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Simulations of five different coarse-grained models of symmetric diblock copolymers are compared to
demonstrate a universal (i.e., model-independent) dependence of the free energy and order-disorder
transition (ODT) on the invariant degree of polymerization N̄. The actual values of χN at the ODTapproach
predictions of the Fredrickson-Helfand (FH) theory for N̄ ≳ 104 but significantly exceed FH predictions at
lower values characteristic of most experiments. The FH theory fails for modest N̄ because the competing
phases become strongly segregated near the ODT, violating an underlying assumption of weak segregation.
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Universality is a powerful feature of polymer physics
that allows the behavior of real systems to be predicted on
the basis of simple generic models. The best example of
this is the scaling theory of dilute and semidilute polymer
solutions in good solvent [1–3]. This theory predicts a
universal dependence on two thermodynamic state param-
eters—an excluded volume parameter and an overlap
parameter. Experimental verification of this scaling hypoth-
esis [3–5] was a key step in the development of a very
sophisticated understanding of polymer solutions. Here,
we use computer simulations to verify an analogous
scaling hypothesis regarding the thermodynamics of block
copolymers and to study universal characteristics of the
order-disorder transition (ODT).
We consider a dense liquid of AB diblock copolymers,

with N monomers per chain, and a fraction fA of A
monomers. We focus on the symmetric case fA ¼ 1=2.
Self-consistent field theory (SCFT) is the dominant theo-
retical approach for block copolymers [6–8]. SCFT
describes polymers as random walks with a monomer
statistical segment length b, which we take to be equal for A
and B monomers. The free energy cost of contact between
A and B monomers is characterized by an effective Flory-
Huggins interaction parameter χe. Let g denote a dimen-
sionless excess free energy per chain, normalized by the
thermal energy kBT. SCFT predicts a free energy g for each
phase that depends only upon fA and the product χeN, or
upon χeN alone for fA ¼ 1=2. This yields a predicted phase
diagram [6,7] that likewise depends only on fA and χeN.
For fA ¼ 1=2, SCFT predicts a transition between the
disordered and lamellar phases at ðχeNÞODT ¼ 10.495.
SCFT has long been believed to be exact in the limit

of infinitely long, strongly interpenetrating polymers
[9,10]. The degree of interpenetration in a polymer liquid
may be characterized by a dimensionless concentration
C̄≡ cR3=N, in which c is monomer concentration, c=N is

molecule concentration, and R ¼
ffiffiffiffi
N

p
b is coil size.

Alternatively, we may use the invariant degree of polym-
erization N̄ ≡ C̄2 ¼ Nðcb3Þ2 [10]. A series of post-SCFTs
[10–18], starting with the Fredrickson-Helfand (FH) theory
[10], has given predictions for finite diblock copolymers
that depend on N̄ in addition to the SCFT state parameters
but that reduce to SCFT predictions in the limit N̄ → ∞.
Specifically, these theories suggest that, for symmetric
copolymers, g is given in each phase by a universal (model-
and chemistry-independent) function of χeN and N̄ alone:

g ¼ gðχeN; N̄Þ: ð1Þ

If so, the value of χeN at the ODT (where the free energies
of competing phases are equal) should depend only on N̄
and should approach 10.495 as N̄ → ∞. Equation (1) is a
conjecture that is suggested by the mathematical structure
of the FH theory. We show here, however, that this scaling
hypothesis has a much wider range of validity than the
theory that inspired it.
We compare simulations of four continuum bead-spring

models (models H, S1, S2, and S3) and one lattice model
(model F). Each bead-spring model has a harmonic bond
potential and a nonbonded pair potential of the form
VijðrÞ ¼ ϵijuðrÞ, with ϵAA ¼ ϵBB and ϵAB ≥ ϵAA. Model
H uses a truncated purely repulsive Lennard-Jones pair
potential (H denotes “hard”) and is similar to the model of
Grest and co-workers [19,20]. Models S1, S2, and S3 all
use the softer pair potential typical of dissipative particle
dynamics simulations. Model F is an fcc lattice model
with 20% vacancies, an interaction ϵAB between unlike
nearest-neighbor monomers, and no interaction between
like monomers (ϵAA ¼ ϵBB ¼ 0). Models H [21–23], S1
[22,23], and F [24–27] have been studied previously.
All bead-spring simulations reported here use accelerated
NPT molecular dynamics [28] on Graphics Processing
Units (GPUs). ODTs for bead-spring models were
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identified using a well-tempered metadynamics free energy
method, as discussed in our Supplemental Material [29].
The word “model” is used here to refer to a set of choices

for the functional form of the pair and bond potentials and
for almost all parameters, except N and one parameter that
is varied to control χe. Here, we vary the difference
α≡ ϵAB − ϵAA, while holding T, pressure or monomer
concentration, ϵAA, and all other parameters constant for
each model.
The parameters of the four bead-spring models were

