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Abstract. The self-consistent field theory (SCFT) introduced by Helfand for diblock copolymer melts is
expected to converge to the strong-segregation theory (SST) of Semenov in the asymptotic limit, χN → ∞.
However, past extrapolations of the lamellar/cylinder and cylinder/sphere phase boundaries, within the
standard unit-cell approximation, have cast some doubts on whether or not this is actually true. Here
we push the comparison further by extending the SCFT calculations to χN = 512000, by accounting for
exclusion zones in the coronae of the cylindrical and spherical unit cells, and by examining finite-segregation
corrections to SST. In doing so, we provide the first compelling evidence that SCFT does indeed reduce
to SST.

1 Introduction

During the 1970’s, Helfand [1] introduced an accurate the-
oretical treatment for diblock copolymer melts [2–4] by
adapting the self-consistent field theory (SCFT) of Ed-
wards [5]. This was followed up by Leibler [6] in 1980 with
a weak-segregation approximation to SCFT, and then by
Semenov [7] in 1985 with a strong-segregation approxima-
tion. It is relatively easy to confirm that SCFT reduces to
Leibler’s theory in the limit of weak segregation, but we
have yet to confirm that SCFT converges to Semenov’s
strong-segregation theory (SST) in the opposite limit.

The first attempt to do so, by Matsen and Whit-
more [8], calculated the SCFT boundaries between the
classical lamellar (L), cylindrical (C) and spherical (S)
phases up to segregations just beyond χN ≈ 100. To
facilitate the comparison with SST, the classical phases
were examined in the standard unit-cell approximation,
whereby the Weigner-Seitz unit cells of the C and S phases
are approximated by a circle and sphere, respectively.
Matsen and Whitmore found that the compositions of
the SCFT phase boundaries, fL/C and fC/S, were ap-

proximately linear in (χN)−1 at high segregation. How-
ever, extrapolations to infinite segregation gave values of
fL/C = 0.3099 and fC/S = 0.1140, whereas the SST pre-
dicted fL/C = 0.2991 and fC/S = 0.1172. Although the
agreement was reasonable for the C/S boundary, there
was a serious disagreement regarding the L/C boundary.

One potential source of the disagreement was that the
SST calculation assumed a parabolic potential for the self-
consistent field, deduced from an analogy with the simple
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harmonic oscillator of classical mechanics [9]. However,
the argument for this potential is based on the assump-
tion that the distribution of chain ends extends over the
entire domain. This is often the case, but there are zones
next to the A/B interface in the coronae of the C and
S phases where end segments are strictly excluded. For-
tunately, an analytical solution for the exclusion zone of
a convex cylindrical brush had been derived by Ball et
al. [10] using an analogy with electrostatics, thus allow-
ing for an exact treatment of the C phase. As it turned
out, though, the effect on the L/C boundary was com-
pletely negligible, shifting the SST prediction by a mere
−8.5 × 10−5 to fL/C = 0.2990.

In an attempt to resolve the discrepancy for the L/C
boundary, Likhtman and Semenov [11] investigated finite-
segregation corrections to the SST. They identified three
important contributions: one due to the translational en-
tropy of the junction points affecting the interfacial ten-
sion, another due to the translational entropy of the chain
ends, and a third due to the tendency of segments to ac-
cumulate at the A/B interface. They concluded that the
leading-order corrections to fL/C and fC/S should scale

as (χN)−1/3, but their prediction for the fL/C boundary
did not agree particularly well with the existing SCFT
calculations.

Shortly after, we [12] extended the SCFT calculations
to just beyond χN ≈ 1000, providing convincing evi-
dence for the (χN)−1/3 scaling. Furthermore, the new
extrapolation of the L/C boundary was consistent with
the fL/C = 0.2990 value predicted by SST, although the
agreement with the finite-segregation corrections of Likht-
man and Semenov was still relatively poor. Nevertheless,
this could be explained by the fact that Likhtman and
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Semenov invoked a number of approximations in calcu-
lating some of the coefficients in their expansion. Un-
fortunately, the revised scaling shifted the extrapolation
of the C/S transition to fC/S = 0.1085, a value much
smaller than the SST prediction of 0.1172. This discrep-
ancy could potentially be attributed to the exclusion zones
in the coronae of the C and S phases, although this seemed
doubtful given the small effect on fL/C. Because the calcu-
lation by Ball et al. [10] could not be extended to convex
spherical brushes, the effect of the exclusion zones was
never actually investigated.

