loop of ref. [17].

Figure 10 plots the diblock copolymer phase diagram
based upon our new simulation results. The open sym-
bols denote the ODT positions listed in table 2, while the
dashed lines delineate between the ordered structures ob-
served next to the ODT. The diagram is nicely consistent
with the experimental diagrams of Bates et al. [11], show-
ing the same progression of phases and yielding first-order
transitions between the various ordered structures and the
disordered state. The only unexpected result is the pres-
ence of small PL regions [4,5], which we will discuss in the
next section.

Previous Monte Carlo studies have presented their
results in terms of various effective interaction parame-
ters [30] meant to approximate the χ parameter defined
for the standard Gaussian chain model [6]. The most com-
mon choice is

χeff ≡ zeffǫAB

kBT
, (4)

f
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lamellar (PL), gyroid (G) and cylindrical (C). The scale on the
left axis is in terms of the lattice-based interaction parameter
from eq. (1), and the scale on the right involves an effective
interaction parameter defined in eq. (4).

N
-1/2

0.0 0.1 0.2 0.3 0.4

in
te

rm
o
le

c
u
la

r 
c
o
n
ta

c
ts

5

6

7

Z
eff

e=0

Fig. 11. Average number of intermolecular contacts per
monomer in the athermal limit plotted in terms of the poly-
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where the effective coordination number is zeff = (z−2)φc.
The factor of (z − 2) accounts for the bonded monomers,
and φc accounts for the vacant sites. This reduces the
interaction parameters by 33%. However, a more sophisti-
cated approach [31,32] is to use the average number of in-
termolecular contacts in the limit of ǫAB → 0 and N → ∞.
The extrapolation in fig. 11 gives zeff = 4.94, which is a
reduction of 59% from z = 12. The resulting definition is
plotted on the right axis of our phase diagram in fig. 10.

4 Discussion

Parallel tempering proves to be far more effective at lo-
cating the ODT in block copolymer simulations than the
previous approach in refs. [16,17], where it was bracketed
by a hysteresis loop created by sweeping the temperature
back and forth across the transition while monitoring an
appropriate order parameter. The substantial width of the
hysteresis loop was a serious limiting factor in determin-
ing (χN)ODT. In contrast, parallel tempering generally
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produced a sharp spike in the heat capacity, identifying
the ODT with far greater precision.

Importantly, we have confirmed that the location of
the spike is insensitive to non-equilibrium effects, by
checking that its position is the same regardless of whether
all the replicas start from disordered or ordered configu-
rations. This implies that disordered replicas readily con-

vert to ordered replicas when χN > (χN)ODT and vice

versa when χN < (χN)ODT. However, once equilibrium

is achieved, the disordered and ordered replicas generally
only mix in the narrow temperature interval defined by
the width of the heat capacity spike. As a result, the con-
version between ordered and disordered replicas almost
ceases, although not completely. There are usually several
replicas that completely cross from one side of the ODT to
the other during the estimation period. Nevertheless, the
replica exchange that continues to occur within the or-
dered and disordered regions still improves the statistics.

One of the more valuable features of parallel temper-
ing is the way in which it copes with defects. Defects were
a serious problem for the temperature scans in ref. [17],
because if they formed upon crossing the ODT, then they
would only have a short time to anneal out before be-
coming trapped by the reduction in temperature. In such
instances, there would be no sharp rise in the order pa-
rameter and thus no obvious hysteresis loop. With paral-
lel tempering, when one of the replicas forms a defect, it
shifts towards the ODT on account of its higher internal
energy relative to defect-free replicas. In this way, defects
are given the necessary time to anneal away. Likewise, par-
allel tempering allows mistakes, such as the selection of the
wrong domain spacing or possibly the wrong morphology,
to be corrected.

Another reason for the improvement in our estimates
of (χN)ODT over those of ref. [17] is the fact that the
number of Monte Carlo steps (MCS) performed at each
temperature has been increased by two orders of mag-
nitude. Some of this increase has been facilitated by im-
provements in CPU speed, but most of it can be attributed
to the fact that parallel tempering allows all the temper-
atures to be simulated simultaneously on separate CPUs.
In fact, the parallelization is exceptionally simple and effi-
cient, since each CPU is given an equivalent task without
much need to communicate with any of the other proces-
sors. The only significant communication comes when two
CPUs have to exchange configurations, but this is a rela-
tively infrequent event. Naturally, such parallelization was
not possible for the temperature scans in ref. [17], since
the final configuration at one temperature was needed as
the initial configuration for the next temperature in the
sequence.

The abruptness of the ODT, as evident by the strength
of the heat-capacity spikes, varies significantly with di-
block composition (see figs. 1(a) and 8(a)), but this can
be explained by extending previous arguments [33,34].
It is well understood that morphology is primarily con-
trolled by the preferred (or spontaneous) curvature of the
A-B interface. For example, perfectly symmetric diblocks
produce a spontaneous curvature of zero, for which the

flat interfaces of the lamellar morphology are uniquely
suited. However, as the composition deviates from f = 0.5,
the diblocks acquire a preference for curved interfaces,
which reduces the tendency to form well-ordered lamel-
lae, in turn, reducing the abruptness of the ODT. Sim-
ilarly, there will exist ideal compositions (evidently near
f ≈ 0.2 and 0.8) where the interfaces of the cylinder mor-
phology uniquely match the spontaneous interfacial cur-
vature. Deviating from these compositions will likewise
reduce the long-range order of the cylinder phase along
with the abruptness of the ODT. The intermediate values
of spontaneous curvature in the complex phase regions
(i.e., f ≈ 0.33 and 0.67) will favor saddle-shaped inter-
faces for which there are many potential morphologies;
the preferred one is then determined by the subtler issue
of packing frustration [33]. In any case, the formation of
the preferred morphology will be impeded by the com-
peting morphologies, which evidently weakens the ODT
to such an extent that the spike in the heat capacity is
obscured by the statistical noise of our simulations.