chosen to facilitate testing of universality [Eq. (1)] by
creating pairs of simulations of different models with
unequal values of N but equal values of N̄. Parameters
for models H, S1, S2, and S3 were adjusted to give values
of N̄=N ¼ ðcb3Þ2 with ratios of nearly 1∶4∶16∶32.
Because simulations were conducted for chain lengths
N ¼ 16, 32, 64, and 128 that also differ by multiples of
2, some pairs of simulations of different models have equal
values of N̄. Specifically, systems H-64 (model H with
N ¼ 64) and S1-16 (model S1 with N ¼ 16) both have
N̄ ≃ 240, while S1-64 and S2-16 both have N̄ ≃ 960,
systems S1-128, S2-32, and S3-16 all have N̄ ≃ 1920, and
S3-64 and S2-32 both have N̄ ≃ 3840.
The simulations presented here span N̄ ≃ 100–7600,

thus overlapping most of the range N̄ ≃ 200–20000
explored in experiments. For example, N̄ ≃ 1100 in a
classic study of symmetric poly(styrene-b-isoprene)
[38,39], N̄ ≃ 220 in a recent study of poly(isoprene- b-L
lactic acid) [40], and N̄ ≃ 5000 in the study of poly
(ethylene-propylene-b-ethyl ethylene) used to test the FH
theory [41–44].
Estimating χe.—To compare results of different simu-

lation models or experimental systems to coarse-grained
theories, or to each other, one must somehow estimate how
the interaction parameter χe for each model or chemistry
depends on temperature T (in experiments) or simulation
parameters. In our simulations, χe is an unknown model-
dependent function χeðαÞ of the control parameter α.
In previous simulations, χeðαÞ has almost always been

assumed to be a linear function of α, of the form
χeðαÞ≃ zα=kBT. Methods of estimating the coefficient z
have generally relied [45] on either (1) some form of
random-mixing approximation, thus ignoring monomer-
scale correlations, or (2) a perturbation theory that allows a
value for z to be obtained by analyzing intermolecular pair
correlations in a reference homopolymer liquid [45–47].
The latter approach has been shown to give the first term of
a Taylor expansion of χeðαÞ in powers of α [47]. In recent
studies of the structure factor SðqÞ in the disordered phase
[21,22], this perturbative estimate for χe was found to work
well for small values of α (as expected) but to fail for the
larger values of α reached near the ODT in most of the
simulations considered here.
In the analysis of experimental data, the dependence of

χeðTÞ upon temperature T is often estimated by fitting the

structure factor Sðq; TÞ in the disordered phase to predic-
tions of the RPA or FH theories. Below, we apply a similar
analysis to simulation data for Sðq; αÞ. This approach is
motivated by recent improvements in the agreement
between theoretical predictions and simulation results for
SðqÞ in the disordered phase [23], which were obtained by
using an improved theory for SðqÞ, the renormalized one-
loop theory (ROL) [16,17], and (equally importantly)
allowing χe to be a nonlinear function of α. In what
follows, results for the free energy and ODT are thus
analyzed and plotted using a nonlinear approximation for
χeðαÞ for each model that is obtained, as in Ref. [23], by
doing a simultaneous fit of results for Sðq; αÞ from
simulations of several chain lengths to the ROL theory,
while constraining the value of dχeðαÞ=dα at α ¼ 0 to agree
with perturbation theory [29]. The need to allow for a
nonlinear dependence of χeðαÞ upon α implies that changes
in α are inducing nonuniversal changes in monomer-
scale correlations, in addition to universal changes in
long-wavelength correlations.
Results.—We test Eq. (1) by comparing results from dif-

ferent simulation models and chain lengths for the molecu-
lar free energy g and its derivative g0 ≡ ∂g=∂ðχeNÞ. Given
an adequate independent estimate of χeðαÞ, g0 can be
calculated from simulation data using the relation

∂g
∂ðχeNÞ

¼ hUABðαÞi
MNϵABðαÞ

"
kBT

dχeðαÞ
dα

#−1
; ð2Þ

where UAB is the total nonbonded AB pair interaction
energy in a system of M chains. Equation (2) is derived by
using the identity ∂g=∂α ¼ h∂HðαÞ=∂αi=ðkBTMÞ, where
HðαÞ is the model Hamiltonian, to show that ∂g=∂α ¼
hUABi=ðMkBTϵABÞ, and then writing ∂g=∂χe ¼ ð∂g=∂αÞ=
ðdχe=dαÞ.
Equation (1) implies that g0 ¼ ∂g=∂ðχeNÞ should (like g)

be a universal function of χeN and N̄. Data from simu-
lations of different models with matched values of N̄ should
thus collapse when g0 is plotted vs χeN. The quality of
the collapse does, however, depend on the accuracy of the
approximation for χeðαÞ used to construct such a plot. The
inset and main plots of Fig. 1 show two different attempts to
collapse data for g0 vs χeN for models S1-64 and S2-16, for
which N̄ ≃ 960. The inset was constructed using the linear
approximation [47] χe ≃ zα=kBT. This approach fails,
yielding a poor data collapse and poor agreement for the
value ðχeNÞODT of χeN at the ODT (arrows). The main plot
was constructed using the nonlinear approximation for
χeðαÞ obtained by fitting SðqÞ. This succeeds, giving a
nearly perfect collapse of data for g0 and consistent values
for ðχeNÞODT. Results for other pairs of models with
matching N̄ show similar agreement. The results verify
both the scaling hypothesis [Eq. (1)] and the accuracy of
this method of estimating χeðαÞ.
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There is a small but measurable discontinuity Δg0 in g0