In a more recent study [13], the validity of the finite-
stretching corrections of Likhtman and Semenov was con-
firmed for the flat brushes of the L phase. However, the flat
geometry is a special case where the normal coordinate of
a polymer trajectory completely decouples from the lat-
eral motion, which just exhibits a simple random walk. In
the curved geometries of the C and S phases, the radial
and angular coordinates remain coupled and this could po-
tentially produce an extra contribution to the free energy
affecting the dominant corrections to the SST and per-
haps the SST itself. Thus, the asymptotic limit of SCFT
still remains an unresolved issue.

Here, we re-address the convergence of SCFT to SST
with a three-pronged approach. Firstly, we now account
for the exclusion zones in the coronae of the C and
S phases by solving the SST numerically. Secondly, we
obtain accurate values for the coefficients of the finite-
segregation corrections to SST numerically. Thirdly, we
push the previous SCFT calculations for fL/C and fC/S

to far higher segregations.

2 Theory

The diblock copolymer melts examined in this study in-
volve n identical polymers each consisting of NA A-type
segments joined to NB B-type segments, from which we
define the total degree of polymerization as N ≡ NA +NB

and the diblock composition as f ≡ NA/N . The SCFT
and SST for this system both employ the same stan-
dard Gaussian-chain model [14,15], where segments have
a statistical length of a and an incompressible concentra-
tion of ρ0, such that the volume of the melt is fixed at
V = nN/ρ0. The unfavorable interaction between A and
B segments is specified by the usual Flory-Huggins χ pa-
rameter. Since the SCFT and SST for this model are well
established [14,15], we will just briefly outline the key fea-
tures of our particular calculations.

2.1 Unit-cell approximation

It is not possible to perform SST calculations for the cylin-
drical and spherical phases exactly due to the fact that
the classical trajectories are curved and the A/B inter-
faces have non-trivial shapes. Therefore, we invoke the
unit-cell approximation, illustrated in fig. 1, whereby the
unit cells of the C and S phases are approximated as cir-
cular and spherical, respectively. With this, the classical

end-view of the cylinders

unit-cell 
approximation

LA

hexagonal
unit cell

LB

A

B

Fig. 1. In the unit-cell approximation, the actual hexagonal
unit cell of the C phase is replaced by a circular unit cell.
Similarly, the S phase is approximated using a spherical unit
cell.

paths become straight lines in the radial direction, and
the interfaces become circular and spherical, respectively.
The interfacial area per unit volume is then given by the
simple expression

σ ≡ A/V = (m + 1)f
m

m+1 R−1, (1)

where m = 0, 1, and 2 corresponds to flat, cylindrical, and
spherical geometries, respectively, and R = LA+LB is the
radius of the unit cell. The respective thicknesses of the
A- and B-rich domains are

LA = f
1

m+1 R (2)

and

LB = R − LA. (3)

Although the SCFT does not require the unit-cell ap-
proximation, it does greatly reduce the computational de-
mands, allowing us to investigate much higher degrees of
segregation than would otherwise be possible.

2.2 SST for a parabolic potential

In the SST limit, it is assumed that the only surviving
contributions to the free energy, F = FA

el +FB
el +Fint, come

from the entropic stretching of the A and B blocks and
the interfacial tension between the A and B domains. The
stretching energy, F ν

el (ν = A or B), is generally calculated
assuming the parabolic potential

w(z) = − 3π2z2

8a2Nν
, (4)
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for which the polymer trajectories are

zα(s) = z0 cos(πs/2), (5)

where s is the contour parameter along the chain and z0

is the position of the end segment (i.e., s = 0). For these
harmonic trajectories, the stretching energy is equal to
minus the field energy [9,14,15], which implies that

F ν
el

nkBT
= k0

(

Lν

aN
1/2
ν

)2

, (6)

where

k0 =
3π2

8

∫ 1

0
ξ2(1 + cξ)mdξ

∫ 1

0
(1 + cξ)mdξ

, (7)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

π2

8
, if m = 0,

π2

16

(

4 + 3c

2 + c

)

, if m = 1,

3π2

80

(

10 + 15c + 6c2

3 + 3c + c2

)

, if m = 2.

