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Abstract. Classical strong-stretching theory (SST) predicts that, as opposing polyelectrolyte brushes are
compressed together in a salt-free theta solvent, they contract so as to maintain a finite polymer-free gap,
which offers a potential explanation for the ultra-low frictional forces observed in experiments despite the
application of large normal forces. However, the SST ignores chain fluctuations, which would tend to close
the gap resulting in physical contact and in turn significant friction. In a preceding study, we examined
the effect of fluctuations using self-consistent field theory (SCFT) and illustrated that high normal forces
can still be applied before the gap is destroyed. We now look at the effect of adding salt. It is found
to reduce the long-range interaction between the brushes but has little effect on the short-range part,
provided the concentration does not enter the salted-brush regime. Consequently, the maximum normal
force between two planar brushes at the point of contact is remarkably unaffected by salt. For the crossed-
cylinder geometry commonly used in experiments, however, there is a gradual reduction because in this
case the long-range part of the interaction contributes to the maximum normal force.

1 Introduction

It has been nearly two decades since 1994 when Klein
et al. [1] discovered that polymer brushes are remark-
ably effective at reducing the friction between sliding sur-
faces. The latest revelation came in 2003, when Raviv et
al. [2] showed that the friction is even lower for polyelec-
trolyte brushes. Indeed subsequent experiments on the
same system [3] as well as a different system [4] have
reconfirmed the ultra-low frictional forces, but only for
strong (quenched) polyelectrolyte brushes. Liberelle and
Giasson [5] found the friction between weak (annealed)
polyelectrolyte brushes to be similar to that of neutral
brushes.

The main source of friction is understood to be the
collisions between polymer chains from the two opposing
brushes [2–4, 6–10]. It has been suggested that charged
polymers slide past each other more easily because they
are surrounded by hydration layers [2–4]. Furthermore, it
is thought that the interpenetration and hence the number
of collisions is less between polyelectrolyte brushes than
between neutral brushes under equivalent loads (i.e., nor-
mal forces), because polyelectrolyte brushes remain fur-
ther apart on account of the osmotic pressure from the
counter ions [2–4]. Indeed, simulations [11–13] have found
that there is less interpenetration between polyelectrolyte
brushes. Interestingly though, the simulations also found

a e-mail: m.w.matsen@reading.ac.uk

that polyelectrolyte brushes seem to contract more under
compression than their neutral counterparts, which fur-
ther reduces the amount of interpentration.

As it turns out, Zhulina and Borisov [14] had already
predicted in 1997 that polyelectrolyte brushes contract, in
fact, sufficiently enough to always maintain a polymer-free
gap when compressed together in a salt-free theta solvent.
Their prediction was derived from an exact analytical so-
lution of the strong-stretching theory (SST) derived by
Semenov [15] and by Milner, Witten and Cates [16]. The
contraction occurs because the reduction in volume avail-
able to the counter ions outside the brushes reduces their
translational entropy. As a result, the ions are pulled back
into the brushes where they screen the electrostatic inter-
actions, allowing the brushes to relax. Although, strictly
speaking, the SST calculation is for static equilibrated
brushes, this mechanism will continue to operate in the
presence of shear. In fact, we can expect the equilibrium
calculation to remain reasonably accurate so long as there
is a finite gap separating the opposing brushes.

The SST prediction suggests that the superb perfor-
mance of polyelectrolyte brushes occurs because the nor-
mal force is able to increase as the brushes are com-
pressed together, while the gap simultaneously prevents
any significant sliding friction. However, the prediction of
a polymer-free gap will eventually break down. This is be-
cause SST ignores chain fluctuations which produce tails
that extend beyond the classical brush profiles, reducing
the width of the polymer-free gap. In a previous study [17],
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we illustrated that these tails are particularly large for
polyelectrolyte brushes, bringing into question the actual
effectiveness of the polymer-free gap. We then proceeded
to investigate the impact of chain fluctuations using the
self-consistent field theory (SCFT) of Edwards [18]. Ulti-
mately, our study illustrated that the gap should survive
fluctuations long enough for the system to acquire a sub-
stantial normal force before contact occurs.

Not surprisingly perhaps, biological systems seem to
take advantage of this mechanism for producing low fric-
tion, in particular on the cartilage surfaces of mammalian
joints [19]. Indeed this mechanism is being considered in
the design of artificial joints [20]. In vivo, however, there
is a significant salt concentration [21], which would tend
to screen the electrostatic interactions. Fortunately, pre-
liminary studies [2,3] indicate that the ultra-low frictional
forces between strong polyelectrolyte brushes do survive
significant levels of salt. Here we now extend our previous
SST and SCFT calculations [17] to investigate the effect
of salt on the polymer-free gap between compressed poly-
electrolyte brushes.