across the ODT in Fig. 1, as expected for a first-order
transition. The smallness of the discontinuity (Δg0 ≃ 0.008,
or 7%) indicates that the degree of AB contact is similar in
the disordered and ordered phases near the ODT. This
suggests that the disordered phase has a local structure
rather similar to that of the ordered phase, with well-defined
A and B domains and a similar AB interfacial area per
volume, but without long-range order. The SCFT predic-
tion for g0ðχeNÞ (dashed line) is given by the spatial average
of the product ϕAðrÞϕBðrÞ of the predicted local volume
fractions of A and B monomers. This yields g0 ¼ 0.25 in
the disordered phase, at χeN < 10.495. Interestingly, SCFT
predictions for g0 are poor in the disordered phase near the
ODT but show excellent agreement with simulations in the
ordered phase. SCFT thus accurately predicts the extent of
AB contact within the ordered phase but is intrinsically
incapable of handling the strong short-range correlations in
the disordered phase.
Figure 2 shows the free energy per chain g vs χeN for four

values of N̄. These were calculated by numerically integrat-
ing simulation results for ∂g=∂α within each phase, setting
g ¼ 0 at α ¼ 0 by convention, and equating values of g in
the two phases at the observed ODT. Three of the plots show
overlapping results for pairs of simulations with matched
values of N̄, again demonstrating universality. In the range
10.495 < χeN < ðχeNÞODT in which the disordered phase
develops strong correlations, simulation results fall well
below the SCFT prediction for a homogeneous phase
(the straight line) and actually lie much closer to SCFT
predictions for the ordered phase. Interestingly, SCFT
predictions for g are rather accurate within the ordered
phase for all but the lowest value of N̄ shown here and seem
to become more so with increasing N̄. This agreement does
not follow trivially from the observed accuracy of SCFT
predictions for g0 in the ordered phase, since the value of g at

the ODT has been calculated by integrating ∂g=∂α through
the disordered phase, in which SCFT predictions for g0 are
poor. Physically, the main components of g are free energies
arising from AB contact and chain stretching. Only the
extent of AB contact is directly reflected by the value of g0.
Our results thus imply that SCFT accurately describes both
main components of g in the ordered phase, although not in
the disordered phase near the ODT.
The main plot of Fig. 3 shows a compilation of results for

ðχeNÞODT from all simulations plotted vs N̄, using our
nonlinear fits for χeðαÞ. The inset shows a corresponding
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FIG. 2 (color online). Free energy per chain g vs χeN at four
different values of N̄, plotted using a nonlinear approximation for
χeðαÞ. Solid lines are SCFT predictions for gðχeNÞ. The straight
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FIG. 1 (color online). Plot of g0 ≡ ∂g=∂ðχeNÞ vs χeN
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plot constructed using the perturbative linear approxima-
tion for χeðαÞ. As before (inset of Fig. 1), the linear
approximation fails to collapse the data. With the nonlinear
χeðαÞ, however, the results from all five models collapse
onto a master curve, as required by Eq. (1). Note particu-
larly the nearly perfect agreement between simulations with
matched values of N̄, illustrated by overlapping open
symbols. The dotted curve is an empirical fit

ðχeNÞODT ¼ 10.495þ 41.0N̄−1=3 þ 123.0N̄−0.56 ð3Þ

to the bead-spring model results, in which the first two
terms give the FH prediction [10] (solid curve). These
results suggest that the FH theory becomes accurate for
N̄ ≳ 104 but breaks down at the lower values of N̄ ≲ 104

typical of experiments.
Insight into why the FH theory fails for N̄ ≲ 104 can be

gained by examining composition profiles near the ODT.
The FH theory assumes weak segregation at the ODT. The
inset of Fig. 4 shows the dependence of the average local
volume fraction ϕAðzÞ of Amonomers in the lamellar phase
at the ODT, for model S1-64 (N̄ ≃ 960). This quantity
exhibits a rather large amplitude oscillation, yielding a
maximum max½ϕAðzÞ&≃ 90% in the middle of the A
domain. The function ϕAðzÞ is also almost perfectly
sinusoidal (ratio of the third to the first harmonic:
1.6%), but we believe that this is partly a result of
smearing by interfacial fluctuations. The main plot shows
how the value of max½ϕAðzÞ& at the ODT varies with N̄.
This value is large over the entire range studied here but
decreases slowly with N̄ in a manner consistent with
convergence to the FH prediction (solid curve) for
N̄ ≳ 104. Note that the FH theory predicts unphysical
values of max½ϕAðzÞ& > 1 for N̄ ≲ 103, implying that lower
values are well beyond its region of validity.

