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’ INTRODUCTION

Researchers are now making significant progress in pattern-
ing surfaces by attaching films composed of immiscible poly-
mers. This generally involves either brushes of two different
homopolymers1�6 or of diblock copolymers.7�11 In both cases,
the general incompatibility of the two chemical components
causes the films to develop surface patterns, typically involving
arrays of either dots, holes, or stripes. An important advantage of
tethering the chains to the surface is that it produces robust films
capable of withstanding significant external influences, thus
opening up the opportunity for environmentally responsive
patterns.12�14 The initial experiments focused on coating planar
surfaces, but there is now a growing interest in patterning
spherical particles with either mixed brushes15�20 or block
copolymer brushes.21

There already exists a considerable number of calculations22�27

and simulations28�33 for planar surfaces to guide the experimental
activity. Of the different theoretical approaches, self-consistent
field theory (SCFT)34,35 is particularly useful because it is a full
microscopic mean-field theory which can be implemented very
efficiently for flat films. Unfortunately, its extension to spherical
particles becomes computationally demanding because of the loss
in periodic symmetry. As a result, many SCFT studies have
restricted their attention to special low-dimensional cases, such
as uniform phases where the morphology has no angular depen-
dence36 or by simply ignoring the radial dependence of the
problem.37�39 The first full 3D SCFT calculation was performed
byRoan40,41 for mixed brushes, but his numerical algorithmwas so
computationally demanding that it would generally require days of
CPU time to obtain a single self-consistent solution. Very recently,
Vorselaars et al.42 devised a far more efficient algorithmwhich they
applied to diblock-copolymer brushes. Their method reduces the
computational cost by about 2 orders of magnitude, allowing
solutions to be obtained in less than an hour. Even though this
represents a huge improvement, it still remains a demanding task
to map out equilibrium phase diagrams. Furthermore, such times

are only achievable for small particles, where the radius of the core,
Rc, is of similar size to the thickness of the polymer film, L. Because
the CPU time scales asLRc

3 ln(Rc), the calculation quickly become
unmanageable for large particles.43

Here we sacrifice some of the accuracy of a full SCFT
calculation in order to significantly reduce the computational
cost. For this, we turn to the unit-cell approximation (UCA)
introduced by Helfand and Wasserman over 30 years ago to
study the spherical44 and cylindrical45 phases of bulk diblock-
copolymer melts. It is now a well tried and tested approximation
routinely used for bulk systems.46�49 The same opportunity
exists for the dot and hole morphologies commonly observed in
structured films. Using it, we investigate the system illustrated in
Figure 1 involving diblock�copolymer brushes grafted to a
spherical core.

’THEORETICAL METHOD

Our study considers the exact same system examined pre-
viously by Vorselaars et al.,42 where AB diblock copolymers are
grafted by their B ends to a spherical core of radius Rc, forming a
thin polymer melt of uniform thickness L (see Figure 1). The
spatial dimensions are all measured in terms of the natural end-to-
end length of the diblock chains, aN1/2, where a is the statistical
segment length and N is the number of segments per chain, of
which a fraction f forms the A block. The incompatibility of the A
and B segments, controlled by the usual Flory�Huggins χ
parameter, creates an interfacial tension between A- and B-rich
domains. Our assumption that the polymer film has a uniform
thickness (i.e., a spherical air surface) requires the A/B interfacial
tension to remain small relative to the surface tension with the air.
It would be straightforward to include surface affinities at the
inner and outer edges of the film,27 but we assume both the core

Received: February 18, 2011
Revised: March 28, 2011

ABSTRACT: This paper examines the equilibrium phase behavior of thin diblock-
copolymer films tethered to a spherical core, using numerical self-consistent field theory
(SCFT). The computational cost of the calculation is greatly reduced by implementing
the unit-cell approximation (UCA) routinely used in the study of bulk systems. This
provides a tremendous reduction in computational time, permitting us to map out the
phase behavior more extensively and allowing us to consider far larger particles. The main consequence of the UCA is that it omits
packing frustration, but evidently the effect is minor for large particles. On the other hand, when the particles are small, the UCA
calculation can be readily followed up with the full SCFT, the comparison to which conveniently allows one to quantitatively assess
the effect of packing frustration.