2 Theory

We consider two identical opposing polyelectrolyte
brushes compressed to a separation of 2d in a salt so-
lution of concentration ρs (see fig. 1). Each brush has a
grafting density of σ ≡ np/A, where np is the number of
grafted chains and A is the area of the grafting surface.
The chains are monodisperse with a natural end-to-end
length of R0 ≡ aN1/2, where N is the number of segments
per chain and a is the statistical segment length. Further-
more, each chain has Nc ionic units distributed along its
backbone with all the counter ions dissociating into the
salt solution (i.e., a quenched polyelectrolyte). The result-
ing charge on the polymer is taken to be positive and is
smeared uniformly along the polymer backbone, which is
a valid approximation provided that Nc ≫ 1. The average
segment concentration, ρp(z), is assumed to be semi-dilute
relative to the melt concentration, ρ0, which allows us to
integrate out the solvent coordinates so as to treat the
solvent implicitly. The integration combines the solvent
interactions and translational entropy of the solvent into
an excluded-volume parameter, v, which is set to zero for
a theta solvent [22]. The positive and negative ions, which
are assumed to be monovalent with charge ±e, are treated
explicitly in the grand-canonical ensemble with their con-
centrations denoted by ρ±(z). The strength of the electro-
static interactions is specified by the usual Bjerrum length,
ℓB = e2/4πǫkBT , where ǫ is the electric permittivity of the
solvent.

To simplify the problem, we work in terms of dimen-
sionless quantities and reduced parameters. Most lengths
are divided by R0 to produce, for example, the dimen-
sionless coordinate, Z ≡ z/R0, and the dimensionless sep-
aration, D ≡ d/R0. The dimensionless Bjerrum length,
however, is defined as

LB ≡ 4πℓBσR0, (1)

t
p(z)

d0 z

t
+(z)t

-(z)

Fig. 1. Schematic diagram of opposing polyelectrolyte brushes
compressed together, along with a schematic plot of the poly-
mer profile ρp(z) (solid curves) and the positive and negative
ion distributions ρ±(z) (dashed curves).

so as to scale the grafting density, σ, out of the problem.
With this in mind, we define the dimensionless polymer
concentration as

Φp(Z) ≡ R0

σN
ρp(z), (2)

which is normalized such that
∫

Φp(Z)dZ = 1. Similarly,
the dimensionless ion concentrations are

Φ±(Z) ≡ R0

σNc
ρ±(z). (3)

The electrostatic potential, ψ(z), is converted to the usual
dimensionless potential,

Ψ(Z) ≡ e

kBT
ψ(z). (4)

In terms of scaled quantities, the Poisson-Boltzmann
equation (or equivalently, the Maxwell equation) becomes

Ψ ′′(Z) = −LBNc[Φp(Z) − Φ−(Z) + Φ+(Z)], (5)

where the ion concentrations are given by

Φ±(Z) = Φs exp(∓Ψ(Z)). (6)

In the grand-canonical ensemble, the concentrations would
normally involve chemical potentials in addition to the
electrostatic potential. However, both chemical potentials
can be set to zero by adjusting the electrostatic poten-
tial so that Ψ(Z) → 0 in the coexisting salt solution, and
including the prefactor, Φs ≡ ρsR0/σNc, which is inter-
preted as a dimensionless bulk salt concentration.

2.1 SST treatment

In the strong-stretching theory (SST), the brush has a
well-defined height, ℓ, from which we define L = ℓ/R0
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(see fig. 1). This allows us to separate the system into two
distinct regions, for which the boundary conditions of the
Poisson-Boltzmann equation are [17]

Ψ ′(0) = 0, (7)

Ψ ′(L) = −LBNc(1 − fc), (8)

Ψ ′(D) = 0. (9)

The quantity

fc ≡
∫ L

0

[Φ−(Z) − Φ+(Z)]dZ (10)

defines the degree to which the polymer brush is screened
by the free ions.

Firstly, we solve the interior region, 0 ≤ Z ≤ L,
containing the polymer. As argued by Milner, Witten
and Cates [16], the field, w(z), acting on the polymer
is generally parabolic. If we then assume a theta solvent
where the polymers only feel the electrostatic field (i.e.,
w(z) ∝ ψ(z)), it follows that [14,17,23]

Ψ(Z) =
3π2

8Nc
(L2 − Z2) + ΨL, (11)

where ΨL is a constant that needs to be determined. From
this, the Poisson-Boltzmann eq. (5) implies a polymer con-
centration of

Φp(Z) = Φ−(Z) − Φ+(Z) +
3π2

4LBN2
c

, (12)

which immediately yields

fc = 1 − 3π2L

4LBN2
c

. (13)

By substituting eqs. (6) and (11) into eq. (10), we obtain
one further condition

fc = 2Φs

∫ L

0

sinh

(

3π2

8Nc
(L2 − Z2) + ΨL

)

dZ. (14)

Secondly, we solve the Poisson-Boltzmann eq. (5) for
the exterior region, L ≤ Z ≤ D. By setting Φp(Z) = 0,
the equation reduces to

Ψ ′′(Z) = 2LBNcΦs sinh(Ψ(Z)), (15)

from which it follows that the electric potential decays
to zero with a characteristic distance equal to the usual
Debye screening length

λD ≡ ΛDR0 =
R0√

2LBNcΦs

. (16)

The first step in solving eq. (15) is to multiply by Ψ ′(Z)
and integrate, which gives

1

2
[Ψ ′(Z)]2 = 2LBNcΦs[cosh(Ψ(Z)) − cosh(ΨD)], (17)

where the integration constant is chosen so as to satisfy the
boundary condition at D, eq. (9). The remaining bound-
ary condition at L, eq. (8), is then satisfied by requiring