(8)

For the cylindrical and spherical phases, the curvature of
the interface (i.e., grafting surface) relative to the brush
thickness is c = −1 for the cores and

c ≡ LB

LA
=

1

f
1

m+1

− 1 (9)

for the coronae. The interfacial energy, Fint ≡ γA, is given
by

Fint

nkBT
= (m + 1)f

m
m+1

(

γN1/2

aρ0kBT

)(

R

aN1/2

)

−1

, (10)

where the interfacial tension, γ, is approximated by that of
two immiscible high-molecular-weight homopolymers [7,
14,15],

γN1/2

aρ0kBT
=

√

χN

6
. (11)

The equilibrium free energy is then obtained by minimiz-
ing F = FA

el + FB
el + Fint, with respect to the domain size,

R. By comparing the free energies of the three classical
phases, we obtain fL/C = 0.2991 and fC/S = 0.1072 for
the phase boundaries.

Another testable prediction of the SST is the end-
segment distribution, g(z0), which can be obtained by in-
verting [16]

∫

g(z0)φ(z; z0)dz0 ∝ (1 + cz/Lν)m, (12)

where

φ(z; z0) =

{

2aN1/2

π
√

z2
0
−z2

, if z < z0,

0, if z > z0,
(13)

is the segment distribution of a chain in the parabolic
potential with its free end at z = z0. For the flat brushes
of the L phase and the cores of the C and S phases [7]

g(z0)L
2
A

aN
1/2
A

=

⎧

⎪

⎨

⎪

⎩

z0Λ
−1, if m = 0,

2z0 tanh−1(Λ), if m = 1,

6z0[tanh−1(Λ) − Λ], if m = 2,

(14)

where Λ ≡
√

1 − (z0/LA)2. However, for the coronae of
the C and S phases, the resulting g(z0) becomes negative
next to the grafting surface, which of course is unphysical.
A proper treatment of convex brushes requires FB

el to be
minimized subject to the constraint, g(z0) ≥ 0.

2.3 Numerical SST

Belyi [17] has recently developed a numerical method of
solving the SST for convex brushes, but we choose a sim-
pler approach based on the full classical theory [18] where
the translational entropy of the chain ends is included in
the SST. Using the analogy with classical mechanics, the
polymer trajectory, zα(s), is mapped onto that of a par-
ticle in the inverted potential, −w(z), with s playing the
role of time. The self-consistent field is unknown at the
start, and so we use the parabolic potential as an initial
guess. From conservation of kinetic plus potential energy,
it follows that the dimensionless speed of the particle at z
can be expressed as

S(z; z0) ≡
|z′α(s)|
aN

1/2
B

=

(

v2(z0) −
2

3
[w(z0) − w(z)]

)1/2

,

(15)
where z0 and v(z0) are the initial position and velocity of
the particle at s = 0. The sign of v(z0) determines if the
particle first moves away from the grafting surface out to
some zm > z0 or whether it heads directly towards z =
0. (Note that w(z) is a monotonically varying function.)
In this analogy, the speed of the particle equates to the
tension in the polymer chain, which in turn is inversely
proportional to segment concentration. Thus the segment
distribution of a polymer chain with its free end at z0 is

φ(z; z0) =

⎧

⎪

⎨

⎪

⎩

1/S(z; z0), if z < z0,

2/S(z; z0), if z0 < z < zm,

0, if zm < z.

(16)

The initial velocity, v(z0), is adjusted so that the trajec-
tory reaches z = 0 at s = 1, which corresponds to the

condition,
∫

φ(z; z0)dz = aN
1/2
B .

Once the polymer trajectory is known, its free energy
is evaluated using

f0(z0)

kBT
=

1

aN
1/2
B

∫
[

3

2φ(z; z0)
+ w(z)φ(z; z0)

]

dz, (17)

where the first term is the stretching energy and the sec-
ond term is the field energy. From this, the end-segment
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distribution is given by

g(z0) ∝ (1 + cz0/LB)m exp

[

−f0(z0)

kBT

]

, (18)

normalized so that
∫

g(z0)dz0 = aN
1/2
B . This expression

clearly prevents the end-segment distribution from becom-
ing negative.

The field, w(z), is then adjusted so as to satisfy the
incompressibility condition, eq. (12). For this, we use the
simple-mixing iteration as implemented for the SCFT be-
low. This is done with the brush thickness as large as

computationally possible (e.g., LB � 20aN
1/2
ν ) so that the

translational entropy of the chain ends becomes irrelevant
in comparison to the stretching energy, which reduces the
full classical theory back to the SST. The total stretching
energy of the brush is then evaluated as

FB
el

nkBT
=

3

2a2NB

∫

g(z0)

φ(z; z0)
dz0dz. (19)

Since this minimization constrains g(z0) ≥ 0 whereas the
parabolic potential does not, the resulting free energy will
necessarily be larger than that of eq. (6) by some factor,
Γ > 1.