3650 dx.doi.org/10.1021/ma2003745 |Macromolecules 2011, 44, 3649–3655

Macromolecules ARTICLE

and the air are neutral with respect to the A and B components, so
as to maintain a more manageable parameter space.

The calculation for a flat substrate (Rc f ¥)27 predicts a
simple uniform phase plus three phases with lateral structure,
where the A-rich domains form a hexagonal array of dots, a series
of stripes, or a layer with a hexagonal array of holes. For spherical
substrates,42 the structured phases can still be classified as dot,
stripe, and hole morphologies. However, on account of the finite
surface area, A = 4π(Rc þ L)2, each of the morphologies
undergoes discontinuous phase transitions as the number and
thus size of the dots, stripes, or holes varies. We label the different
dot (or hole) phases by an integer, n, specifying the total number
of dots (or holes), and for the stripe phases, we use a set of two
integers, m:n, where m and n denote the number of distinct A-
and B-rich surface domains, respectively. Figure 2 shows the
morphologies for the 12-dot, 4:3-stripe, and 10-hole phases,
calculated using the full SCFT.42

Figure 2 also demonstrates how the unit-cell approximation
(UCA) is applied in order to speed up the SCFT calculation.
Analogous to the application for bulk morphologies,44�49 we
assume that each dot (or hole) of the n-dot (or n-hole) phase

occupies a circular unit cell spanning a solid angle of 4π/n. Not
only does this reduce the volume over which the calculation is
performed by a factor of n, it also introduces a rotational
symmetry thus transforming the problem to a 2D calculation.
Furthermore, we limit our attention to stripe phases with
rotational symmetry (like the one shown in Figure 2) so that
they are also 2D calculations. Form:n-stripe phases withm = n(
1, the morphology is symmetric about the equator and so in these
cases it is sufficient to perform the calculation over one
hemisphere.

The SCFT for this system has already been well described,27,42

and so we will just outline our numerical algorithm, which can be
divided into two parts. The first part calculates the segment
concentrations for given fields, which requires us to solve a
modified diffusion equation for partial partition functions with
Neumann boundary conditions along all surfaces of the unit cell.
This is done using the Crank-Nicolson algorithm on a real-space
mesh in spherical-polar coordinates, (r,θ,j). The radial coordi-
nate spans the range Rce re Rcþ L, while the polar coordinate
varies over 0e θe θmax, where cos (θmax) = 1� 2/n for dots or
holes and θmax = π/2 or π for stripes. The azimuthal angle, j,
simply drops out of the problem because of the rotational
symmetry. Our implementation follows a previous SCFT calcu-
lation by Kim and Matsen,50 except that we replace the usual
finite-difference approximation for the radial part of the Lapla-
cian by a finite-volume approximation,42,49 which improves the
conservation of polymer. Because the resulting algorithm is so
fast, we can afford to use an exceptionally fine mesh (e.g., a grid
spacing of 0.01aN1/2 in the spatial dimensions and 500 points
along the chain contour) to absolutely ensure that the numerical
inaccuracy is irrelevant. The second part of the SCFT calculation
adjusts the fields so as to satisfy self-consistency. This is done
iteratively with the Anderson-mixing algorithm as implemented
by Matsen,51 which converges so rapidly that we can afford to
enforce an extra-stringent error tolerance for the self-consistent
field conditions.

’RESULTS

Even with our assumptions of neutral air and core surfaces
and of uniform film thickness, the behavior of the brush is
still controlled by four quantities: L/aN1/2, Rc/aN

1/2, χN, and
f. For this study, we only vary the latter three with the film

Figure 1. Chemically patterned nanoparticle formed by grafting a thin
film of AB diblock copolymer to a spherical core.

Figure 2. 12-dot, 4:3-stripe and 10-hole phases calculated with the full
3D SCFT (left), and the unit cells used in the present SCFT calculation
(right). The A-rich domains are colored red, the B-rich domains are light
blue, and the core is dark blue. A/B interfaces are defined by the locus of
points where the A- and B-segment concentrations are equal.