The spontaneous formation of G at f = 0.3 and 0.333
is consistent with a previous occurrence of G at f = 0.3
in a similar Monte Carlo study by Martinez-Veracoechea
and Escobedo [29]. That study used a cubic lattice with
the interactions and bonded vectors extending to first, sec-
ond and third nearest-neighbor sites, with a slightly lower
occupancy of 0.75 (as opposed to our 0.8) and shorter
chains of N = 20 (compared to our 30). Their simulations
involved quenching athermally equilibrated configurations
to selected values of χN and identifying the geometry of
the ordered phase after 106 MCS per monomer, also with
the aid of S(q). However, their G region was bounded
above and below by C, and in fact they later obtained
the same result for analogous off-lattice simulations [35].
Our study is the first to demonstrate a direct transition
from the disordered state to the G morphology in neat
diblock copolymer melts as observed in experiments [11].
It is possible that the earlier simulations [29,35] suffered
from some non-equilibrium effects, which we were able to
avoid by using parallel tempering coupled with a far more
generous number of MCS.

Our finding that PL is more stable than G near the
ODT at f = 0.367 seems to contradict both experi-
ment [4,5] and theory [6]. However, this is not entirely
unprecedented. The off-lattice simulations of Martinez-
Veracoechea and Escobedo [35] found the stability of PL
and G to be indistinguishable at f = 0.35. Our slightly
more symmetric composition may have tipped the balance
in favor of PL. In reality, the theoretical prediction [6] that
G is more stable only applies to the infinite molecular-
weight limit, and the experiments [4,5] are not exhaustive
enough to rule out PL altogether. It is possible that PL
could still be stable under some conditions, such as low
molecular weights.

Although we found PL to be more stable than G, it
is conceivable that the O70 phase [8,10] is even more sta-
ble. Martinez-Veracoechea and Escobedo observed a bi-
continuous phase at f = 0.35 in their lattice-based sim-
ulations [29], which may have adopted the O70 symme-
try had the simulation box been given the appropriate



T.M. Beardsley and M.W. Matsen: Monte Carlo phase diagram for diblock copolymer melts 263

dimensions. The same occurred in their off-lattice simula-
tions [35], but there they concluded that the morphology
was only metastable. Indeed, calculations [12] show that
the O70 phase is not expected to survive fluctuation effects
for such low molecular weights. It has been suggested [36]
that the O70 is stabilized in experiments by conforma-
tional asymmetry, which is not present in any of the sim-
ulations. In the end, we felt that the prospect of finding
a stable O70 morphology was too remote to warrant the
effort of searching for it.

The transient (i.e., fluctuating) perforations observed
in the lamellar morphology (see fig. 4), at the more asym-
metric compositions, may explain the experimental evi-
dence for a modulated-lamellar (ML) morphology [3]. The
evidence for ML comes from small-angle scattering pat-
terns similar to those of PL, but with much weaker peaks
corresponding to lateral structure. However, TEM micro-
graphs have been unable to resolve actual modulations
in the lamellae [37]. Due to this lack of real-space evi-
dence and the fact that modulated interfaces should be
energetically unfavorable [6], the original assignment of
ML is no longer taken seriously. Until now, the best ex-
planation for the anomalous scattering patterns has been
small-amplitude fluctuations about the flat interfaces of
the L phase [38,39]. Our new simulations suggest that the
scattering might actually be due to large-amplitude fluc-
tuations, in particular, transient perforations. Because the
perforations would tend to cluster around regions where
the minority lamellae are thinnest, they should produce
scattering similar to that of PL but much weaker on ac-
count of their relatively small population. Furthermore,
the fact that the perforations vanish with increasing χN
would also explain why they were not observed in any
TEM images.

5 Conclusions

We have performed a thorough lattice-based Monte Carlo
study of diblock copolymer melts using parallel temper-
ing, revisiting a previous study [17] that used simulated
temperature scans. The current approach was able to ac-
curately locate the ODT by a spike in the heat capacity,
whereas the previous approach could only bracket it by
the position of a relatively wide hysteresis loop. A major
contributing factor to our increased accuracy was the abil-
ity to perform far more MCS per temperature due to the
fact that the different temperatures (or χ values) could
be simulated simultaneously on separate CPUs. Further-
more, allowing neighboring temperatures to swap config-
urations during the simulation greatly helped cope with
the occurrence of defects in the ordered morphologies.

Our improved phase diagram is displayed in fig. 10.
In addition to the increased accuracy of the ODT, our
more comprehensive investigation of finite-size effects has
led to several significant revisions of the ordered region.
Most significantly, we found that the gyroid (G) phase
spontaneously forms at two compositions, where the pre-
vious study [17] had suggested perforated-lamellae (PL)
and cylinders (C) as the stable phases. The G phase was

previously missed because its stability is extremely sensi-
tive to the size of the simulation box [29]. Nevertheless,
the PL phase continues to exist in a small bubble next
to the ODT, at a composition that was previously identi-
fied as the simple lamellar (L) phase. This was overlooked
in the previous study due to the fact that the stability of
the perforations is very sensitive to the lamellar thickness.
Furthermore, our current study found that the lamellar
phase also exhibits a small population of transient perfo-
rations at the more asymmetric compositions, which could
provide an explanation for previous SANS experiments [3]
proposing a modulated-lamellar (ML) phase.

We are grateful to Francisco Martinez-Veracoechea, Dave
Morse, and Marcus Müller for helpful discussions. This work
was supported by the EPSRC (EP/E010342/1).
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