2.4 Finite-segregation corrections to SST

Here we outline the dominant corrections to the SST as
derived by Likhtman and Semenov [11]. The translational
entropy of the chain ends [e.g., −nkB

∫

g(z0) ln g(z0)dz0]
is responsible for the most important corrections to F ν

el.
The shape of the end-segment distribution contributes a
constant term, while the magnitude of the distribution,
which scales as g(z0) ∝ L−1

ν , results in a logarithmic term,
ln(Lν). The shape of g(z0) is also altered by chain fluctu-
ations about the classical paths, particularly at the edge
of the unit cell where g(z0) normally diverges as z0 → Lν

before becoming identically zero for z0 > Lν . This diver-
gence is smeared out by the fluctuations, causing g(z0) to
extend beyond the edge of the unit cell and reducing the

free energy by an amount proportional to L
−2/3
ν .

Another of the important corrections originates from
the tendency of segments to accumulate next to the in-
terface as the chains fluctuate about their classical paths.
This has to be suppressed by supplementing the parabolic
potential with

∆w(z) ≈ βa2Nν

3
δ(z) + wr(z/µ), (20)

where µ = (2β)−1 specifies the range of the effect. The
strength of the δ function is given by an average, β =
〈τ−1〉−1, involving the distribution of chain tensions, τ ≡
3|z′α(1)|/a2Nν , at the grafting surface. For the harmonic
trajectories of the parabolic potential, τ = 3πz0/2a2NA,
which thus has an equivalent distribution to the end seg-
ments. Using the distributions in eq. (14), we can then
evaluate β and thus µ analytically. For the non-parabolic

potentials of the coronae, β and µ have to be calculated

with the numerical SST using τ = 3S(0; z0)/aN
1/2
B . Once

β and µ are known, the proximal-layer contribution to
the field, wr, is evaluated by the straightforward numerical
calculation outlined in refs. [11,19]. This effect contributes
another constant to the free energy.

These corrections alone will prove insufficient for our
purposes, but fortunately Semenov [20] has determined

that the next order correction scales as L
−4/3
ν . Collecting

the various terms produces the improved expression,

F ν
el

nkBT
= Γk0

(

Lν

aN
1/2
ν

)2

− ln

(

Lν

aN
1/2
ν

)

+k1 + k2

(

Lν

aN
1/2
ν

)

−2/3

+ k3

(

Lν

aN
1/2
ν

)

−4/3

, (21)

for the entropic stretching energy of the brushes.
Of course, we must also include corrections for the in-

terfacial tension, which requires taking into account the
fact that the A and B chains are actually joined together.
As it happens, this correction was derived in the original
SST paper by Semenov [7], apart from a missing factor of
2 [11]. His improved estimate of the tension is given by

γN1/2

aρ0kBT
=

√

χN

6
− ln(πσwI/4)

σaN1/2
, (22)

where σ is the interfacial area per unit volume defined in
eq. (1) and wI = 2a/

√
6χ is the interfacial width [7,14,

15].

2.5 Numerical SCFT

To test eq. (21) and evaluate the coefficients, k1, k2,
and k3, we extend the earlier SCFT calculation for flat
brushes [13] to the curved brushes of the cylindrical and
spherical phases. As before, we use the Crank-Nicolson
algorithm to solve the diffusion equation for the polymer
propagator, q(z, s), on the grid z = i∆z for i = 0, 1, . . . ,M
and s = j∆s for j = 0, 1, . . . , N . To achieve sufficient nu-
merical accuracy in order to resolve the small differences
between SCFT and SST, we use up to M = 80000 grid
points in the z direction and up to N = 50000 points along
the polymer contour.

In the previous calculation for flat brushes, an impor-
tant feature of the Crank-Nicolson algorithm was that it
exactly conserved the polymer concentration (to within
machine precision) despite the finite sizes of ∆z ≡ Lν/M
and ∆s ≡ 1/N . So as to retain this property for the curved
geometries, we use the divergence theorem to approximate
the Laplacian of the propagator as [21]

∇2q(z, s) ≈ Ai+1

∆Vi

(

qi+1,j − qi,j

∆z

)

− Ai

∆Vi

(

qi,j − qi−1,j

∆z

)

,

(23)
where Ai is the area of the surface defined by z = (i −
1/2)∆z, and ∆Vi is the volume between z = (i − 1/2)∆z
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and z = (i + 1/2)∆z. To enforce reflecting boundary con-
ditions, we define A0 = AM+1 = 0, ∆V0 as the volume
between z = 0 and z = ∆z/2, and ∆VM as the volume
between z = L − ∆z/2 and z = L. Volume integrals are
then approximated as