LBNc(1 − fc)
2 = 4Φs[cosh(ΨL) − cosh(ΨD)]. (18)

One further relation relating ΨL and ΨD is required, and
this is obtained by integrating eq. (17) to give

∫ ΨL

ΨD

dΨ
√

cosh(Ψ) − cosh(ΨD)
= 2

√

LBNcΦs(L−D). (19)

Once fc, L, ψL and ψD have been determined, we can
then calculate the free energy of each brush, which is con-
veniently divided into three parts, F (D) = Fp + Fc + Fe.
The entropic stretching energy, Fp, of the polymer chains
is given by

Fp

nckBT
=

3π2

8Nc

∫ L

0

Z2Φp(Z)dZ, (20)

= Ψ(0) −
∫ L

0

Φp(Z)Ψ(Z)dZ, (21)

where nc = Ncnp. Equation (20) comes from a well-known
expression developed by Milner, Witten and Cates [16],
and the equivalence to eq. (21) is an immediate conse-
quence of the fact Z2 ∝ Ψ(0) − Ψ(Z). The translational
entropy, Fc, of the counter ions is

Fc

nckBT
=

∫ D

0

[Φ−(Z) ln(Φ−(Z)/Φs)

+Φ+(Z) ln(Φ+(Z)/Φs)]dZ, (22)

=

∫ D

0

[Φ−(Z) − Φ+(Z)]Ψ(Z)dZ. (23)

Finally, the electrostatic energy, Fe, is

Fe

nckBT
=

1

2

∫ D

0

Ψ(Z)[Φp(Z) − Φ−(Z) + Φ+(Z)]dZ, (24)

=
1

2LBNc

∫ D

0

[Ψ ′(Z)]2dZ, (25)

=
3π4L3

128LBN3
c

+

√

Φs

LBNc

×
∫ ΨL

ΨD

√

cosh(Ψ) − cosh(ΨD)dΨ. (26)

The transformation from eq. (24) to eq. (25) is achieved
using the Poisson-Boltzmann eq. (5) with integration by
parts, and then eq. (26) follows from eqs. (11) and (17).

Summing up the three contributions, the total free en-
ergy of each brush reduces to

F (D)

nckBT
= Ψ(0) − Fe

nckBT
. (27)
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The compression force between two parallel plates sepa-
rated by a distance of 2D (in units of R0 = aN1/2) is then
evaluated using

force = −F ′(D)/R0. (28)

In practice however, it is extremely challenging to con-
struct well-aligned flat surfaces unless they are somewhat
deformable as with biological systems [19], but then it
would be difficult to perform systematic studies. There-
fore, experiments [1–5] generally measure the force be-
tween two identical crossed cylinders. Provided that the
radius, R, of the cylinders is large, the Derjaguin approx-
imation [24–26] estimates the force as

force ≈ 4πσR[F (D) − F (∞)]/np, (29)

where 2D now represents the minimum distance between
the crossed cylinders.

2.2 SCFT treatment

In order to investigate the effect of chain fluctuations, we
also perform calculations using self-consistent field theory
(SCFT) [27–29]. The SCFT calculation mirrors that of
SST, except that the polymer concentration is given by

Φp(Z) =
1

q(Δ, 1)

∫ 1

0

q(Z, s)q†(Z, s)ds, (30)

where q(Z, s) satisfies the modified diffusion equation,

∂

∂s
q(Z, s) =

[1

6

∂2

∂Z2
− w(Z)

]

q(Z, s), (31)

subject to the initial condition q(Z, 0) = 1. Similarly,
q†(Z, s) satisfies an analogous diffusion equation but with
the right-hand side multiplied by −1. Again it is solved
with the same boundary conditions, but subject to the
condition q†(Z, 1) = δ(Z−Δ), where Δ is a small positive
constant (e.g., 10−4). Note that it is very important that
Δ is kept fixed throughout the calculation [17,26].

So as to prevent the polymers from penetrating the
grafting surface, the diffusion equation is solved with the
Dirichlet boundary condition at Z = 0 (e.g., q(0, s) =
0) [30, 31]. Using the symmetry about the midplane, the
diffusion equation is solved over the interval 0 ≤ Z ≤ D
with the Neumann boundary condition (e.g., ∂

∂Z q(D, s) =
0). In cases where D is much larger than the height of the
brush, it is sufficient to solve the diffusion equation over
the smaller interval, 0 ≤ Z ≤ L, where L < D is chosen
large enough that Φp(L)/Φp(0) < 10−9.

A numerical solution of SCFT begins with an initial
guess for w(Z). For this, we use either the SST solution or
a previous SCFT solution obtained for a neighboring set
of parameter values. Next the diffusion eq. (31) is solved
on a discrete mesh by the standard Crank-Nicolson algo-
rithm [32]. Once Φp(Z) has been evaluated, Ψ(Z), is de-
termined by solving the Poisson-Boltzmann eq. (5) using
the Newton-Raphson algorithm, which is particularly fast

as the Jacobian is tridiagonal. Next the field is adjusted
to satisfy w(Z) = NcΨ(Z) using the Anderson-mixing
scheme [33]; convergence is generally achieved within just
20 iterations. If L = D then the calculation is performed
with fc = 1, but otherwise fc is adjusted by a Newton-
Raphson iteration so as to satisfy eq. (14). Even though
we use a very fine mesh in order to achieve high precision
(e.g., 5000 points along the chain contour and 4000 spatial
points for 0 < Z < L), a self-consistent solution takes less
than a minute to evaluate on a single CPU.

