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An efficient numerical self-consistent field theory (SCFT) algorithm is developed for treating structured
polymers on spherical surfaces. The method solves the diffusion equations of SCFT with a pseudospectral approach that combines a spherical-harmonics expansion for the angular coordinates with
a modified real-space Crank–Nicolson method for the radial direction. The self-consistent field
equations are solved with Anderson-mixing iterations using dynamical parameters and an alignment
procedure to prevent angular drift of the solution. A demonstration of the algorithm is provided for
thin films of diblock copolymer grafted to the surface of a spherical core, in which the sequence of
equilibrium morphologies is predicted as a function of diblock composition. The study reveals an array
of interesting behaviors as the block copolymer pattern is forced to adapt to the finite surface area of
the sphere.

1. Introduction
The self-assembly of thin diblock-copolymer films has received
considerable attention over the last 20 years as an efficient means
of patterning surfaces on the nanometre scale for such applications as the construction of high-capacity data storage devices,
waveguides, quantum dot arrays, dielectric mirrors, nanoporous
membranes, and nanowires.1 More recently, researchers have
begun exploring the advantages of grafting polymers to
a substrate, either as end-tethered diblocks2–4 or as binary
mixtures of chemically distinct homopolymers.5–8 Among the
advantages is that grafted films are more robust and able to
survive harsher conditions, making it possible to design
responsive films where the morphology adapts to changes in the
environment.9 These films can also be grafted to spherical
nanoparticles,10 creating colloids with environmentally-responsive surface patterns. So far, these attempts have focused on
binary brushes,11–16 but efforts are now underway to graft
particles with diblock copolymers as depicted in Fig. 1.17
A solid theoretical understanding of these grafted films will be
essential if we are to take full advantage of their potential
applications. A straightforward approach to modeling their
behavior is to perform molecular dynamics18 or Monte Carlo19
simulations, but the computational demands limit such studies to
either short chains or low grafting densities. A far cheaper
a
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approach is to use simple phenomenological models based on
Landau–Ginzburg free energy functionals,20,21 but unfortunately
these theories have difficulty in accounting for the microscopic
details of the film. For example, they would struggle to distinguish between a diblock copolymer brush and a mixed binary
brush. An intermediate strategy is to use self-consistent field
theory (SCFT), which is based on a well-established coursegrained microscopic model. There have already been SCFT
calculations22 in one dimension for morphologies with no
angular dependence and in two dimensions for morphologies
with either rotational symmetry23 or without any radial dependence.24–26 The challenge, however, is to perform full 3D calculations. Roan27,28 has managed this, but he reports that his
algorithm is computationally demanding, potentially taking
years of CPU time to generate a self-consistent solution.
Here we devise an efficient SCFT algorithm for studying
structured 3D polymeric films on spherical substrates. Rather
than following the real-space approach of Roan,27,28 we extend
the pseudo-spectral approach29 developed earlier by Chantawansri et al.25 for the special case of 2D morphologies without
any radial (i.e., r) dependence. To solve the diffusion equation in
SCFT, Chantawansri et al. used operator splitting combined
with transforms between a real-space mesh in spherical-polar
coordinates, q ¼ jp/(nq  1) for j ¼ 0,1,., nq  1 and 4 ¼ 2kp/n4

Fig. 1 A melt of diblock copolymers grafted to a spherical core, creating
a chemically-patterned nanoparticle.
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for k ¼ 0,1,., n4  1, where the field part of the operator is
applied, and an expansion in spherical harmonics, Ylm(q,4),
where the Laplacian part of the operator is dealt with. To
incorporate an r dependence requires an additional operation for
the radial part of the Laplacian, for which we develop a modified
Crank–Nicolson method. We also improve the iteration scheme
for adjusting the fields self-consistently by employing Anderson
mixing30 with an adaptive mixing parameter and a varying
number of histories. The convergence is further aided by an
alignment procedure that counters rotational drift in the fields.
We apply the algorithm to a simple system of AB diblock
copolymers grafted to a spherical core by their B ends (Fig. 1).
After establishing the numerical accuracy and computational
efficiency of the algorithm, we investigate the morphologies and
phase transitions produced by varying the composition of the
diblock. Just as for flat brushes,4 the A-rich domains on the outer
surface of the brush evolve from discrete dots to stripes to a layer
with holes and finally to a uniform shell. However, this is
complicated by the requirement that the resulting patterns must
fit within a finite surface area, which produces interesting
behavior in much the same way as when block copolymers are
confined to cylindrical31–35 or spherical36–38 cavities. In our case,
the packing frustration experienced by the dot/hole patterns is
reminiscent of the standard Tammes39,40 and Thomson39,41
problems of positioning disks and charged particles, respectively,
on a sphere.

fA ðrÞ ¼

2.1.