In this work, we provide the first compelling evidence for a
universal dependence of thermodynamic properties of block
copolymer melts on N̄, by collapsing results obtained with
different simulation models. The scaling hypothesis of
Eq. (1) is found to hold even for surprisingly short chains,
down to at least N̄ ∼ 200. We also provide the first reliable
estimate of how the value of ðχeNÞODT actually depends on
N̄, given by Eq. (3). The FH theory appears to be quanti-
tatively accurate for N̄ ≳ 104 but fails at lower values typical
of most experiments, for which the ordered and disordered
phases both become rather strongly segregated near theODT.
SCFT gives poor predictions for ðχeNÞODT but gives
surprisingly accurate predictions for the free energy of the
ordered lamellar phase, suggesting that SCFT may provide
more reliable predictions for order-order transitions.
Our success in collapsing data from different simulation

models relied critically upon the adoption of a more
sophisticated method of estimating χe than used in previous
studies of the ODT. Here, χe is determined by fitting
disordered state data for SðqÞ from each model to the
ROL theory, while allowing for a nonlinear dependence of
χe upon α. The absence of an adequate method of estimating
χe has, until now, made it impossible to perform precise
comparisons of coarse-grained simulation of block copol-
ymers to theoretical predictions, other simulation models, or
experiments. Our procedure for estimating χe can also be
applied to experiments, by fitting measured scattering
intensities to the ROL theory to estimate χeðTÞ.
Alternatively, χe could be deduced by fitting the exper-
imental ODTs to our improved estimate of ðχeNÞODT.
Interaction parameters obtained by analyzing simulations
and experiments involving symmetric block copolymers can
be used to predict the behavior of more complicated
systems, such as multiblock copolymer melts. The demon-
stration of universality, combined with an accurate, broadly
applicable method of determining χe, promises a major
improvement in the ability of coarse-grained simulations to
make reliable quantitative predictions about real materials.
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INTRODUCTION

The simulations presented in the accompanying article
were conducted independently by two subsets of the au-
thors: Simulations of the bead-spring models (models H,
S1, S2, and S3) were conducted at the University of Min-
nesota by J.G., P.M. and D.M, while the lattice Monte
Carlo simulations (model F) were conducted at the Uni-
versity of Reading by T.B. and M.M. The decision to
present the results in a joint publication was made after
both sets of simulations were complete, when analysis of
the two data sets by identical methods revealed the con-
sistency of the results. Somewhat di↵erent simulation
methods were thus used in the bead-spring and lattice
simulations. In particular, for the bead-spring models,
the ODT was determined by comparing free energies of
the disordered and ordered phases, while the lattice cal-
culations identified the ODT by the discontinuous jump
in the internal energy (which is proportional to a deriva-
tive of the free energy).

FCC LATTICE MODEL

Model F is a face-centered-cubic lattice Monte Carlo
model with 20 % vacancies, with a distance

p
2d between

nearest neighbor sites and a monomer concentration c =
0.4d�3, where d is the spacing of an underlying cubic
lattice. Double occupancy is prohibited. The model has
no interaction between AA or BB nearest neighbor pairs
(✏AA = ✏BB = 0), and an interaction ✏AB = ↵ between
AB nearest neighbor pairs.

This model has been studied previously [1–4] using
methods similar to those used here. The simulations
reported here all used the parallel tempering method
described in Ref. [3]. Simulations were carried out in
L ⇥ L ⇥ L cubic simulation cells, where L was chosen
to be approximately

p
14 times the preferred layer spac-

ing at the ODT, to yield a nearly commensurate cell for
lamellae oriented in a {321} direction. Previous studies
[2, 3] have shown that the dependence of (�eN)ODT upon
L is modest for symmetric diblock copolymers in cells of
this size or larger.

In the simulations presented here, for which we give
the parameters in Table II, separate sets of parallel tem-
pering simulations were conducted for each chain length
N , initialized from either (1) all disordered configurations
or (2) all ordered configurations. Results obtained from
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FIG. 1. Free energy derivative g0 vs. �(1)
e N for lattice model

simulations with N = 20 to 180, where �(1)
e (↵) ⌘ z↵/kBT is a

linear approximation for �e(↵). Values of g
0 shown here were

calculated using Eq. (2) of the main text, also using approxi-

mation �(1)
e . Results are show both for simulations that were

initialized with all disordered configurations (�) and simu-
lations that were initialized with ordered configurations (⇤).
The persistence of metastable ordered and disordered phases
very near the ODT is evident from the existence of metasta-
bility loops in which the results obtained from di↵erent initial
states di↵er.

simulations with these di↵erent initial states were found
to converge outside of a small range of values of ↵ near
the ODT. This convergence of results obtained from very
di↵erent initial configurations, where it occurs, is strong
evidence that the simulations have reached a global equi-
librium state. Near the ODT, however, simulations ini-
tialized from di↵erent initial conditions remained in dif-
ferent phases, creating the metastability loops visible in
Fig. 1. The minimum and maximum values of ↵ within
these loops provide bounds on the true value ↵ODT of
↵ at the ODT. Our estimates of ↵ODT for model F, as
reported in Fig. 3 of the main text, are the midpoints
of these metastability loops. The uncertainty �(�eN)
in the value of �eN at the ODT due to metastability is
�(�eN)  0.1 for N = 20, . . . , 120 and �(�eN) ' 0.2
for N = 180. This uncertainty is too small to signifi-
cantly a↵ect the quality of the collapse shown in Fig. 3
of the main text.
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BEAD-SPRING MODELS