Once the self-consistent solution is obtained, the en-
tropic stretching energy, Fp, of the brush is given by

Fp

nckBT
= − 1

Nc
ln q(Δ, 1) −

∫ D

0

Φp(Z)Ψ(Z)dZ, (32)

where nc = Ncnp. The entropic translational energy, Fc,
of the counter ions and the electrostatic energy, Fe, are
still given by eqs. (23) and (24), respectively.

By applying a reflecting boundary condition at Z = D,
the polymer concentration, Φp(Z), will automatically be
a mixture of the two brushes. Nevertheless it is straight-
forward to extract the concentration, Φp0(Z), of the single
brush grafted to Z = Δ. This is done by reflecting w(Z)
about the midplane, and solving the diffusion eq. (31) in
the full interval, 0 ≤ Z ≤ 2D, with Dirichlet boundary
conditions and the same initial conditions as above. The
resulting polymer concentration will then be Φp0(Z), and
from that we can evaluate the degree of interpenetration
between the opposing brushes by

Σp =

∫ 2D

D

Φp0(Z)dZ. (33)

Strictly speaking, there will always be some overlap be-
tween the opposing brushes for any finite D (i.e., Σp > 0),
although it may be extremely small. For practical pur-
poses, however, we will follow our earlier study [17] and
define the point of physical contact between the brushes
by the criterion Σp = 0.01.

3 Results

Although the system has been greatly simplified with the
appropriate choice of dimensionless quantities, there still
remains four separate control parameters: Nc, LB , Φs and
D. In the SST, however, Nc can be scaled out of the prob-

lem by dividing all lengths by N
1/2
c and multiplying all

concentrations by N
1/2
c , which reduces the number of con-

trol parameters to three: LBN
3/2
c , ΦsN

1/2
c and D/N

1/2
c .

Even still, this is a large parameter space and therefore

we limit our calculations to LBN
3/2
c = 100, which is just

inside the osmotic regime where the charge on the poly-
mer is largely screened by the free ions [17]. In the SCFT,
the choice of Nc controls the level of chain fluctuations,
which we will illustrate by comparing results for Nc = 25
and 100.
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Fig. 2. SST predictions for the polymer profile of an isolated
brush, Φp(Z), plotted for different salt concentrations, Φs. The
dotted curves show the net negative charge from the free ions,
Φ−(Z)− Φ+(Z), screening the positive charge of the polymer.

3.1 SST for an isolated brush

The isolated brush (i.e., D → ∞ and ΨD = 0) has already
been solved by Zhulina and Borizov [23], but with a dif-
ferent choice of reduced parameters [34]. For this simple

case, we have just two parameters, ΦsN
1/2
c and LBN

3/2
c ,

the latter of which is fixed at 100. Once the parameters
have been chosen, the SST solution is obtained by solving
eq. (14) for fc, with L and ΨL expressed as functions of
fc using eqs. (13) and (18), respectively.

Figure 2 shows the polymer profile (solid curves) for a
series of salt concentrations, Φs. As the salt concentration
increases, the brush contracts and gradually acquires a
parabolic shape,

Φp(Z) ≈ Φs
3π2

4Nc
(L2 − Z2), (34)

where the brush height decreases as

L ≈
(

2Nc

π2Φs

)1/3

. (35)

The dotted curves in fig. 2 show the net negative charge
from the free ions, Φ−(Z) − Φ+(Z). It closely tracks the
polymer concentration, Φp(Z), inside the brush and then
decays to zero outside the brush. The decay coincides with

the Debye screening lengths, ΛD/N
1/2
c = 0.0408, 0.0707

and 0.1291 calculated for ΦsN
1/2
c = 3.0, 1.0 and 0.3, re-

spectively. The decay for the zero-salt limit is given by the

Gouy-Chapman length, ΛGC/N
1/2
c = 0.3322 [17].

Figure 3 examines the contraction of the brush by plot-
ting the average segment height, 〈Z〉 ≡

∫

ZΦp(Z)dZ, as
a function of salt concentration. The dashed line demon-
strates the 〈Z〉 ∼ Φ

−1/3
s scaling that occurs at high salt

concentrations, referred to as the salted-brush regime. It
is obtained by combining the result 〈Z〉 = 3L/8 for the
parabolic profile in eq. (34) with the approximate height in
eq. (35). This behavior of 〈Z〉 predicted by SST is indeed
nicely consistent with experiment [35]. Simulations [36,37]

HsNc

0.01 0.1 1 10 100

Z
 /
N

c

0.1

0.4

1
/2

0.04

LBNc  =100
3/2

1/2

0.2

Fig. 3. SST prediction for the average segment height of an
isolated brush, 〈Z〉, as a function of salt concentration, Φs.
The dashed line, obtained by combining 〈Z〉 = 3L/8 with

eq. (35), demonstrates the 〈Z〉 ∼ Φ
−1/3
s scaling in the salted-

brush regime.

have also found a similar scaling exponent, although it is
for the decrease in brush height as a function of the aver-
age concentration of ions inside the brush as opposed to
the bulk salt concentration, Φs, far from the brush.