Self-consistent field theory

The SCFT for a diblock-copolymer brush on a flat surface has
been introduced earlier,4 and therefore we simply summarize the
relevant equations. As before, the A and B segments are subjected to fields,
wA(r) ¼ cNfB(r) + x(r)

(1)

wB(r) ¼ cNfA(r) + x(r)

(2)

which are self-consistently related to the dimensionless A- and
B-segment concentrations,
This journal is ª The Royal Society of Chemistry 2011

qðr; sÞqy ðr; sÞds

(3)

qðr; sÞqy ðr; sÞds

(4)

0

fB ðrÞ ¼

ð1
f

respectively. The pressure field, x(r), acts to enforce the incompressibility condition,
fA(r) + fB(r) ¼ 1

(5)

One of the computationally demanding parts of SCFT is the
evaluation of the partial partition functions, q(r,s) and qy(r,s),
required to evaluate the concentrations. The first of these satisfies
the modified diffusion equation,
v
qðr; sÞ ¼
vs




R20 2
V  wk ðrÞ qðr; sÞ
6

(6)

where k ¼ A for s < f and k ¼ B for s > f. The second, qy(r,s),
satisfies the same diffusion equation but with one side multiplied
by 1. Both partition functions are solved subject to homogeneous Neumann boundary conditions44,45 at r ¼ Rc and
r ¼ Rc + L, combined with the initial conditions,8,44,46
q(r,0) ¼ 1


V d r  Rþ
c
y
q ðr; 1Þ ¼
Aqðr; 1Þ

2. Theory and numerical method
This section introduces the self-consistent field theory (SCFT)42–44
and our numerical algorithm for solving it. They are described for
a melt of nc AB diblock-copolymer chains uniformly grafted by
their B ends to a spherical core of radius Rc (Fig. 1). Each diblock
molecule consists of N segments, of which a fraction f forms the A
block, and has a natural end-to-end length of
R0 ¼ aN1/2. The incompatibility of the A and B segments is
controlled by the usual Flory–Huggins c parameter. For
simplicity, we assume that the polymer/air surface tensions, gA/air
and gB/air, are sufficiently large (relative to the A/B interfacial
tension, gA/B) that the copolymer film forms a shell of uniform
thickness L. Furthermore, the outer air surface is assumed to be
neutral (i.e., gA/air ¼ gB/air), although it would be straightforward
to include a surface affinity.4 Similarly, the core is also taken to be
neutral.

ðf

(7)
(8)

where V ¼ 4p((Rc + L)3  R3c )/3 is the volume occupied by the
brush and A ¼ 4pR2c is the surface area of the core. (eqn (8)
ensures that the grafting density, which is proportional to
q(r,1)qy(r,1), remains uniform.4)
The other computationally demanding part of SCFT is
adjusting the fields to satisfy eqn (1), (2) and (5). Once this is
done, the free energy of the brush, F, is evaluated as
ð
F
1
¼
dðr  Rþ Þln qðr; 1Þdr
n c kB T
A
ð
1
(9)
fcNfA ðrÞfB ðrÞ  wA ðrÞfA ðrÞ
þ
V

 wB ðrÞfB ðrÞ dr
2.2.

Modified diffusion equation

Here we solve the modified diffusion eqn (6) with the pseudospectral method,29,47 used earlier25 for morphologies without any
radial dependence. This method involves switching back and forth
between real-space and spectral representations. In real space,
spatial functions, f(r), are represented on a uniform mesh in
spherical-polar coordinates, r ¼ (r,q,4) ¼ (Rc + iDr,jDq,kD4),
where i, j and k are integers. The mesh spacings are Dr ¼ L/(nr  1),
Dq ¼ p/(nq  1) and D4 ¼ 2p/n4, where nr, nq and n4 are the
number of mesh points in the respective directions. Every mesh
point, (i,j,k), corresponds to a cell of volume, DV, defined by the
intervals, r  Dr/2, q  Dq/2, and 4  D4/2, apart from the cells at
the edge of the mesh.48 (Spatial integrals then become discrete
sums over the mesh points weighted by their respective DV.) The
spectral representation,
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f ðr; q; 4Þ ¼

X

flm ðrÞYlm ðq; 4Þ



qclm ðrÞ  qblm ðrÞ R20 2 qclm ðrÞ þ qblm ðrÞ
z Vr
6
Ds
2

(10)
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l;m

extends over all the real-valued spherical harmonics, Ylm(q,4),49
up to l  lmax ¼ nq  1. The transformation between these two
representations is carried out with the SPHEREPACK 3.2
software package.25,50,51
The pseudo-spectral approach begins with the formal solution
of eqn (6),52
  2

R
qðr; s þ DsÞ ¼ exp Ds 0 V2  wk ðrÞ qðr; sÞ
(11)
6
where Ds ¼ 1/(ns  1) is the grid spacing along the chain contour.
(Note that the composition of the diblock, f, is restricted to
integer multiples of Ds.) We then split the operator,53 applying
one part at a time in the sequence,


Ds
qa ðr; q; 4Þhexp  wk ðrÞ qðr; sÞ
2

qblm ðrÞhexp



DsR20 2
Vq4 qalm ðrÞ
12

(12)

(13)

(14)



DsR20 2
Vq4 qclm ðrÞ
qdlm ðrÞhexp
12

(15)



Ds
qðr; s þ DsÞzexp  wk ðrÞ qd ðr; q; 4Þ
2

(16)

(18)

C ½qlm ðrÞ  qlm ðr  DrÞ
with C ¼ DA/(DrDV), which is accurate to second order in
Dr.60 Due to the boundary conditions, the fluxes at the extremities of the brush are zero, which are satisfied by setting C ¼ 0 for
r ¼ Rc and C+ ¼ 0 for r ¼ Rc + L.