Models H, S1, S2 and S3 are continuum bead-spring
models. Each bead-spring model has a harmonic bond
potential Vbond(r) = (r � l0)2/2 and a pair potential of
the form Vij(r) = ✏iju(r) that vanishes beyond a cuto↵
distance rc, for which ✏AA = ✏BB and ✏AB = ✏AA + ↵.
Model H is a purely repulsive Lennard-Jones potential,
with u(r) = 4[(�/r)�12 � (�/r)�6 + 1/4], rc = 21/6�,
✏AA = kBT ,  = 400kBT/�2 and l0 = �. Models S1,
S2, and S3 all use the softer pair potential often used
in dissipative particle dynamics simulations, with u(r) =
[1 � (r/�)2]/2, rc = �, and ✏AA = 25kBT . These three
models all use a spring of zero rest length, l0 = 0. Models
S1, S2 and S3 di↵er only in the values of  and monomer
concentration c. Nonbonded pair interactions between
bonded monomers are excluded in model H but included
in models S1, S2, and S3. Values for all simulation input
parameters are given in Table 1.

All bead-spring simulations reported here are GPU ac-
celerated isobaric isothermal (NPT) molecular dynamics
simulations. All such simulations were carried out using
the using the HOOMD-blue code [5], using the NPT in-
tegrator of Martyna, Tobias, and Klein [6], using a time
step �t = 0.005 in natural units (kBT = 1, � = 1, bead
mass =1). Simulations of each model and chain length N
were performed using a fixed set of values for potential
energy parameters ✏AA = ✏BB , rc, , and l0 and pressure
P , over a range of values of ✏AB = ✏AA + ↵. Isothermal,
constant volume (NVT) simulations of models H and S1
have been carried out previously [7–9], using the same
potential energy parameters.

The pressure used in NPT simulations of each model
was chosen so as to yield a predetermined target value
c for the monomer concentration in the limit ↵ = 0,
N ! 1 of infinite homopolymers. The target values
of c = 0.7��3 for model H and c = 3.0��3 for model S
are the concentrations used in earlier NVT simulations
of these models [7–9]. The required pressure P for each
model was determined by running preliminary NVT sim-
ulations for each model for several values of N in the
↵ = 0 homopolymer state with a monomer concentra-
tion equal to the target value, and measuring the pres-
sure. The pressure P (N) was found to exhibit a nearly
perfect linear dependence on 1/N , P (N) = P1 + �/N .
The extrapolated value P = P1 was then used for all
NPT simulations.

Simulations of the bead-spring models were carried out
using chains of length N =16, 32, 64, and 128. Several
types of NPT simulation were performed for each such
model and chain length.

(1) Simulations of the disordered phase were performed
in NPT ensemble using an L ⇥ L ⇥ L cubic simulation
cell. The number of molecules M for each of these simu-
lations was chosen, as in Ref. [9], to yield a length L of

Model ✏AA rc  l0 c P

H 1.0 1.1225 400.0 1.0 0.7 2.307

S1 25.0 1.0 3.406 0.0 3.0 20.249

S2 25.0 1.0 1.135 0.0 1.5 4.111

S3 25.0 1.0 0.867 0.0 1.5 4.132

TABLE I. Simulation input parameters for the bead-spring
models in units of kBT = 1 and � = 1. Here, c denotes the
extrapolated monomer concentration for infinite homopoly-
mers at the specified pressure.

approximately 3 times the RPA prediction 2⇡/q⇤0 for the
layer spacing evaluated at the ODT for a system with
the asymptotic monomer concentration c.
(2) Simulations of the ordered phase were performed

over a range of parameters near and above the ODT
value of ↵ using a tetragonal Lx ⇥ Lx ⇥ Lz simulation
cell in which Lx and Lz can fluctuate independently so
as to allow the layer spacing to adjust to create a state
of isotropic pressure. These simulations were initialized
with artificially ordered configurations of 3 lamellar peri-
ods with layers oriented normal to the z axis. In systems
that did not disorder, the layers remained in this orienta-
tion. All reported thermodynamic and structural prop-
erties of the ordered phase, including hUABi, the layer
spacing d, and the composition profile �A(z), were ob-
tained from such tetragonal NPT simulations.
Initial estimates of the value of ↵ at the ODT were ob-

tained from observations of spontaneous disordering of
tetragonal NPT simulations of systems that were initial-
ized with an ordered configuration, and of spontaneous
ordering of cubic NPT simulations of systems that were
initialized with a disordered configuration, for simula-
tions with values of ↵ spaced closely around the ODT.
Measurements of hUABi yielded metastability loops simi-
lar to those shown in Fig. 1 for the lattice model. Ordered
and disordered phases were also identified by tracking the
absolute magnitude of the Fourier amplitude  (q) of the
order parameter  (r) = cA(r)� cB(r) at the wavevector
q for which | (q)| is maximum, corresponding to a Bragg
peak in the ordered phase. These simulations yielded ini-
tial estimates of the values ↵ODT and dODT of ↵ and the
layer spacing d at the ODT.
(3) Well-tempered metadynamics simulations were run

for each model and chain length to more precisely lo-
cate the ODT by measuring the di↵erence in free energy
between the competing phases. These simulations, for
which parameters are given in Table II, are discussed in
a separate section below.
Special care is needed to ensure equilibration of the

disordered phase near the ODT, because of the slow re-
laxation of composition fluctuations with wavenumbers
similar to q⇤. To help quantify the time required for
complete equilibration, we measured the van Hove auto-
correlation function S(k, t) = h (k, t) (k, 0)i for at least
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Model M L ↵ODT (�eN)ODT N