3.2 SCFT for an isolated brush

Now we examine the effect of chain fluctuations on the
isolated brush using SCFT. Figure 4a starts by compar-
ing the polymer profiles for Nc = 25 (dashed curves) and
Nc = 100 (solid curves) to those predicted by SST (dot-
ted curves) from fig. 2. The fluctuations have two main
effects [32]; firstly they cause a depletion zone next to the
substrate, and secondly they create a tail that extends
beyond the classical brush height, L. Nevertheless, for in-
termediate values of Z, the SCFT profiles match the SST
prediction very well, although the agreement starts to de-
grade for large Φs on account of the fact the chains are
less stretched.

For neutral brushes, the height of the tail scales as
L−1/3 [32, 38]. However, our previous study [17] for poly-
electrolyte brushes in a salt-free solvent showed that the
tail deviates from this conventional scaling because the
self-consistent field, w(Z), remains smooth at the brush
edge. Nevertheless there is a discontinuity in the second
derivative of w(Z) proportional the sudden drop in poly-
mer concentration, Φp(L). As a consequence, the charac-
teristic height of the tail is instead given by

ξ ≡ ΞR0 =
L1/5R0

(LBN2
c Φp(L))2/5

. (36)

According to eq. (5), the discontinuity in the second
derivative of w(Z) = NcΨ(Z) does not depend on Φs, and
thus we might expect the same scaling to hold, but the
scaling plot in fig. 4b illustrates that this is not the case.
The reason is that the derivation of eq. (36) assumes the
charge distribution from the free ions, Φ−(Z)−Φ+(Z), is
approximately linear over the range of the tail, whereas
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Fig. 4. (a) SCFT predictions for the polymer profile of an
isolated brush, Φp(Z), plotted for different salt concentrations,
Φs. The dashed and solid curves are for brushes with Nc = 25
and 100 charges per polymer chain, while the dotted curves
show the SST predictions from fig. 2. Plots (b) and (c) show
the tails scaled with Ξ from eq. (36) and L−1/3, respectively.

fig. 2 shows that this is no longer true even for small
amounts of salt. If the salt concentration was large enough,
however, the field would quickly drop to zero outside the
brush much the same as it does for neutral brushes, and
thus we could expect the conventional L−1/3 scaling to
return, but fig. 4c shows that this does not happen ei-
ther. The reason is that the Debye screening length is still
comparable to the size of the tail for our range of salt
concentrations. Thus we find ourselves in a regime where
the height of the tail does not obey any particular type of
scaling.

HsNc

0.01 0.1 1 10 100

Z
 /
N

c

0.1

0.4

1
/2

0.04

LBNc  =100
3/2

1/2

Nc=100

0.2

Nc=25

Fig. 5. SCFT prediction for the average segment height of an
isolated brush, 〈Z〉, as a function of salt concentration, Φs. The
dashed and solid curves are for brushes with Nc = 25 and 100
charges per polymer chain, respectively, while the dotted curve
shows the SST prediction from fig. 3.

Naturally the depletion zone and the tail both increase
the average segment height, 〈Z〉. This is demonstrated
in fig. 5 for brushes with Nc = 25 and 100 charges per
chain. The deviation away from the SST prediction (dot-
ted curve) is larger for small Nc simply because the fluc-
tuations are more significant, but so much so that the

Φ
−1/3
s scaling is lost. The reason is simple. The contrac-

tion of the brush occurs because the salt screens the elec-
trostatic interactions causing the field to gradually van-
ish. In the absence of a field, SST predicts the complete
collapse of the brush, whereas the chain fluctuations in
SCFT prevent the polymer distribution from contract-
ing below 〈Z〉 = 0.543 [17]. Indeed the dashed curve for
Nc = 25 plateaus at 0.1086 and similarly the solid curve
for Nc = 100 approaches 0.0543 in the limit of large Φs.

3.3 SST for a compressed brush

Now that the isolated brush is well understood, we turn
our attention to the SST treatment of a compressed brush.
The solution to the SST is obtained analytically by select-

ing values for ΦsN
1/2
c , L/N

1/2
c and ΨL. From these values,

fc is evaluated using eq. (14), and then LBN
3/2
c is calcu-

lated from eq. (10). Next ΨD is obtained from eq. (18)

and lastly D/N
1/2
c is evaluated from eq. (19). Of course,

it is more natural to work with the independent variables,

LBN
3/2
c and D/N

1/2
c , rather than the dependent quan-

tities, L/N
1/2
c and ΦL. This can be done using a simple

Newton-Raphson iteration to adjust L/N
1/2
c and ΦL so as

to achieve the desired values of LBN
3/2
c and D/N

1/2
c .