2.3.

Some inaccuracy is introduced by the fact that the different
portions of the operator do not commute, but the Strang
procedure54,55 of splitting the operator into five parts, so as to
maintain the invariance under reversal in s, limits the inaccuracy
in q(r,s) to second order in Ds.
In the real-space representation, eqn (12) and (16) correspond
to simple multiplications. Since Ylm(q,4) is an eigenfunction of
the angular-part of the Laplacian operator, in the spectral
representation, we can replace V2q4 by the corresponding eigenvalue, l(l + 1)/r2. With this, eqn (13) and (15) also reduce to
simple multiplications.
For eqn (14) involving the radial part of the Laplacian, V2r , we
use a real-space representation for the r coordinate as opposed to
transforming to spherical Bessel functions. This is largely because
of the delta functions that occur in the fields due to the grafting
(and also surface fields had they been included) are not well represented by spectral expansions.4 Furthermore, the transformations between real space and spherical Bessel functions are
not so straightforward. Admittedly, we could transform V2r to
Cartesian coordinates by expressing the diffusion equation in
terms of q(r,s)/r,56 which allows for a simple sine/cosine expansion,
but this leads to less convenient Robin boundary conditions.
In real space, we can simply implement the (semi-implicit)
Crank–Nicolson approximation,57
5130 | Soft Matter, 2011, 7, 5128–5137

which also maintains the reversal symmetry in s and the secondorder accuracy in Ds. The approximation does, however, lead to
spurious oscillations in qy(r,s) as a result of the discontinuity in its
initial condition, eqn (8),58 but there is no significant affect on
any quantities of interest provided that Ds is sufficiently small
relative to Dr.
For Cartesian coordinates in 1D, the Crank–Nicolson algorithm has
the advantage that it conserves material
Ð
[i.e., V1 (fA(r) + fB(r))dr ¼ 1] to within the floating-point
precision of the calculation,59 but this property is lost for curved
geometries if we represent the Laplacian by simple finite differences. Fortunately, the conservation of material is partially
restored (completely restored when there is no angular dependence) if we evaluate V2r qlm(r) using a finite-volume technique,
where it is viewed as the divergence of a current.54 The divergence
theorem then transforms the integral of V2r qlm(r) over the volume
of each cell, DV, into a flux through the area of its inner and outer
surface elements, DA f (r  Dr/2)2. This leads to the approximation,
V2r qlm ðrÞzCþ ½qlm ðr þ DrÞ  qlm ðrÞ



DsR20 2 b
c
Vr qlm ðrÞ
qlm ðrÞhexp
6

(17)

Iteration scheme

We satisfy the self-consistent field equations iteratively using the
Anderson-mixing method employed by Thompson et al.30 Before
starting, the initial fields, w(0)
k (r), are filtered by transforming to
w(0)
(r)
and
back.
This
is
done because the SPHEREPACK
k,lm
subroutines use a different number of points for the real-space
mesh than functions for the spherical-harmonic expansion, and
thus the transformation is not one-to-one. The iteration procedure is such that the subsequent fields, wk(n)(r), remain in the space
spanned by the spherical harmonics.
The (n + 1)-th iteration begins by calculating the concentra(n)
tions, f(n)
k (r), from the current fields, wk (r), with which we evaluate the new fields,
ðnÞ
~ðnÞ
w
A ¼ cNfB þ

1 ðnÞ
ðnÞ
w þ wB
2 A

(19)

ðnÞ
~ðnÞ
w
B ¼ cNfA þ

1 ðnÞ
ðnÞ
w þ wB
2 A

(20)

Note that the fields are always adjusted by an additive constant
so that their spatial average is zero.44 Next we evaluate the
differences,
(n)
~(n)
Dw(n)
k ¼ w
k  wk

(21)

for k ¼ A and B, from which we define
This journal is ª The Royal Society of Chemistry 2011

1 1X
errn ¼
cN V k

ð

2

DwðnÞ
k ðrÞ

!1=2
dr

(22)
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as a measure of the numerical inaccuracy in the field conditions.
Note that the relative spatial variation in the total polymer
(n)
concentration, f(n)
A (r) + fB (r), will necessarily be of similar
magnitude.
If errn > 106, then we evaluate the improved estimate,61,62
(n)
w(n+1)
¼ W(n)
k
k + lDWk