H-64 2026 57.00 1.587 22.86 240.2

S1-16 2007 22.04 4.920 22.76 238.9

S1-32 2555 30.09 2.220 19.57 477.7

S1-64 3269 41.16 1.031 17.24 955.4

S1-128 4162 56.21 0.478 15.33 1910.9

S2-16 3137 32.22 14.678 17.44 955.5

S2-32 4145 44.55 5.771 15.61 1911

S2-64 5573 61.95 2.534 14.35 3822

S3-16 3967 34.85 12.430 15.70 1907

S3-32 5391 48.63 4.990 14.39 3815

S3-64 7227 67.56 2.213 13.36 7629

F-20 2500 50 0.167 27.48 90.13

F-30 2880 60 0.112 25.80 135.2

F-40 3144 68 0.084 24.30 180.3

F-60 3413 80 0.056 22.44 270.4

F-90 3691 94 0.037 20.59 405.6

F-120 4199 108 0.027 18.98 540.8

F-180 5111 132 0.017 17.44 811.2

TABLE II. Chain length N , number of molecules M , simula-
tion cell size L, and precise estimates of ODT for all systems
studied in this work. Cell size L is given in terms of length
unit of � = 1 for bead-spring models and d = 1 for model
F. Values of M and L given here for the bead-spring models
are those used in well-tempered metadynamics simulations
conducted to locate the ODT.

one wavevector k with |k| ⇠ q⇤ during every simulation
of the disordered phase, and obtained an estimated re-
laxation time scale ⌧ from an exponential fit of the long
time behavior. An example is shown for model H-32 in
Fig. 2. Only simulations of configurations that had been
equilibrated for approximately 20⌧ or longer (sometimes
much longer) were used for our final data analysis.

PARAMETER CALIBRATION

Here, we present the analysis used to estimate the
model-dependent phenoneological parameters b, z and
�e(↵) that are required in our theoretical analysis. Fit-
ting procedures for these quantities are identical to those
presented in Ref. [9]. Values for the resulting coe�cients
are given in Table III.

Statistical Segment Length

Values of the statistical segment length b for each model
were obtained, as in Ref. [9], by evaluating the ra-
dius of gyration Rg(N) for homopolymers with sev-
eral chain lengths and extrapolating to obtain the limit
b2 = limN!1 6R2

g(N)/N . Because this defines b for con-
tinuum models as a property of a hypothetical system
of infinite homopolymers with a specified concentration

H-32

k=0.79 q0*

103 104 105
-20

0

20

40

60

80

têtLJ

Re
XyHk”

,tLy
Hk” ,0
L\êV

FIG. 2. Van-Hove autocorrelation function of disordered
phase composition flucutations (in LJ time units) for wave
number k = 0.79q?0 in model H32, for all values of ↵ =
0, 0.25, 0.5, . . . , 4.25 (from bottom to top) used in the subse-
quent analysis of �e(↵). Solid curves are fits to exponentials,
error bars account for di↵erent wave vectors k of equal mag-
nitude.

c and a corresponding pressure P , it can be evaluated by
extrapolating results of either NVT or NPT simulations.
Values of b for models S2, S3 and F were obtained by an-
alyzing NVT homopolymer simulations with the target
monomer concentrations c = MN/V for several values
of N , as was done for models H and S1 in Ref. [9]. The
ROL theory predicts [9, 10] that 6R2

g(N)/N should vary
with N in a homopolymer melt as

6R2
g(N)

N
' b2


1� 1.42

N
1/2

+
�

N

�
. (1)

where the coe�cient 1.42 is a theoretically predicted uni-
versal coe�cient. Results for each model were fit to Eq.
(1) by treating b and � as fitting parameters. Fig. 3 shows
the resulting fits for all five models.