Figure 3. Phase diagram for diblock-copolymer brushes grafted to a flat
substrate (Rc = ¥), calculated with (solid curve) and without (dashed
curves) the UCA. The dot denotes a mean-field critical point.
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thickness fixed at L/aN1/2 = 0.5. We begin by plotting a phase
diagram in Figure 3 for the limit of a flat substrate (Rc f ¥),
where the unit cells of the dot and hole phases are approximated
by circular cylinders. Because the substrate has an infinite
surface area, there is no constraint on the size of the unit cells
and therefore they are adjusted so as to minimize the free
energy. We also plot the phase boundaries from the full SCFT
calculation with the proper hexagonal unit cells (dashed
curves),27 which allows us to test the validity of the UCA. As
we can clearly see, very little accuracy is sacrificed by implement-
ing the UCA in the large-Rc limit.

We now turn our attention to curved substrates and plot the
phase boundaries as a function of f and Rc

�1 at fixed χN = 25 in
Figure 4. The phase diagram still contains the same four types of
morphology (i.e., uniform, dot, stripe, and hole phases) sepa-
rated by the solid curves. The general shift of the phase
boundaries toward larger composition f with decreasing particle
size, Rc, is largely attributed to the fact that the area of polymer
film expands as 4π(Rcþ z)2 with increasing distance, z, from the
grafting surface. Following this rational, Vorselaars et al.42 sug-
gested that the morphology of a flat brush with composition, f,
would approximately map onto that of a spherical brush with an
effective composition

feff ¼ 4π
VAcell

Z
cell
φflat
A ðrÞðRc þ zÞ2 dr ð1Þ

where the A-segment concentration in the flat brush, φA
flat(r), is

integrated over one unit cell of area Acell. The quantity V = 4π((Rc
þ L)3� Rc

3)/3 is the total volume of polymer.With thismapping,
one can transform the phase boundaries of the flat-brush system to
those of the spherical-brush system. Although the two phases at
the boundary give slightly different values of feff, the difference is
small and so we just take the average value. The resulting
boundaries, obtained from our UCA for φA

flat(r), are shown with
dotted curves in Figure 4. The mapping does capture the correct
trend, but becomes increasingly inaccurate for small particles.

Unlike for the infinite flat brush, the air surface of a spherical
brush has a finite area, A = 4π(Rc þ L)2, and thus any change

in the number of surface domains results in a discontinuous phase
transition. The spacing between these transitions (dashed curves
in Figure 4) become very narrow for large particles, and therefore
they are only plotted for small Rc. The phase diagram in Figure 4
extends down to a radius of Rc = aN1/2, which is the core size

Figure 4. Phase diagram for a fixed segregation of χN = 25. Solid curves
represent the boundaries between the fourmorphology classes: uniform,
dots, stripes and holes. At large Rc, these boundaries are compared to the
dotted curves obtained from eq 1. The arrows at the top denote the
boundaries calculated by Vorselaars et al.42 for Rc = aN1/2 without
the UCA. For small Rc, transitions in the number of surface domains are
plotted with dashed curves.

Figure 5. Phase diagram for diblock copolymers grafted to a spherical
core of radius Rc = aN

1/2. The n-dot,m:n-stripe, and n-hole morphology
types are separated by solid curves, while the transitions in m and n are
marked by dashed curves. The dotted curve denotes a discontinuous
transition where A-rich domains jump into contact with the substrate.

Figure 6. Preferred domain size,D = dAþ dB, of the dot and hole phases
calculated as a function of f at χN = 40 for (a) flat and (b) spherical
substrates. The widths of the A- and B-rich domains, dA and dB, are
shown with dashed and dashed�dotted curves, respectively.
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examined byVorselaars et al.42 using the full SCFT. By comparing
our boundaries between the four morphology types with
theirs (shown with arrows at the top of the diagram), we can
see that the UCA has become less accurate for small particles.
Nevertheless, it still remains a reasonable approximation.

Figure 5 shows one further phase diagram analogous to that of
Figure 3, but for a nanoparticle of Rc = aN1/2 rather than a flat
substrate. The phase boundaries separating the uniform, dot,
stripe, and hole morphologies (solid curves) are shifted toward
larger f relative to those of the flat brush, in accordance with the
trends observed in Figure 3 and rationalized by eq 1. Another
difference is that the four morphology types no longer all meet at
a critical point, which was marked by a solid dot in Figure 2; the
reason for this will be explained in the Discussion. Again, the
finite area of the spherical film leads to additional transitions
(dashed curves), whenever a morphology undergoes a change in
the number of its surface domains.