∫

g(z)dV ≈
M
∑

i=0

g(i∆z)∆Vi. (24)

The self-consistent field condition is solved iteratively
using simple mixing, where the deviation from incompress-
ibility,

δφ(z) = φ(z) − 1, (25)

at the k-th iteration is added to the field,

w(k+1)(z) = w(k)(z) + λδφ(z), (26)

with a mixing parameter of λ ≈ 0.1. The iterations pro-
ceed until

|δφ| ≡
[

1

V

∫

δφ2(z)dV

]1/2

< 10−7. (27)

The rate of convergence is boosted by occasionally (e.g.,
after every hundredth simple-mixing iteration) using the
Broyden method to adjust w(z) for z � µ so as to satisfy
the incompressibility condition in the proximal layer.

SCFT is also applied to the full diblock copolymer sys-
tem in order to extend the previous predictions for fL/C

and fC/S in refs. [8,12] to higher degrees of segregation.
The calculation uses the same Crank-Nicolson algorithm,
but now the spatial coordinate, r, runs from 0 to R with a
grid resolution of ∆r ≡ R/M . For the levels of segregation
considered in these calculations, up to M = 80000 spatial
grid points and N = 160000 points along the chain are
required to obtain sufficient numerical accuracy. To solve
the self-consistent field equations, the simple mixing is ex-
tended to the diblock system by calculating the deviations

δφ+(r) = φA(r) + φB(r) − 1, (28)

δφ−(r) =
w

(k)
A (r) − w

(k)
B (r)

χN
+

φA(r) − φB(r)

φA(r) + φB(r)
, (29)

and iterating the fields as

w
(k+1)
A (r) = w

(k)
A (r) + λ−δφ−(r) + λ+δφ+(r), (30)

w
(k+1)
B (r) = w

(k)
B (r) − λ−δφ−(r) + λ+δφ+(r). (31)

The mixing parameters, λ− and λ+, take on similar val-
ues as before, and the iteration proceeds until both |δφ−|
and |δφ+| are less than 10−7. Again we can greatly boost
the convergence rate by occasionally solving the self-
consistent field equations in the interfacial region using
the Broyden algorithm.

3 Results

The convergence of SCFT to SST has previously been
demonstrated for the case of flat brushes [13], and so now
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Fig. 2. Dashed curves show SCFT results for the concave
brush of the A-rich core of the cylinder phase plotted for a
series of brush thicknesses, LA. Solid curves compare (a) the
SST prediction for the end-segment distribution, g(z0), (b) the
SST prediction for the self-consistent field, w(z), and (c) the
proximal-layer correction, wr(z/µ), to the field adjacent to the
grafting surface.

we try to establish the same for curved brushes starting
with the core of the C phase. Figure 2a compares the
end-segment distribution, g(z0), predicted by SCFT for a
series of brush thicknesses, LA, to the SST limit in eq. (14)
with m = 1. The convergence is such that the SCFT

distribution for LA = 8aN
1/2
A becomes indistinguishable

from the SST curve on the scale of the plot, apart from
a small interval next to the grafting surface. The same
is true in fig. 2b where the SCFT results for w(z) are
compared to the parabolic prediction of SST in eq. (4).
In this case, the deviation from the parabolic potential
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Fig. 3. Analogous plots to those of fig. 2, but for the A-rich
concave brush corresponding to the core of the spherical phase.

near the grafting surface is anticipated by the proximal-
layer correction, wr(z/µ), in eq. (20). Figure 2c confirms
that SCFT does indeed converge to wr(z/µ) when prop-
erly scaled with respect to the width, µ, of the proximal
layer. The convergence is so good, in fact, that the SCFT

curve for LA = 8aN
1/2
A completely overlaps with wr(z/µ).

Figure 3 shows analogous comparisons for the A-rich core
of the S phase. This time the convergence of SCFT to SST
is slightly slower but nevertheless just as convincing.

Now we move on to the B-rich coronae, where the
relative curvature of the grafting surface, c, defined in
eq. (9) depends on the diblock composition, f , and the
exclusion zone adjacent to the grafting surface invalidates
the parabolic potential. Figure 4 examines the corona of
the C phase at f = 0.3. As expected, g(z0) develops an
exclusion zone (i.e., z < 0.2LB) and consequently, the
SST prediction for w(z) deviates significantly from the
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Fig. 4. Analogous plots to those of fig. 2, but for the B-rich
convex brush corresponding to the corona of the cylindrical
phase at f = 0.3.

parabolic potential (dotted curve). Nevertheless the SCFT
results (dashed curves) all converge to the SST predictions
(solid curves). This time the proximal-layer correction to
the field is much smaller, but it still accurately captures
the departure of SCFT from SST for finite brush thick-
nesses, LB.