E↵ective Coordination Number

It was shown in Ref. [11] that the RPA interaction
parameter �e for structurally symmetric models such
as those studied here is given to first order in ↵ by
�e(↵) ' z↵/kBT , where the coe�cient z↵ is an “e↵ec-
tive coordination number” that can be extracted from
homopolymer simulations. This coe�cient is given by
the N ! 1 limit of a quantity z(N) = hUinteri/(MN✏),
where Uinter is the inter-molecular pair interaction en-
ergy in a homopolymer melt of M chains of length N
with a pair potential V (r) = ✏u(r) for bead-spring mod-
els, or a nearest-neighbor interaction of strength ✏ in a
lattice model. It was also predicted [11] that z(N) should
vary with N as

z(N) ' z


1 +

(6/⇡)3/2

N
1/2

+
�

N

�
, (2)
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line is the predicted universal asymptote 1�1.42N
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out the 1/N correction.
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FIG. 4. Results for z(N)/z1 (symbols) vs. N̄�1/2 for all
five models, where z1 = z ⌘ limN!1 z(N). Solid lines are
fits to Eq. (2). The dashed line is the predicted asymptote
1 + (6/⇡)3/2N̄�1/2.

where z and � are model-dependent parameters. Values
of z were determined for models S2, S3 and F, as done
previously for models H and S1 [9], by running NVT
homopolymer simulations at the target concentration c
for several chain lengths, and fitting the results for each
model to Eq. (2), using z and � as fitting parameters.
Fig. 4 shows the resulting fits. Values are given table III.

Estimating �e(↵) by fitting S(q)

A nonlinear approximation for �e(↵) was estimated for
each model by fitting simulation results for the struc-
ture factor S(q) in the disordered phase to predictions of
the ROL theory [12, 13], as done previously in Ref. [9].
Bead-spring simulations used for this purpose were cu-
bic NPT simulations carried out at the same pressure as

Model b (cb3)2 z a2 d1 d2

H 1.404 3.753 0.2965 2.56 8.20 2.123

S1 1.088 14.93 0.237 0.138 0.438 0

S2 1.727 59.70 0.0916 -0.00087 0.00420 0

S3 1.938 119.21 0.0977 -0.00144 0.00086 0

F 1.745 4.506 4.897 88.5 8.30 0

TABLE III. Estimates of parameters b and z and the coe�-
cients in Eq. (3) for �e(↵) for all five models, as determined
by fitting simulation results. The statistical segment length b
is given in units with � = 1 for bead-spring models or d = 1
for the FCC lattice model. The value of (cb3)2 for NPT bead-
spring simulations is calculated using the target value of c for
infinite homopolymers.

that used in all other simulations. Because our previous
simulations of models H and S1 were NVT simulations,
we have obtained new data and new fits for these mod-
els using NPT simulations. In order to obtain reliable
data for S(q) for each model over a range of values of ↵
large enough to reach the ODT for the shortest chains
of interest (i. e., for N = 16 for models S1, S2, and S3
or N = 20 for model F), we included data for models
S1, S2, S3 and F from additional simulations of chains of
length N = 12 in the data set that was used to estimate
�e(↵). These additional simulations of short chains were
not used for other purposes, and are not reported in the
main text of this article.

An approximation for �e(↵) for each model was ob-
tained by a simultaneous fit of ROL theory predictions
to simulation results for cNS�1(q⇤) from several di↵er-
ent chain lengths, using the same function for �e(↵) for
all chain lengths. The fit assumed the functional form

�e(↵) =
z↵̂+ a2↵̂

2

1 + d1↵̂+ d2↵̂2
(3)

for each model, where ↵̂ = ↵/kBT , with d2 = 0 in all
models except model H. The coe�cients a2, d1 and (for
model H) d2 are treated as fitting parameters. The use
of z as the leading term in the numerator constrains the
fit to agree with the results of perturbation theory [11].
The functional form for model H, for which d2 6= 0, was
chosen to make �e(↵) approach a finite limit as ↵! 1,
for physical reasons that are discussed in Ref. [9]. The
form used for all other models (with d2 = 0) yields a
linear increase for large ↵. Results of the fits for mod-
els S1, S2, S3 and F are shown in Fig, 5. Model H is
not shown because it is very similar to the fit shown for
NVT simulations in Ref. [9], and because we evaluated
the ODT for this model only for chains of length N = 64,
for which the linear approximation almost su�ces. Re-
sulting values for the coe�cients a2, d1 and (for model H)
d2 are given in Table III. Plots of the resulting estimates
of �e(↵) are shown in Fig. 6.
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FIG. 5. Fits of the inverse peak structure factor cNS�1 (q⇤)
in the disordered phase to the one-loop theory [12, 13] to
estimate �e(↵) for models S1, S2, S3, and F

WELL-TEMPERED METADYNAMICS

The well-tempered metadynamics algorithm [14, 15]
(WTMetaD) was used to precisely locate the ODT of the
bead-spring models (models H, S1, S2 and S3). Metady-
namics (MetaD) is an adaptive bias potential technique
that is based on the simulation of a modified Hamiltonian
that is given by the sum

H = H0 + V ( ) (4)

of the physical system Hamiltonian H0 and a fictitious
potential V ( ) that depends on a collective variable  .

··

ÌÌ
ÛÛıı
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FIG. 6. �e(↵) obtained from fits to the one-loop theory

plotted vs. linear approximation �(1)
e ⌘ z↵/kBT , for all five

models. The symbols indicate values of �e at the ODT for the
shortest chain length for which we have located the ODT for
each model. The dashed line shows the linear approximation
�e(↵) = �(1)

e .