(23)

where l is a mixing parameter, and
WkðnÞ ¼ wðnÞ
k þ

nh
X



Cm wðnmÞ
 wðnÞ
k
k

DWkðnÞ ¼ DwðnÞ
k þ

b n fðnÞ ðrÞzfðn1Þ ðrÞ
R
k
k

bn ¼ R
b xR
b yR
b zR
b n1
R

(29)

b 0 is set to the identity operator.
where R



Cm DwðnmÞ
 DwðnÞ
k
k

(25)

m¼1

combine a specified
X number, nh, of histories. The weightings are
1
given by Cm ¼
l ðU Þml Vl , where Ulm ¼ dlm + d00  d0l  d0m
and Vl ¼ d00  d0l are evaluated in terms of
ð
1 X
ðrÞDwðnmÞ
ðrÞdr
(26)
DwðnlÞ
dlm ¼
k
k
V k
The earlier implementation by Thompson et al.30 used l z 0.1
and nh ¼ 0 (referred to as simple mixing) until errn dropped below
a threshold of s ¼ 102, and then switched to l ¼ 1 and nh z 4.
Here we devise a more robust procedure, where l, nh and sn are
adjusted dynamically as the iteration proceeds. We still apply
simple mixing until errn  sn and n  4, and then switch to
Anderson mixing, starting with nh ¼ 3 and increasing it after
every iteration up to a maximum of nh ¼ 30.
The mixing parameter starts off at l ¼ 0.2 and is adjusted after
every iteration (for both simple mixing and Anderson mixing)
according to the change in errn and the value of
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d01
errn
¼ cosðaÞ
(27)
g¼
d11
errn1
 1)
(r)
where a is an effective angle between the directions of Dw(n
k
(n)
and Dwk (r). If errn > (1.1errn  1) or g < 0.5, we deem the
iterations to be proceeding poorly and therefore decrease l to
max(0.7l,0.1). If instead g > 0.5, we assume the iterations are
proceeding in the correct direction but too slowly and therefore
increase l to min(1.05l,1). Otherwise, we assume all is well and
keep l fixed.
The threshold at which Anderson mixing cuts in is initially set to
sn ¼ 102. After each simple mixing iteration, sn is increased to
min(1.005sn,0.02) to ensure that Anderson mixing is eventually
enabled. After each Anderson mixing iteration, we set sn to
min(0.995sn,10errn). Occasionally, the error in the next iteration,
errn+1, will exceed sn. If this happens, we decrease sn by the same
factor of 10 and resume with simple mixing until errn drops below sn.

b z , we
To calculate the angle of the first rotation operator, R
b n1 fðnÞ ðrÞ and
compare the spherical-harmonic expansions of R
k

fk(n1)(r). By expressing the expansions49 as
Pn
P ~
f ðrÞ ¼
fl0 ðrÞNl0 Pl0 ðcosðqÞÞ þ
f lm ðrÞ
l

Alignment

Convergence of the self-consistent field equations can be compromised by the fact that the solutions may drift due to their invariance
with respect to additive constants and to arbitrary rotations about the
This journal is ª The Royal Society of Chemistry 2011

m>0

 
o
 Nlm Plm ðcosðqÞÞcos m 4  4zlm ðrÞ

(30)

we obtain a distribution of phase factors, 4zlm(r), about the z axis.
b n1 fðnÞ ðrÞ and f(n1)
The phase differences, D4zlm(r), between R
(r),
k
k
z
are then reduced to a single value, D4 , by averaging over k, r, l
and m. Since terms with larger coefficients should be more reliable, we weight the average by the mean value of f~2lm(r) from the
b n1 fðnÞ ðrÞ and f(n1)
expansions of R
(r). We also disregard all
k
k
angles greater than 0.06+ from the distribution, which prevents
erratic behavior from occurring before the fields have a chance to
settle into a well-defined morphology.
The next rotation angle, D4y , is evaluated in the same way,
b zR
b n1 fðnÞ ðrÞ and f(n1)
except that we first rotate R
(r) by 90 so as
k
k
to reorient their y directions along the z axis. The third angle,
D4x , is obtained in an analogous fashion. All the rotations are
performed using the SHTOOLS 2.5 software package.63

3. Results
This section demonstrates our numerical algorithm on a diblockcopolymer film, with an intermediate segregation of cN ¼ 25 and
a thickness of L ¼ 0.5R0, grafted to a spherical core, with a radius
of Rc ¼ R0. We first illustrate the efficiency of our iteration
scheme for solving the self-consistent fields and then assess the
effect of the finite mesh resolution, Ds, Dr, Dq and D4. Once an
adequate mesh resolution is determined, we predict the sequence
of equilibrium morphologies as a function of diblock composition, f. The study finishes by investigating some of the peculiar
packing effects resulting from the finite surface area of the
particle core.
3.1.

2.4.