Figure 6a shows the effect of compressing the poly-

mer profiles from fig. 2 to D/N
1/2
c = 0.6. The compres-

sion of the two thicker brushes for ΦsN
1/2
c = 0.0 and

0.3 has nearly transformed them into the same profile,

while the two thinner brushes for ΦsN
1/2
c = 1.0 and 3.0

remain virtually unperturbed. For the higher compres-

sion of D/N
1/2
c = 0.4 in fig. 6b, the three brushes for
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Fig. 6. SST predictions for the polymer profile of a brush,

Φp(Z), compressed to (a) D/N
1/2
c = 0.6 and (b) D/N

1/2
c = 0.4

plotted for different salt concentrations, Φs.
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Fig. 7. SST prediction for the height of a compressed brush,
L, as a function of separation between the grafting surfaces,
2D, plotted for different salt concentrations, Φs. The dashed
line denotes the height of the midplane.

ΦsN
1/2
c = 0.0, 0.3 and 1.0 have now been squeezed to-

wards a common profile, while the one for ΦsN
1/2
c = 3.0

is just beginning to feel the compression. In any case, the
most important observation is that the effect of salt ap-
pears to vanish under compression.

Figure 7 plots the brush height, L, as a function of
the compression, D, for various salt concentrations, Φs.
The behavior is easily understood. The brush height, L,
does not begin to contract until the gap, 2(D − L), be-
tween the opposing brushes becomes comparable to the
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Fig. 8. SCFT predictions for the polymer profile of a sin-

gle brush, Φp0(Z), compressed to (a) D/N
1/2
c = 0.6 and (b)

D/N
1/2
c = 0.4 plotted for different salt concentrations, Φs.

The dashed and solid curves are for brushes with Nc = 25 and
100 charges per polymer chain, respectively, while the dotted
curves show the SST predictions from fig. 6.

Debye screening length, ΛD, which is the point where the
brushes start to feel each other. Once the gap becomes
small relative to ΛD, the screening effect of the salt be-
come irrelevant and the polymer profile converges to the
zero-salt limit. Consequently, the previous zero-salt pre-
diction by Zhulina and Borisov [14] that the polymer-free
gap remains finite as D → 0 continues to hold regardless
of how much salt is added. Of course, if the gap becomes
too narrow, it will be destroyed by chain fluctuations.

3.4 SCFT for a compressed brush

The last issue to address is the effect of chain fluctuations
on a compressed brush. Figure 8 replots some of the pro-
files that were previously calculated with SST in fig. 6.
Again the SCFT profiles are similar to the SST predic-
tions, apart from the depletion zone and the tail extend-
ing beyond L. At the lower compression of fig. 8a, very
little of the tail extends beyond D, implying a negligible
degree of interpenetration between opposing brushes. The
only exception is with Nc = 25 and no salt. However,
at the higher compression of fig. 8b, SCFT predicts sig-
nificant interpenetration, apart from the one case where

Nc = 100 and ΦsN
1/2
c = 3. Evidently, larger values of Nc

are desirable because they result in relatively small tails,
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Fig. 9. SCFT prediction for the normal force between (a)
parallel plates and (b) crossed cylinders as a function of sepa-
ration, 2D.

and higher values of Φs reduce interpenetration by causing
the brush to contract.

However, low interpenetration on its own is not
enough. It is also important to have a large normal force.
Figure 9a shows the normal force between two parallel
plates as a function of their separation, 2D. We have not
plotted the SST prediction for the normal force, but it is
almost indistinguishable from the SCFT predictions for
Nc = 100 (solid curves). For the smaller value of Nc = 25
(dashed curves), the normal force is noticeably larger than
the SST prediction, which is not surprising because the
brushes have relatively large tails. The most important
observation, though, is that salt reduces the normal force,
which could have been anticipated from fig. 2 since it
causes the brushes to contract as well as reduces the range
of the charge distribution extending beyond the brushes.
So with respect to the normal force, small values of Nc

and Φs are desirable.
For completeness, fig. 9b plots the normal force for

the crossed-cylinder geometry. In this case, the addition
of salt has a more detrimental effect on the normal force.
Still, the general conclusion is that reducing Nc and Φs

increases the normal force.
Now we sort out the relative importance of the oppos-

ing trends where reducing Nc and Φs increases the nor-
mal force, which is desirable, while also increasing the in-
terpenetration, which is undesirable. To start, we locate
the separation, 2D∗, where significant contact between the
brushes first occurs, which is expected to coincide with the
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Fig. 10. SCFT prediction for (a) the separation at which
the opposing brushes make contact, 2D∗, and the normal force
between (b) parallel plates and (c) crossed cylinders at the
point of contact plotted as a function of salt concentration, Φs.

onset of sliding friction. Using the same criterion as in our
earlier work [17], we define 2D∗ as the point were 1% of
each brush extends beyond the midplane (i.e., Σp = 0.01).
Figure 10a plots the point of contact between the brushes,
defined in this way, as a function of Φs for Nc = 25 (dashed
curve) and Nc = 100 (solid curve). As it turns out, the
addition of salt barely reduces the point of contact, until

the salted-brush regime (i.e., ΦsN
1/2
c � 1). Next fig. 10b

plots the normal force between parallel plates at the point
of contact, D = D∗, as a function of Φs. Although added
salt reduces the normal force, the effect is again negligi-
ble until the salted-brush regime where there is then a
sharp drop in force. Figure 10c repeats the calculation,
but for crossed cylinders. In this case, the normal force
starts dropping off at much lower salt concentrations; the
reason will be explained in the next section.
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4 Discussion