Figure 5 illustrates the effect of reducing the diblock
composition to f = 0.11, which increases the relative cur-
vature, c, of the cylindrical grafting surface. As a result,
the exclusion zone becomes much wider (i.e., z < 0.4LB)
and the deviation of the field from the parabolic potential
is now much greater. However, the convergence of SCFT
to SST is still maintained. Figure 6 shows analogous cal-
culations for the corona of the S phase at the same diblock
composition of f = 0.11. In this case, the exclusion zone is
even wider, and the deviation from the parabolic potential
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Fig. 5. Analogous plots to those of fig. 4, but this time for the
corona of the cylindrical phase at f = 0.11. The plot for the
proximal-layer correction, wr(z/µ), is omitted because it is so
small.

Table 1. Coefficients in eq. (21) for the entropic stretching
energy of the brushes composing the classical block copolymer
morphologies.

Brush f Γ k1 k2 k3

L all 1.0 0.294 −0.616 −0.122

C core all 1.0 0.118 0.0 −0.459

S core all 1.0 0.342 0.0 −0.622

C corona 0.300 1.00041 0.562 −0.939 −0.059

C corona 0.308 1.00034 0.555 −0.934 −0.057

C corona 0.110 1.0143 0.781 −1.116 −0.079

C corona 0.114 1.0133 0.774 −1.108 −0.081

S corona 0.110 1.0404 1.001 −1.398 0.023

S corona 0.114 1.0379 0.991 −1.385 0.018

is even greater. Yet, the SCFT once again converges to the
SST.

To calculate the phase boundaries, we now turn our at-
tention to the free energy starting with the core domains,
where w(z) converges to the parabolic potential. In these
cases, the SCFT free energy, FA

el , is fit to eq. (21) with
Γ = 1 and k0 given by eq. (8). Because g(z0) does not

diverge as z0 → ∞, the L
−2/3
ν correction is absent. This

leaves just two fitting parameters, k1 and k3, for which we
obtain the values listed in table 1. The quality of the fit is
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Fig. 6. Analogous plots to those of fig. 5, but for the corona
of the spherical phase at f = 0.11.

illustrated in fig. 7a, where we plot the small free-energy
difference,

∆F ν
el

nkBT
≡ F ν

el

nkBT
− Γk0

(

Lν

aN
1/2
ν

)2

+ ln

(

Lν

aN
1/2
ν

)

, (32)

which equates to the finite-stretching corrections listed in
eq. (21), apart from the logarithmic term. We also repeat
the fit from ref. [13] for the flat brushes of the L phase,
using our improved numerical data. In this case, k2 is no
longer zero, and so the fit involves three parameters. For
the parabolic potential, ref. [11] provides an independent
calculation for the two contributions to k1 coming from
the entropy of the chain ends and the proximal layer. This
predicts k1 ≈ ln(2/

√
3) + 0.154 = 0.298 for the flat brush,

k1 ≈ −0.012 + 0.124 = 0.112 for the core of the C phase,
and k1 ≈ 0.222+0.114 = 0.336 for the core of the S phase.
All three values are in reasonable agreement with those in
table 1 obtained from the fits to SCFT.

Now we examine the B-rich coronae of the C and
S phases. In this case, we need to know the factor, Γ ,
by which the exclusion zone increases the free energy of
eq. (6). This factor can be provided by our numerical SST
calculation, or alternatively by including it along with k1,
k2 and k3 as a fitting parameter in eq. (21). Both pro-
cedures provide consistent values of Γ , which are listed
in table 1. The quality of the fits is illustrated in fig. 7b.
As mentioned earlier, these results are dependent upon
the composition of the diblock copolymer, f , since this
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curves are fits to eq. (21).

Table 2. Position of the lamellar/cylinder phase boundary,
free energy of the phases, and domain size of each phase cal-
culated with SCFT.

χN fL/C F/nkBT RL/aN1/2 RC/aN1/2

1000 0.31296 14.508 1.745 1.941

2000 0.31088 17.755 1.961 2.175

4000 0.30907 21.745 2.202 2.436

8000 0.30746 26.675 2.471 2.729

16000 0.30607 32.793 2.773 3.056

64000 0.30395 49.918 3.490 3.839

512000 0.30162 95.398 4.927 5.404

controls the relative curvature, c, of the grafting surface.
Therefore, we evaluate the coefficients at two neighboring
points near each transition, so that we can make a linear
approximate for their f dependence.