(28)

so as to align the concentration with that of the previous iterab n from one iteration to the next is generally
tion. The change in R
very small, and so we update it by applying three successive
rotations about the z, y and x axes,

(24)

m¼1
nh
X

particle center. Setting the spatial average of the fields to zero prevents
drift by additive constants. However, this still allows angular drift,
which is sometimes the main source of difference between the input
and output fields (i.e., Dwk(r)). To cope with this, we modify the field
b ðnÞ
eqn (1) and (2) by substituting f(n)
k (r) by Rn fk ðrÞ, where the rotation
b
operator, Rn , is adjusted at each iteration such that

Iteration scheme

The first step of a SCFT study is to identify solutions for
a comprehensive set of candidate morphologies. Some of ours
have been obtained with the Drolet-Fredrickson approach64 of
starting from random fields, sometimes requiring 10,000 or more
Soft Matter, 2011, 7, 5128–5137 | 5131
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iterations to reach a self-consistent solution. Others were
obtained by, for example, scanning across f in increments of Ds,
using the fields of the previous composition as the initial fields for
the current composition. In this case, convergence is usually
achieved in 40–200 iterations when there is no change in the
symmetry of the morphology, and in 1000–4000 iterations when
the system switches to a new morphology. Although the number
of iterations can be large, the search for candidate morphologies
is usually performed at a low mesh resolution where the cost per
iteration is minimal.
Generally, the time consuming part of a SCFT study is tracing
out the phase boundaries with respect to the system parameters
(i.e., cN, f, Rc and L), which typically has to be done at higher
mesh resolutions. For these calculations, however, one starts
from initial fields corresponding to the correct morphology, for
which Anderson mixing performs admirably. Fig. 2 illustrates
the convergence of the fields at f ¼ 0.31 to an error of 106,
starting from a previous solution obtained at f ¼ 0.30. In this
particular case, convergence is achieved in just 51 iterations. To
compare, simple mixing (i.e., nh ¼ 0) takes 145 iterations when
using an adaptive mixing parameter and 333 iterations for a fixed
l ¼ 0.2.
3.2.

Resolution tests

Here we investigate the quantitative effect the mesh resolution
(i.e., ns, nr, nq and n4) has on our results. So that the maximum
angular separation in 4 approximately matches that in q, we set
n4 ¼ 2(nq  1).25 Our experience also suggests that it is best to
match the angular and radial widths of DV, which for our ratio of
L/Rc is approximately achieved by setting nq ¼ 5nr.
Fig. 3 illustrates
how well the algorithm conserves material by
Ð
plotting |V1 (fA(r) + fB(r))dr  1|. The deviation from perfect
conservation falls rapidly as the spatial mesh becomes finer, but it
is nearly independent of the mesh spacing along the chain
contour, which is why it is only plotted for ns ¼ 201. Our
modified Crank–Nicolson method was devised so as to achieve
this high level of conservation. However, the concentration of
individual segments, f(r,s) ¼ q(r,s)qy(r,s), is not conserved nearly
so well, as illustrated in Fig. 3 for the junction point, s ¼ f.

Fig. 2 Performance of our modified iteration scheme (solid curves) for
solving the fields equations compared to that of simple mixing with (dashdotted curve) and without (dashed curve) an adaptive mixing parameter,
l. The reduction in errn and the variation in l are plotted as a function of
the number of iterations, n.
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Fig. 3 Conservation of polymer material (triangles) and of junction
points (circles) with increasing spatial resolution at a fixed number,
ns ¼ 201, of grid points along the chain contour.

Because of this, the conservation of total material is significantly
degraded if we deviate from the simple trapezoid method for
integrating f(r,s) over s ¼ 0 to 1.59
The rotational drift between subsequent iterations of the fields,
b n , represents a violation of
as specified by the rotation operator R
the self-consistent conditions, eqn (1) and (2). Fig. 4 examines the
b n for converged solutions of
total angle corresponding to R
a spiral morphology. Reassuringly, the rotational drift vanishes
as the mesh resolution increases.
Naturally, the rotational invariance in the self-consistent field
solutions will be somewhat violated by the anisotropy of the realspace mesh, but this should vanish as the mesh resolution
increases. Fig. 5 demonstrates this by comparing the free energy
difference, DF, between two solutions of the same stripe
morphology rotated 90 with respect to each other. As expected,
DF / 0 as the spatial resolution increases. At first glance, the
smaller value of ns ¼ 101 seems to produce the more accurate
result, but this is just a case of the numerical error being accidentally small for this particular rotation angle. Indeed, the error
for ns ¼ 101 becomes large when the angular separation is
changed to 15 . Of course, DF should remain small for all
possible rotations.
In reality, the required level of accuracy depends on which
quantity one wishes to calculate. Since our primary interest is the
position of phase boundaries, Fig. 6 examines the influence of the
mesh resolution on the transition between two stripe phases. We

Fig. 4 Angular drift of the fields per iteration (defined by the rotational
b n ) plotted as a function of the mesh resolution.
operator, R

This journal is ª The Royal Society of Chemistry 2011
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Fig. 5 Difference in free energy, DF, between two orientations of the
same stripe morphology plotted as a function of mesh resolution.

Fig. 7 Free energies, F, of the competing morphologies as a function of
diblock composition, f, plotted on an absolute scale (top) and relative to
a fifth-order polynomial fit, F0(f), to the equilibrium free energy (bottom).