Like other adaptive biasing techniques, such as Wang-
Landau sampling, WTMetaD causes V ( ) to evolve dur-
ing the simulation in a manner that is designed to lower
free energy barriers between di↵erent macroscopic states.
WTMetaD provides an estimate of the free energy G( )
as a function of the collective variable, in which (for an
appropriate choice of collective variable) di↵erent macro-
scopic states show up as distinct minima in G( ).
The e↵ectiveness of metadynamics depends critically

upon the choice of an appropriate collective variable.
Natural choices of a collective variables for a crystalliza-
tion transition can be expressed in terms of the Fourier
amplitudes of the order parameter  (r) = cA(r)� cB(r).
These can be expressed as sums

 (q) ⌘ 1

NM

MNX

j=1

✏je
iq·rj (5)

where q is a wavevector commensurate with the simula-
tion cell,

P
j is a sum over all NM monomers in a system

of M chains of length N , rj is the position of monomer j,
and ✏j = ±1 is a prefactor of +1 for A monomers and �1
for B monomers. We experimented with collective vari-
ables that depended only upon the Fourier amplitudes for
the Bragg peaks of the lamellar phase in some expected
orientation, but encountered di�culties due to the ten-
dency of the system to order in unexpected orientations.
In response, we adopted a multi-mode collective variable
defined as a regularized sum

 ⌘
"
X

q

| (q)|nf(q/qcut)
#1/n

(6)

over all accessible wavevectors q, and experimented with
di↵erent possible values of the integer n. Here, f(q/qcut)
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is a cuto↵ function that is introduced to suppress con-
tributions from q � q⇤, and the sum is over all al-
lowed wavevectors for which f(q/qcut) is not neglible.
We took f(x) to be a modified Fermi function f(x) =
{1 + exp [12 (x� 1)]}�1, with qcut slightly larger than the
peak wavenumber q⇤.

Eq. (6) defines a regularized norm for composition
fluctuations. The choice n = 2, corresponding to a Eu-
clidean norm, does not adequately discriminate the or-
dered and disordered phases. Increasing n increases the
relative weight of the wavevector q for which | (q)| is
maximum, and thereby increases the separation between
the values of  in the ordered and disordered phases.
The choice n = 4 was found to yield adequate discrim-
ination, and was used in all calculations. An example
of the resulting converged free energy G( ) is shown in
Fig. 7.

To reduce the number of WTMetaD simulations neces-
sary to identify ↵ODT, we implemented an extrapolation
scheme that allows one to estimate changes in the con-
strained free energy G( ,↵) with small changes of ↵.
Given the results of a metadynamics simulation at a sin-
gle value ↵ = ↵0, one can estimate G( ,↵) over a range
of nearby values using a linear extrapolation

G( ,↵) ' G( ,↵0) +
@G

@↵

���
 ,↵=↵0

(↵� ↵0) (7)

in which the partial derivative is given by an average

@G

@↵

���
 ,↵=↵0

=
hUABi

��
 ,↵0

✏AB(↵0)
(8)

that can be evaluated for all values  over the course of
a biased simulation. This scheme made it possible for us
to identify the ODT for most systems from the results
of a single WTMetaD simulation at a well chosen value
of ↵ near the true ODT. Fig. 7 shows an example of an
extrapolation that was used to refine an accurate initial
guess for ↵ODT for model S1-32.

Metadynamics simulations were carried out in NPT
ensemble using a cubic L⇥ L⇥ L unit cell in which the
number of molecules M was chosen so as yield a com-
mensurate cell for a 3 layer system oriented in a {300}
orientation, using our best estimate of the equilibrium
layer spacing and monomer concentrations in the ordered
phase at the ODT from tetragonal NPT simulations con-
ducted very near the ODT. With this choice of system
size, ordered configurations observed in biased simula-
tions almost all oriented along {300} or {221} orienta-
tions, which yield the same layer spacing d = L/3 in a cu-
bic box. The value of ↵ODT for each system was identified
using an equal area construction, requiring that regions
near the ordered and disordered minima in G( ) yield
equal contributions to the integral

R
d e�G( ,↵)/kT .

Because our choice of collective variable is expressed
as a sum of Fourier modes, e�cient implementation of
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FIG. 7. Constrained Gibbs free energy G( ) from WTMetaD
simulations as function of the order parameter  for model
S1-32 (M=2543, 3 layers) calculated at ↵ = 2.20 (solid curve),
and extrapolated to the ODT at ↵ODT = 2.213 (dashed curve)
using linear extrapolation, Eq. (7). Inset: Equilibrium prob-
ability distribution P ( ) / e�G( )/kBT for the same two val-
ues of ↵ (solid/dashed curves). The ODT (dashed curve) was
determined by an equal area rule.

this metadynamics algorithm for large systems required
the implementation of a particle-mesh algorithm similar
to that used to treat Coulomb interactions in MD simu-
lations [16]. The WTMetaD algorithm was implemented
as a publically accessible Integrator plug-in [17] to the
HOOMD-blue simulation framework [5]. The particle-
mesh scheme used to compute the order parameter and
the forces derived from it have been fully implemented
on the GPU using the CUFFT library, as part of the
same plug-in. The implementation also runs on multiple
GPUs, using a distributed FFT algorithm [18, 19], which
was needed for some larger systems. Further details of
the implementation and testing of this algorithm will be
discussed in an separate publication.
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