Now that we have reasonably accurate coefficients for
the finite-stretching corrections to SST in eq. (21), we can
perform a more reliable comparison with SCFT. To make
it as conclusive as possible, we have extended the SCFT
calculations in ref. [12] by more than two orders of mag-
nitude in χN . The new points along the L/C and C/S
phase boundaries are listed in tables 2 and 3, respectively.

Table 3. Analogous result to those of table 2 for the cylin-
der/sphere phase boundary.

χN fC/S F/nkBT RC/aN1/2 RS/aN1/2

1000 0.11766 12.670 1.478 1.548

2000 0.11553 15.331 1.656 1.729

4000 0.11382 18.572 1.854 1.931

8000 0.11240 22.551 2.075 2.159

16000 0.11138 27.459 2.324 2.414

64000 0.11007 41.142 2.920 3.029

512000 0.10953 77.368 4.116 4.270

Table 4. Position of the lamellar/cylinder phase boundary,
free energy of the phases, and domain size of each phase cal-
culated from the finite-segregation corrections to SST.

χN fL/C F/nkBT RL/aN1/2 RC/aN1/2

8000 0.30782 26.698 2.469 2.726

16000 0.30627 32.812 2.771 3.055

64000 0.30393 49.932 3.489 3.836

512000 0.30172 95.420 4.926 5.402

Table 5. Analogous results to those of table 4 for the cylin-
der/sphere phase boundary.

χN fC/S F/nkBT RC/aN1/2 RS/aN1/2

8000 0.11209 22.561 2.069 2.147

16000 0.11133 27.479 2.321 2.408

64000 0.11024 41.170 2.918 3.026

512000 0.10960 77.398 4.114 4.269

Note that there is some numerical uncertainty in the final
digits for the higher segregations. Analogous results from
the finite-segregation corrections to SST are listed in ta-
bles 4 and 5. These quantities also contain some numerical
inaccuracy, originating from the fits used to obtain the co-
efficients in table 1, but we still expect them to have four
digits of accuracy.

Figure 8 compares the SCFT boundaries with the
finite-segregation corrections evaluated with (solid curves)
and without (dashed curves) the k3 coefficient in or-
der to gauge the importance of the higher-order term

in eq. (21). Evidently, the L
−4/3
ν term becomes relevant

when χN � 106 and is thus necessary to obtain convinc-
ing agreement with our SCFT results. Even with it, the
finite-segregation corrections to SST are only accurate for
χN � 104. Although the range of the SST corrections
is surprisingly limited, there is every indication that they
are nevertheless correct. In particular, the agreement with
SCFT extends to all the quantities that we have examined,
including the absolute free energies and domain sizes listed
in tables 2–5.
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4 Discussion

The uncertainty of whether or not SST [7] and the cor-
rections to it [11] represent the proper asymptotic limit of
SCFT arises due to the absence of a unique and well-
defined prescription of expanding SCFT. This is illus-
trated by an earlier attempt [22] to approximate SCFT
in which the proximal-layer contribution was overlooked.
Similarly, it was conceivable that Likhtman and Semenov
may have also overlooked some other important correc-
tion. Even though the SCFT calculations in ref. [13] con-
firmed the validity of the Likhtman-Semenov expansion
for the flat brushes of the L phase, there still remained
the distinct possibility that a contribution specific to the
curved brushes of the C and S phases might be missing.

Although the comparisons of the phase boundaries in
fig. 8 provide compelling evidence that SCFT does con-
verge to the strong-segregation treatment of Likhtman
and Semenov, this on its own is not a sufficiently robust
test. In particular, it does not confirm the logarithmic cor-
rections. Those in the entropic stretching energy, eq. (21),
are the same for all brushes, and thus they exactly cancel
out when calculating free-energy differences. The logarith-
mic term in the interfacial tension, eq. (22), also has virtu-
ally no effect, because σ ≡ A/V is approximately the same
for coexisting phases. This follows from the fact that in the
SST limit, the interfacial energy, Fint = γA, remains fixed
at one-third of the total free energy. The first term to actu-

ally affect the phase boundaries is the constant, k1, which
leads to the (χN)−1/3 dependence in the large-χN limit.