Fig. 6 Convergence of a metastable phase boundary, fb, between two
stripe phases plotted as a function of mesh resolution.

choose morphologies with rotational symmetry in 4 so as to
consider higher values of ns and nq ¼ 5nr. On the basis of the
results, ns ¼ 201 and nq ¼ 5nr ¼ 60 are sufficient to locate the
phase boundaries to within Df z 0.005. Thus these values are
used for our subsequent calculations, apart from a few cases
where we double the spatial resolution to confirm our numerical
accuracy.

3.3.

Stability of the morphologies

The free energies, F, of the candidate morphologies are plotted in
Fig. 7 as a function of composition, f. Apart from the uniform
phase, where the morphology has no angular dependence, the
free energy differences are too small on this scale to identify the
curves of lowest energy representing the stable equilibrium
phases. Therefore, we fit the locus of free energy minima to
a fifth-order polynomial, F0(f),65 to obtain a smooth function
that closely tracks the general trend in the free energy. Then by
plotting the small differences, F  F0(f), the curves corresponding
to the equilibrium phases and the boundaries where they cross
can be readily identified.
The resulting boundaries and equilibrium phases are displayed
in Fig. 8. The morphologies are visualized by coloring the A-rich
domains red, while omitting the B-rich domains; the inner and
outer surfaces of the film (i.e., r ¼ Rc and r ¼ Rc + L) are shown
transparently with dark and light blue, respectively. The phases
This journal is ª The Royal Society of Chemistry 2011

come in three distinct flavors, which we classify as dots, stripes
and holes, according to the topology of their A-rich domains.
The different dot and hole morphologies are labeled by the
number of dots and holes, respectively, while the stripe
morphologies are labeled with two integers referring to the
number of distinct A- and B-rich surface domains.
The phase transitions for the spherical brush are shifted
significantly relative to those of the flat brush calculated earlier.4
Part of the reason is the curved geometry in which the area of the
film expands as (Rc + z)2, where z refers to the distance from the
substrate. Following this rational, we map the flat-brush profiles,
fflat
A (r), onto an effective composition for the spherical brush
using
ð
4p
fflat ðrÞðRc þ zÞ2 dr
(31)
feff ¼
VAcell cell A
where Acell is the area of one unit cell of the flat brush. With this,
one can transform a phase boundary from the flat brush system
to that of the curved geometry. Of course, the two phases at the
boundary will give slightly different values of feff, but the
difference is small and so we just take the average value. Fig. 9
shows that this simple mapping does indeed account for the
general shift in the phase boundaries.
The numerical sequence of dots, stripes and holes that
occurs with increasing f is readily explained by the previous
flat-brush calculation,4 which found that domain size expands
as f increases. Since the total area, A, of the nanoparticle is
fixed, the number of dots, stripes and holes must then decrease
with increasing f. Indeed, this is exactly what is observed in
Fig. 8.
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Fig. 9 Shift in the phase boundaries due to deforming the morphologies
of a flat brush (upper left) into those of a spherical brush (upper right).
The plot illustrates how the boundaries of the flat brush4 (lower ticks)
approximately map onto those of the spherical brush in Fig. 8 (upper
ticks) using feff defined in eqn (31).

Fig. 10 Examples of metastable morphologies with free energies slightly
above those of the stable morphologies in Fig. 8.

Fig. 10d and 10e) that compete for stability in the stripe region. A
few metastable phases, such as the spiral phase in Fig. 10f, are
defect free and could become stable under suitable conditions.
Indeed, the 2D SCFT calculations of Chantawansri et al.25 for
non-grafted films obtained a spiral phase, which was metastable
at small Rc but became stable at larger Rc.
3.4.

Fig. 8 Stable morphologies and their regions of stability for cN ¼ 25,
L ¼ 0.5R0 and Rc ¼ R0. The A-rich domains are shown in red and the Brich domains are omitted.

Our calculations generated a considerable number of metastable morphologies, some of which are depicted in Fig. 10. They
are often a mixture of stripes with dots or holes (e.g., Fig. 10a or
10b), and as such are nearly stable around the stripe/dot or stripe/
hole phase boundary, respectively. Similarly, the phase with
a single hole (Fig. 10c) is almost stable at the hole/uniform
boundary. There are also various defective stripe phases (e.g.,
5134 | Soft Matter, 2011, 7, 5128–5137

Packing frustration

It may seem surprising that the 13-dot morphology is omitted in
the sequence of stable phases (Fig. 8), but this also happened in
the 2D study of Chantawansri et al.25 This is because it has to
compete with the exceptional stability of the 12-dot phase, which