The present study has examined the impact of salt on the
polymer profiles and normal force between two opposing
polyelectrolyte brushes using equilibrium theory, extend-
ing our earlier study for salt-free conditions [17]. The nor-
mal force is derived directly from the free energy using
eq. (28) for planar brushes and eq. (29) for crossed cylin-
ders. Although we use an equilibrium theory, these pre-
dictions should remain reasonably accurate under shear
while the brushes are separated (i.e., D � D∗). Provided
the shear rate and solvent viscosity are not too high, the
velocity gradient of the solvent will tend to be confined to
the polymer-free gap. Even if the solvent flow does stretch
the polymers in the lateral direction, this will not signif-
icantly affect behavior in the normal direction provided
that the Gaussian chain model remains valid. This is be-
cause the stretching energy of a Gaussian chain decouples
in the orthogonal directions. Since we are assuming that
the onset of sliding friction coincides with the point of
physical contact between the brushes (i.e., D ≈ D∗), the
normal forces plotted in fig. 10 represent the maximum
loads the brushes can support before the friction becomes
significant.

The main consequence of adding salt is to reduce the
range of the interaction between the brushes, as demon-
strated theoretically in fig. 9a and experimentally by Dun-
lop et al. [4]. The effect is two-fold. Firstly the brush
height, ℓ, contracts with increasing salt concentration, ρs,
and secondly the range of the charge distribution from
the free ions extending beyond ℓ is limited by the Debye

screening length, λD ∼ ρ
−1/2
s (see fig. 2). Nevertheless,

as the brushes are squeezed together, the polymer profiles
and the normal force between them recover to the salt-free
conditions once the gap between the brushes, 2(d− ℓ), be-
comes small relative to λD (see figs. 6 and 8). As a result,
the point of physical contact between the brushes (see
fig. 10a) and the corresponding normal force (see fig. 10b)
are remarkably unaffected by the addition of salt.

The effect of salt on the normal force between crossed
cylinders is more significant (see fig. 10c), but this is easily
understood. For crossed cylinders, there is a distribution
of separations, of which 2d is the minimum separation
at the center where the cylinders cross. The normal force
originates from a finite patch between the cylinders, where
the separation is within the range of the interaction. Al-
though, the normal force at the center of the patch, where
the separation is smallest, is relatively unaffected by the
added salt, the size of the patch becomes smaller due to
the fact that the salt reduces the range of the interaction.
Even still, the reduction in normal force happens quite
gradually and thus the addition of salt is still not partic-
ularly detrimental.

The combination of SST and SCFT has proven to be
rather powerful. The SST provides valuable analytical re-
sults and scaling predictions, which greatly aid our un-
derstanding of the system, while SCFT provides the fluc-
tuation corrections necessary to investigate the interpen-
etration of the brushes. It is particularly nice that both

theories apply mean-field theory to the exact same Gaus-
sian chain model [39]. Since the only difference between
the theories is that SST ignores fluctuations about the
low-energy classical chain trajectories, any difference be-
tween the two theories is entirely due to fluctuations. The
alternative lattice SCFT of Scheutjens and Fleer [40] ap-
plied to this system by Israëls et al. [41] uses a different
model, making it less straightforward to ascertain the ef-
fect of fluctuations. In particular, it would be difficult to
extract the fluctuation-induced tails plotted in fig. 4 since
L is model dependent.

Unfortunately, exact solutions to the SST are partic-
ularly rare. Melt [15] and semi-dilute [16] neutral brushes
are the two well-known examples for which the theory
can be solved analytically. In these cases, the field, w(z),
is parabolic, and in fact it is always guaranteed to be so if
ρp(z) is a non-increasing function of z [42] as is the case in
the present polyelectrolyte system. For melt brushes ρp(z)
is constant and for semi-dilute neutral brushes ρp(z) ∝
w(z). Because the polymer profile is known in advance, the
theory is readily solved. Similarly, the solution for semi-
dilute polyelectrolyte brushes is possible in a theta solvent
because ψ(z) ∝ w(z), which allows ρp(z) to be deduced
from the Poisson-Boltzmann equation. As soon as one de-
viates from a theta solvent, this simplification is lost and
one has to resort to numerical solutions [43]. Fortunately,
as Pincus [44] argued, the electrostatic interactions gen-
erally dominate the effects of solvent quality, and so it is
not such a restrictive assumption to neglect the solvent
interactions.

Miklavic and Marcelja [45] did examine the interac-
tion between strong (quenched) polyelectrolyte brushes
in good solvent conditions, but they had to linearize the
Poisson-Boltmann equation to obtain an analytical solu-
tion to the SST. Unlike for the theta solvent condition,
their opposing brushes came into physical contact under
compression, but interestingly they did report some con-
traction of the brushes preceding physical contact. Un-
fortunately, they did not investigate the details of this
behavior.