The natural tendency for domains to grow in size as the tension
of the A/B interface increases implies that the n-dot, m:n-stripe,
and n-hole phases should be ordered such that the number of
domains (i.e.,m and n) decreases with increasing χN; this is clearly
the case. Vorselaars et al.42 also argued that the number of
domains should decrease with increasing f, based on the fact that
the calculations for flat substrates27 found that domain size
increases with f. This implies that the dashed boundaries should
have a negative slope, which is true apart from a portion of the hole
region next to the stripe phase. As a result, the number of holes can
increase and then decrease as one scans across f at constant χN.

To explain this nonmonotonic change in the number of holes,
Figure 6 examines how the preferred domain size is affected by
the diblock composition, f. We consider both the dot and hole
phases, for which the domain size is defined on the outer air
surface byD = 2(Rcþ L)θmax. (The stripe phase is omitted from
our consideration because the free energy of an individual stripe
located at θmin e θ e θmax depends not only on its width, D =
(Rc þ L)(θmax�θmin), but also on its angular position, (θmax þ
θmin)/2, on the sphere.) To access the preferred size of the dots
and holes, we simply remove the constraint cos (θmax) = 1� 2/n,
and instead determine the preferred value of θmax by minimizing
the free energy per chain. As observed earlier for flat substrates,27

D generally increases with f, but for the spherical substrate
(Figure 6b) there is also a substantial interval of the hole phase
where D decreases slightly.

To gain further insight, we separate the domain size of the dots
and holes intoD = dAþ dB, where dA and dB are the widths of the
A- and B-rich regions, respectively (see Figure 6). As one would
expect, dA increases as the A block becomes longer and dB
decreases as the B block becomes shorter. However, the
f-dependence of D depends crucially on which of dA and dB
changes more rapidly. While dA typically increases faster than dB
decreases producing a positive gradient in D, there are some
exceptions.

One may notice that there is a small discontinuity in the
domain spacing of the dot phase at f = 0.256 in Figure 6b. It is the
result of a first-order phase transition involving a sudden change
in the A/B interface, illustrated by Figure 7. As the size of
the A-rich region grows, it eventually becomes advantageous for
the dot to jump into contact with the spherical substrate so as to
reduce the amount of A/B interface. The greater the A/B
interfacial tension, the stronger the tendency for the dot to make
contact with the substrate. Consequently the discontinuous
transition, which is plotted in Figure 5 with a dotted curve, shifts
toward smaller f with increasing χN. Because a stripe phase
involves a dot at one or both of its poles, this transition also
extends across the stripe region. Note that none of the actual
stripes ever contact the substrate for the parameter values
considered in this study.

’DISCUSSION

As mentioned in the Results, the general shift of the laterally
structured phases toward larger f, for spherical substrates
(Figure 5) relative to the flat substrate (Figure 3), can be
attributed to the fact that the lateral area of a spherical film
increases toward the air surface, where the A-rich domains reside.
It is also straightforward to explain the narrowing of the stripe
region in Figure 5 with increasing χN. On a flat surface, the dot-
to-stripe transition occurs as soon as it becomes energetically
favorable to form stripes instead of dots. However, on a spherical
surface, the stripe phase involves one or two polar dots, which
dilutes the energetic advantage of switching to stripes. This is
further exacerbated at high χN, because the larger domain size
reduces the number of stripes, thus increasing the relative effect
of the polar dots.

Another, more subtle, difference is the disappearance of the
critical point. The stripe and hexagonal symmetries of the flat film
converge to a critical point (denoted by a dot in Figure 3) in the
exact same way as the lamellar, hexagonal, and bcc symmetries do
in bulk systems.47,52�55 (The critical point can be calculated with
a single-harmonic Landau expansion analogous to that of Leibler
for bulk melts,56 but about the uniform phase instead of a
homogeneous disordered phase.) However, the critical point
vanishes for spherical substrates, because of the finite surface area
and the loss of translational symmetry. For instance, A-rich
stripes near the equator differ somewhat from those near the
poles. Although the UCA removes this spatial variation from the
dot and hole phases, the finite area still prevents the domains
from acquiring their preferred size and this is also enough to
destroy the critical point. Nevertheless, the point where the dot,
hole, and uniform phases meet is nearly a critical transition, and
thus we can still expect the dots and holes to be of similar size
there;27 indeed, we find that n = 14 for both phases.