Fig. 11 Two orientations of the 10-hole morphology illustrating the
difference between holes with (a) 4 neighbors and (b) 5 neighbors.
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occupies an abnormally large region of the phase diagram. This
is linked to the fact that 12 dots can arrange at the vertices of
a perfect icosahedron, where each dot has five evenly distributed
neighbors of equal distance producing a relatively isotropic
environment in which it can nearly acquire an ideal circular
shape. As a result of having circular shapes of identical size, the
stretching of the individual molecules is well balanced, which
helps maintain a lower free energy.43,66 In most cases, however,
the packing of the dots (or holes) is far less ideal, as illustrated in
Fig. 11 for the 10-hole phase. Performing a Voronoi construction, we find that two of the holes have four neighbors (Fig. 11a)
while the other eight holes have five neighbors (Fig. 11b). The
former two are small and circular, while the latter eight are
elliptical and 33% larger. This variation in size and deviation
from circular is indicative of packing frustration, which reduces
the stability of the phase.
Likewise, the stripe phases show interesting effects due to
packing frustration. We start by considering the rotationallysymmetric (i.e., 2D) 4:3-stripe morphology in Fig. 8, where the
A-rich domains form two rings near the equator and a dot at
each pole. The tendency of the A-rich domains to expand as f
increases4 is partially constrained by the finite area of the sphere.
This restriction on the lateral area of the A-rich domains pushes
them deeper into the film, particularly for the dots, as illustrated
in Fig. 12.
At sufficiently large f, one of the dots finally disappears
transforming the 4:3-stripe morphology into a 3:3-stripe
morphology with a dot at one pole and a hole at the other pole.
As a result of eliminating one domain, the dot and hole swell to
such an extent that their circular shape becomes unstable (Fig. 7).
Consequently, they switch to an oblong shape with their major
axes oriented in perpendicular directions, breaking the rotational
symmetry in 4 (Fig. 13a). As f increases further, the stripes widen
allowing the dot and hole to shrink, which in turn reduces their
aspect ratio until they eventually become circular (Fig. 13b). The
point at which the aspect ratio reaches one corresponds to
a second-order symmetry-breaking transition.

4. Discussion
One of the merits of our new algorithm is its computational
speed. The CPU time to complete one iteration of the field
equations is a mere 8 seconds on a single core of a 2.6 GHz AMD
Opteron processor for ns ¼ 201, nr ¼ 12, nq ¼ 60 and n4 ¼ 118.
Even for runs from random initial fields requiring thousands of

Fig. 12 Contours of constant concentration, fA(r) ¼ 0.25, 0.50 and 0.75,
plotted in vertical slices through the 4:3-stripe morphology (dashed lines
denote the z axis) at its phase boundaries, (a) f ¼ 0.254 and (b) f ¼ 0.326.
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Fig. 13 Polar view of the 3:3-stripe morphology at its phase boundaries,
(a) f ¼ 0.326 and (b) f ¼ 0.378.

iterations, the total time required to obtain a self-consistent
solution is generally on the order of hours. When we start from
a good initial guess corresponding to the correct morphology, the
time is reduced to minutes. Since the time required to solve the
diffusion equation scales as nsnrl3maxln(lmax),25 the calculation will
remain feasible for considerably larger particles. This performance can be contrasted with the real-space algorithm devised by
Roan,27 for which self-consistent solutions for a similar system
involving mixed brushes can take years of CPU time. Although
Roan27 provided insufficient details to make an accurate
comparison, it appears that the present algorithm is orders of
magnitude faster.
There is certainly some opportunity for improving our algorithm. For instance, the modified Crank–Nicolson step only
solves eqn (14) approximately. We could improve the accuracy
by performing multiple Crank–Nicolson steps per Ds interval,
but this immediately reduces the degree to which material is
conserved (Fig. 3) just as when we deviate from integrating with
the trapezoid method. Another possibility is to use a forth-order
pseudo-spectral scheme,67 although initial attempts56 have not
worked well, perhaps because of the delta function in eqn (8) for
qy(r,1). In any case, if one was to do this they should also replace
the Crank–Nicholson step and the trapezoid integration by
higher-order schemes. As for solving the self-consistent field
conditions, we cannot imagine doing much better than 40–
200 iterations, as is the case when we have a good initial guess for
the fields. However, there may be better ways of generating
candidate structures, such as using a simpler phenomenological
model.20,21 Furthermore, the calculation time might be reduced,
particularly for larger particles, by using alternative algorithms
for the spherical-harmonic transformations that scale as
l2maxln(lmax).68 Of course, a substantial reduction in real time
could be achieved by parallelizing the code.
An advantage of the microscopic approach of SCFT is that it
can be readily applied to other systems or modified to include
additional effects that might be necessary for quantitative
comparison with experiment. For instance, we could have just as
easily modeled binary homopolymer brushes, or in fact any
combination of chain types, grafted or not. Modifications could
include a surface affinity for one of the polymer components with
the air,4 or the ability of the polymer film to adjust the topography of its outer surface.23 Rather than fixing the grafting
density, we could permit the grafting points to slide freely over
the surface of the core.69 The SCFT can also treat solvated
conditions as easily as melt conditions. Furthermore, the algorithm is not just limited to films on the surface of a sphere; it
could equally well handle polymers confined to a spherical
cavity.36,70
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SCFT does have a certain number of limitations owing to the
fact that it is a mean-field theory. For instance, the polymer
density should be reasonably high so that there is significant
overlap between chains, or otherwise the mean-fields will not
provide an accurate representation of the environment. The
spheres should also contain a sufficient number of chains (e.g.,
nc > 103), or otherwise the phase transitions predicted by SCFT
will be smeared out by thermal fluctuations. For there to be
abrupt transitions, the differences in free energy between structures should vary rapidly on the scale of kBT with respect to the
system parameters (e.g., f).
Researchers are likely to be more interested in the equilibrium
morphologies (Fig. 8) than the defect-type patterns of the
metastable morphologies (Fig. 10). Our calculations find that the
energy gap between them is often quite small, and so we could
expect metastable morphologies to readily occur, which is
evidently the case in both experiment12,13 and simulation.18 Thus
the segregation and particle size should not become too large, or
else the thermal fluctuations will be insufficient to overcome the
energy barriers71 that tend to trap the particles in metastable
morphologies.
The interesting frustration effects resulting from the finite
surface area of the sphere are similar to those encountered in
block-copolymer melts confined to cylindrical or spherical cavities. They are also reminiscent of packing effects in other nonpolymeric systems. Take, for instance, the Tammes problem40
where a given number of circular disks are arranged on the
sphere so as to maximize the minimum separation. This is very
similar to our arrangement of dots (or holes), because the
packing frustration is reduced by making the space between the
dots (or holes) as uniform in thickness as possible.66 However,
our polymeric problem has additional degrees of freedom in that
the dots (or holes) can exchange area and their shape can deviate
from circular, albeit at some energetic cost. There is also the
Thomson problem41 of finding the minimum energy of placing
a certain number of electrons on a sphere. Interestingly, the
arrangement of block-copolymer micelles has been previously
approximated by electrostatic interactions.74 Although our
polymeric problem is distinct from the Tammes and Thomson
problems, there are a number of commonalities, such as the
magic numbers of 6 and 12, where packing is nearly ideal and
Table 1 Equilibrium properties of the Thomson problem for nobj electrons on a sphere, specifying the number ni of electrons with i neighbors
(as defined by a Voronoi construction), the number ndist of distinct
neighbor distances, the average angular separation hQi, and the standard
deviation sQ of the separation.72, 73
nobj