Biesheuvel [46] also performed SST calculations for
compressed polyelectrolyte brushes allowing for an arbi-
trary solvent quality, and furthermore he considered both
quenched and annealed polyelectrolytes. In that case, he
assumed an Alexander-de Gennes box profile for ρp(z)
and imposed electro-neutrality. The first approximation
results in some quantitative inaccuracies, but the second
actually has qualitative implications. In particular, it pre-
vents the opposing brushes from interacting with each
other prior to physical contact, and hence the contraction
of the brushes in fig. 7 is automatically lost.

While the SST becomes difficult to solve without in-
voking further approximations, the numerical SCFT [27–
29] is much more versatile [47–50]. For example, it can
readily handle annealed or quenched polyelectrolytes un-
der the full range of solvent qualities from poor to good,
and concentrations from semi-dilute up to melts. Below
the semi-dilute regime, the mean-field approximation be-
comes invalid. In situations where Nc is not large enough
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to justify smearing the charge uniformly along the poly-
mer backbone, SCFT could handle discrete charges along
the polymer chain either regularly or randomly spaced. It
could equally well account for finite flexibility and exten-
sibility of the polymer chains [51] as well as polydispersity
in the chain length [52, 53], which can become rather sig-
nificant for brushes grown from the grafting surface [4]. In-
deed, a whole host of generalizations are possible within
the framework of SCFT without resorting to additional
approximations.

There have been a couple preliminary studies [2,3] ex-
amining the effects of salt on the normal and shear forces
of polyelectrolyte brushes, and Giasson et al. are currently
performing a more comprehensive study. Even the simple
versions of SST and SCFT considered here have proven
to be remarkably effective at predicting the normal force
between neutral brushes [54], and thus it will be interest-
ing to see if they perform similarly well for polyelectrolyte
brushes. For neutral brushes, the SST significantly under-
estimates the normal force, but for charged brushes, the
SST should be sufficiently accurate. Likewise, it would be
interesting to see if the onset of sliding friction coincides
well with the point where physical contact between the
brushes is predicted to occur, but this would have to be
done with SCFT.

5 Conclusions

We have examined the effect of salt on strong (quenched)
polyelectrolyte brushes in a theta solvent using equilib-
rium statistical mechanics. The assumption of a theta
solvent permitted us to obtain an exact analytical solu-
tion to the classical strong-stretching theory (SST) in-
troduced by Semenov [15] and by Milner, Witten and
Cates [16]. Furthermore, the numerical self-consistent field
theory (SCFT) of Edwards allowed us to investigate the
effect of chain fluctuations. Because of the large param-
eter space, we restricted our study to osmotic brushes

(LBN
3/2
c = 100), where the charge on the polymer chains

is well screened by the free ions.
Our study began with a brief look at an isolated brush,

which was studied previously by Borizov and Zhulina [23]
using SST and by Israëls et al. [41] using a lattice ver-
sion of SCFT. According to the classical SST, low con-
centrations of salt, ρs, cause a mild contraction in the
brush height, ℓ, while the high concentrations of the so-
called salted-brush regime produce a more rapid decrease

of ℓ ∼ ρ
−1/3
s . The chain fluctuations included in SCFT

produce a depletion zone next to the grafting surface and
a tail extending beyond classical brush height, ℓ. This in-
creases the average segment height, and can wipe out the

ℓ ∼ ρ
−1/3
s scaling when the fluctuations are particularly

large (e.g., Nc ≪ 100). We also checked to see if the size of
the fluctuation-induced tail exhibited either the ℓ1/5 scal-
ing for salt-free brushes or the conventional ℓ−1/3 scaling
expected for the salted-brush regime, but our study ap-
pears to be in an intermediate regime where there is no
particular scaling behavior.

The main focus of our investigation was the normal
force and interpenetration between opposing brushes com-
pressed to a separation of 2d (see fig. 1). The addition of
salt tends to eliminate the long-range part of the interac-
tion as previously demonstrated by experiment [4]. This
is partly because of the above contraction in ℓ, but mainly
because the electrostatic interaction between the brushes
is screened when the polymer-free gap separating them,

2(d− ℓ), exceeds the Debye screening length, λD ∼ ρ
−1/2
s .

Once the brushes start to interact, there is a further con-
traction in ℓ that tends to maintain the polymer-free gap,
allowing the brushes to develop a large normal force with-
out any significant physical contact. Provided ρs is below
the salted-brush regime, the normal force between paral-
lel brushes recovers to the salt-free value when 2(d − ℓ)
becomes small relative to λD. However, some of the nor-
mal force is lost between crossed cylinders, because the
absence of a long-range interaction reduces the area over
which the cylinders interact.

Although our calculations are specific to static equi-
librated brushes, our predictions for the polymer profile
and normal force should remain relatively accurate under
shear up to the point of physical contact between the op-
posing brushes (i.e., D � D∗), provided the shear rate
and viscosity of the solvent are not too large. Assuming
that the onset of sliding friction coincides with the point
of physical contact, fig. 10 provides the maximum normal
force that the system can support without introducing
significant levels of friction. Thus we can expect that the
superb lubricative properties observed for salt-free condi-
tions [2–4] will survive the addition of salt, provided one
stays clear of the salted-brush regime.

We acknowledge Suzanna Giasson for useful discussions and
the EPSRC for financial support (grant no. EP/F068425/1).
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