Figures 3 and 4 demonstrate the small quantitative inaccura-
cies of the UCA. It is also informative and not too difficult to
understand the general qualitative effect on the SCFT

Figure 7. Evolution of the dot morphology as the diblock composition,
f, changes at fixed segregation, χN = 40, highlighting the discontinuous
transition that occurs at f = 0.256.
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predictions. In the case of the flat substrate, approximating the
hexagonal unit cells of the dot and hole phases by circular cells
relieves their packing frustration,59,60 and thus lowers their free
energy. This is why the dot and hole regions in Figure 3 are
slightly larger for theUCA calculation (solid curves) as compared
to the full SCFT calculation (dashed curves). This effect also
carries over to the spherical brushes as illustrated in Figure 8,
where we compare our UCA calculations to the full calculation of
Vorselaars et al.42 for a spherical substrate of radius Rc = aN1/2.

The packing frustration, whereby the finite surface area forces
domains to deviate from their preferred size, has an interesting
effect on the stripe morphology that our 2D calculation fails to
capture. The transition from the 4:3- to the 3:3-stripe phase
causes the stripes to expand well beyond their preferred width. In
the full 3D calculation, the 3:3-stripe phase is able to reduce the
width of its stripes by deforming its polar dot and hole from
circles to oblong shapes, which breaks the rotational symmetry.
The resulting decrease in free energy shifts its phase boundary
with the 4:3-stripe phase toward smaller f, as illustrated in
Figure 8. An alternative way of modifying the width of the A-rich

domains is to form a spiral phase, but we suspect that this only
becomes favorable for larger Rc.

38,42

Packing frustration can also be used to explain the variations in
the boundaries separating the different n-dot (or n-hole) phases.
In the full SCFT calculation, the Voronoi cells of the n dots (or
holes) will have a range of shapes and sizes, whereas they would
prefer circular cells of the same size, as assumed in the UCA.
Naturally, the level of packing frustration will be highly depen-
dent on n. The 12-dot phase has a very low degree of packing
frustration, because all 12 of its Voronoi cells are identical. In
general though, the n cells of a n-dot phase are forced to adopt a
range of sizes and shapes in order to fill space, which leads to a
higher level of packing frustration. This explains the large 12-dot
region and the omission of a 13-dot phase predicted by the full
SCFT calculation in Figure 8. In the absence of packing frustra-
tion, the UCA predicts similar sized regions for each of the n-dot
phases. By understanding this, we can deduce, for example, that
the 10-hole phase has more packing frustration than the 9-hole
phase given that the 10-hole region expands when the UCA is
applied.

Chantawansri et al.38 have attempted to incorporate some of
the packing frustration back into the UCA for the dot phase, by
accounting for the fact that the different dots have different
numbers of neighbors. To do this, they assumed that the number
of dots with i neighbors, ni, for a given n = ∑ini is the same as that
of the classic Thomson problem, where electrons are placed on a
sphere so as to minimize the electrostatic energy. They still used
circular cells, but with different areas. In particular, they assumed
that the area of a cell is proportional to its number of neighbors.
Figure 8 compares this multicell approximation (MCA) to our
UCA and the full SCFT. While the MCA does correctly predict a
large 12-dot region that wipes out the 13-dot phase, it fails to
improve other aspects of the phase diagram, such as the missing
9-hole phase, and it makes some things worse, such as the
boundary between the 14- and 15-dot phases. This is not entirely
surprising; there is no reason that the cell size should depend
solely on the number of neighbors, especially in a linear way.
Therefore, we favor our simpler UCA, where each dot (or hole)
is allocated an equal area.