Nevertheless, our evidence that SCFT converges to the
Likhtman-Semenov corrections [11] and thus to SST [7]
is actually based on a wide range of comparisons. These
include figs. 2 to 6, which test the convergence of g(z0)
and w(z). Another particularly convincing test is that the
free-energy differences, ∆F ν

el, plotted in fig. 7 remain finite
as Lν diverges, and they appear to converge to the values
of k1 anticipated from the translational entropy of the
end segments and the proximal layer. Also the values of
Γ obtained for the coronae from the numerical SST and
from fitting the SCFT to eq. (21) are consistent to within
one part in 104, which corresponds to the level of our
numerical accuracy. Furthermore the SST predictions in
tables 4 and 5 correspond well with the SCFT calculations
of the absolute free energies and domain sizes listed in
tables 2 and 3 at the highest segregations. It is difficult
to imagine any omission in the SST that could escape
detection from this range of tests.

It is somewhat surprising how large χN must be be-
fore the finite-segregation corrections of Likhtman and
Semenov [11] become accurate. At our highest segrega-
tion of χN = 512000, the domains are extremely pure
and the width of the A/B interfacial region, wI/aN1/2 ≈
2/(6χN)1/2 ≈ 10−3, is just 0.02% of the domain size,
R/aN1/2. Nevertheless, the interfacial tension is actu-
ally relatively weak, and consequently, the relative chain

stretching, Lν/aN
1/2
ν , remains rather modest (i.e., rang-

ing from 2 to 6) with the coronae being considerably less
stretched than the cores. Naturally, the accuracy of the
SST will be limited by those brushes for which the stretch-
ing is weakest, and the expansion in eq. (21) becomes inac-

curate when Lν/aN
1/2
ν � 1. Thus, we could have expected

the strong-segregation expansion to become inaccurate for
χN � 104.

Even though the accuracy of SST requires exception-
ally high degrees of segregation, this does not detract
from the significance of the intuitive explanations pro-
vided by its analytical predictions. It has already been
demonstrated [23] that its qualitative explanations for
block copolymer phase behavior, based on the competi-
tion between the entropic stretching energy and interfa-
cial tension, remain valid down to intermediate segrega-
tions of χN � 15. Likewise, the corrections to SST, such
as the translational entropy of the chain ends [18] and the
junction points [24], are qualitatively correct at such seg-
regations. Without question, SST still stands as one of the
most important assets to our theoretical understanding of
block copolymer phase behavior.

5 Summary

This study has examined the convergence of the self-
consistent field theory (SCFT) of Helfand [1] to the strong-
segregation theory (SST) of Semenov [7] for the classi-
cal phase boundaries of a diblock copolymer melt, within
the standard unit-cell approximation. By solving the SST
numerically, we were able to account for the effect of
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the exclusion zones in the coronae of the cylindrical and
spherical phases, and thereby determine the phase bound-
aries, fL/C = 0.2990 and fC/S = 0.1111, in the infinite-
segregation limit. Notably, the exclusion zones begin to
have a significant effect at asymmetric compositions char-
acteristic of the C/S boundary. We then performed ac-
curate SCFT calculations on highly stretched brushes,
confirming that the self-consistent fields, w(z), and end-
segment distributions, g(z0), converge to the predictions
of SST. From these calculations, we then confirmed that
the dependence of free energy on brush thickness is con-
sistent with the finite-stretching corrections of Likhtman
and Semenov [11], and we extracted the coefficients of
their expansion. These were then used to extend the SST
predictions for the L/C and C/S phase boundaries to fi-
nite degrees of segregation. Lastly, we performed SCFT
calculations for the complete diblock copolymer up to seg-
regations of χN = 512000, which were in full agreement
with the SST corrections.

Not only does this confirm the corrections introduced
by Likhtman and Semenov, it also provides the first con-
clusive evidence that the original SST of Semenov rep-
resents the proper asymptotic limit of SCFT. Admit-

tedly, the Likhtman-Semenov corrections (to order L
−2/3
ν )

remain inaccurate until the segregation is exceptionally
strong (e.g., χN � 106), which is why past attempts
to establish the convergence of SST to SCFT have been
unsuccessful. Nevertheless, this does not alter the fact
that the intuitive explanations derived from SST remain
valid well into the intermediate-segregation regime (e.g.,
χN � 15). Given the current study, we can now safely say
that there is no important physics missing from our cur-
rent SST-based understanding of ordered block copolymer
morphologies.

We are grateful to Alexei Likhtman, Cyrill Muratov and Sasha
Semenov for helpful discussions. This work was supported by
the EPSRC (EP/G026203/1).
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