n4, n5, n6

ndist

6
7
8
9
10
11
12
13
14
15
16
17

6, 0, 0
5, 2, 0
4, 4, 0
3, 6, 0
2, 8, 0
2, 8, 1
0, 12, 0
1, 10, 2
0, 12, 2
0, 12, 3
0, 12, 4
0, 12, 5

1
2
3
3
3
9
1
13
3
7
4
4
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hQi

sQ

90.0
84.0
83.1
74.0
70.3
67.0
63.4
61.5
59.1
57.2
55.3
54.3

0
8.49
14.90
6.96
6.65
7.15
0
5.74
4.42
5.18
4.49
6.61

likewise the tendency of the packing to be particularly frustrated
for certain other numbers, such as 8 and 11 (Table 1).

5. Summary
This article introduces an efficient algorithm for solving the
SCFT for structured polymers in a three-dimensional spherical
geometry. The polymer concentrations are obtained by solving
the diffusion equations with the pseudo-spectral method for the
angular coordinates25 and a modified Crank–Nicolson method
for the radial direction. The self-consistent field conditions are
adjusted iteratively using Anderson mixing with adaptive
parameters and a rotational-alignment technique. The total
calculation time of the algorithm appears to be orders of
magnitude faster than the real-space algorithm developed earlier
by Roan.27
The algorithm could be readily applied to a wide range of
spherical systems, such as mixed brushes grafted to spherical
nanoparticles or diblock-copolymer melts in spherical cavities.
Here it is demonstrated on a thin diblock-copolymer film of
thickness L ¼ 0.5R0 tethered to a spherical core of radius Rc ¼ R0
(Fig. 1). The equilibrium sequence of self-assembled morphologies is predicted as a function of diblock composition, f, at fixed
segregation, cN ¼ 25 (Fig. 8). The sequence follows the general
trend predicted for flat substrates,44 where the end-block
domains transform from dots to stripes to a layer with holes and
finally to a uniform shell. There are also a large number of nonequilibrium morphologies (Fig. 10) containing defects of sufficiently low energy that they would likely appear in experiments.
Particularly interesting is how the detailed behavior is affected
by the constraint of a finite surface area. For instance, the 3:3stripe phase undergoes a symmetry-breaking transition (Fig. 13),
when there is a poor match between the width of its stripes and
the circumference of the particle. Likewise, the dot and hole
morphologies experience significant degrees of frustration, which
results in a distribution of sizes and shapes with a variance that
depends on the number of dots or holes (Fig. 11). For magic
numbers such as 12, the variance vanishes, resulting in an
increased stability, reminiscent of what happens in the Tammes
problem39,40 of positioning disks on a spherical surface or the
Thomson problem39,41 of placing charged particles on a sphere.

Added note
On the basis of further details provided by Roan while this paper
was in press, our algorithm is approximately two orders of
magnitude faster than the real-space algorithm in Ref. 27. One of
the orders can be attributed to our pseudo-spectral method for
solving the diffusion equation, while the other is due to the faster
convergence of our scheme for solving the field equations.
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