The main advantage of the UCA is the resulting increase in
computational speed compared to the full SCFT calculation by
Vorselaars et al.42 Even though we typically use 4 times their
spatial resolution and 2.5 times the number of grid points along
the chain contour, our algorithm takes around 0.2 s (using a
single core of a 2.6 GHz Intel processor) to perform one
Anderson-mixing iteration of the field equations as compared
to 8 s for the full SCFT. More importantly, our calculation
remains fast as the particle size increases. The time required to
solve for the dot and hole phases is, in fact, unaffected by the
particle size. The computational cost of the stripe phase does
admittedly increase linearly with circumference and thus scales as
Rc, but nevertheless, this is far better than the Rc

3 ln(Rc) scaling of
the full SCFT calculation.43

Without the UCA and the assumption of rotational symmetry,
phase diagrams like that of Figure 5 would represent a huge
computational task, and this is just for neutral surfaces with one
combination of L and Rc. Actual experiments will involve many
additional parameters. It has already been shown that an affinity
of the air surface for one of the polymer components has a sizable
influence on the phase boundaries.11,27 Likewise, the surface
affinity of the substrate will affect the phase transition shown in
Figure 7 and plotted in Figure 5 (dotted curve). Furthermore, if

Figure 8. Comparison of our UCApredictions for the phase boundaries
with those from theMCA proposed by Chantawansri et al.38 and the full
SCFT calculation by Vorselaars et al.42 for diblock copolymers of χN =
25 grafted to a core of radius Rc = aN1/2.
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we relax the assumption of a spherical air surface and allow its
topography to adjust57 under a finite polymer/air surface tension,
this will add yet another parameter. Fortunately the UCA with
2D symmetry makes it feasible to explore large parameter spaces.

One could be concerned that the UCA might be very
restrictive. However, experience has proven that the UCA is
widely applicable among bulk systems thanks to the fact that the
lamellar, cylindrical, and spherical morphologies remain the
dominant phases for virtually all two-component block copoly-
mer systems.52�55 Only when the block copolymers acquire a
third chemically distinct component does the phase diagram
become populated with morphologies that are too complex for
the UCA.58 We can expect a similar degree of applicability for
block copolymer films, and in particular it could equally well be
used for binary mixed brushes.

As pointed out by Vorselaars et al.,42 however, the SCFT is
only applicable to particles with a sufficient number of grafted
chains (i.e., more than 103).42 Contrary to the predictions of
mean-field theory, finite systems do not exhibit true phase
transitions. Nevertheless, there will still be sharp crossovers
between morphologies provided that the difference in their free
energies, relative to kBT, varies rapidly with respect to changes in
the system parameters (e.g., f and χN). The more molecules that
are involved, the sharper will be the crossovers between
morphologies.

’SUMMARY

In this study, self-consistent field theory (SCFT) was used
to model a melt brush of diblock copolymers grafted to a
spherical core (see Figure 1). The equilibrium phase behavior
was investigated as a function of the diblock composition, f, the
diblock segregation, χN, and the radius of the core, Rc, at a fixed
brush thickness of L = 0.5aN1/2 assuming the air and core
surfaces are neutral. This is the same system examined earlier
for a flat substrate (Rc = ¥) by Matsen and Griffiths27 and for a
spherical substrate (Rc = aN1/2) by Vorselaars et al.42 Our new
study, however, implements a unit-cell approximation (UCA) for
the dot and hole phases and is limited to stripe phases with
rotational symmetry (see Figure 2). This increases the speed of
the calculation by orders of magnitude over that of the full SCFT
calculation developed by Vorselaars et al., particularly for larger
particles.

Although some accuracy is lost with the UCA, our SCFT
calculation allows one to map out phase behavior over large
parameter spaces while still retaining the detail of a microscopic
theory. Most of the behavior, such as the general trend in the
phase boundaries, the size of the domains, and the discontinuous
transitions where the end-block domains jump into contact with
the substrate, is adequately captured by the UCA. The only real
shortcoming of the UCA is that it omits the effects of packing
frustration, which become important for small particles. How-
ever, in this limit, there is always the option of following up the
UCA calculation by a full SCFT calculation. In fact, by comparing
the two calculations, one gains a quantitative understanding of
the packing frustration effects, which is not possible from either
calculation on its own.

We anticipate that our SCFT algorithm will provide a useful
tool for the future development of patterned nanoparticles. It can
be readily adapted to a wide range of systems, including the
mixed brushes that are currently receiving considerable experi-
mental attention.15�20With its computational speed, researchers

will be able to scan their large parameter spaces to anticipate
effects of, for example, varying particle size, changing the surface
affinities or adding solvents, in order to guide their experimental
studies.
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