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ABSTRACT: Recent field-theoretic simulations of symmetric ternary
blends of A- and B-type homopolymers with AB diblock copolymer
[Vorselaars, B.; et al. Phys. Rev. Lett., 2020, 125, 117801]predicted three-
phase coexistence between bicontinuous microemulsion (BμE) and two
homopolymer-rich phases. The present study begins by repeating their
grand-canonical simulations over longer durations in simulation boxes of
different sizes to ensure that the prediction was not an artifact of
nonequilibrium effects or finite system sizes. The coexistence is then
demonstrated in canonical simulations, where the three phases are
explicitly separated by interfaces. From those simulations, we extract the interfacial widths, the interfacial tensions, the domain
size in the BμE phase, and the copolymer concentration in each phase. The latter results are used to improve the accuracy of the
previous phase diagram.

■ INTRODUCTION
Bicontinuous microemulsion (BμE) is a well-established phase
of lyotropic liquid crystals, where oil and water mix together on
the nanoscale forming interweaving domains separated by a
monolayer of surfactant molecules.1,2 It is known for its use in
enhanced oil recovery3 but also has numerous other
applications.2 In 1997, Bates et al.4 discovered an equivalent
polymeric BμE in ternary blends of incompatible polyethylene
(PE) and poly(ethylenepropylene) (PEP) homopolymers,
where PE−PEP diblock copolymers serve as the surfactant.
BμE has since been observed in other polymeric systems5−13

and is being studied for a variety of applications including stable
polymeric alloys,14 nanoporous functional materials,15 solar
cells,16,17 fuel cells,18 and rechargeable batteries.18,19

The behavior observed by the experiments, which are
generally conducted for homopolymer-to-copolymer size ratios
of α =Nh/Nc = 0.2, is depicted in the schematic phase diagram of
Figure 1a, which is plotted in terms of temperature, T, and
copolymer volume fraction, ϕ̅c. Without copolymer (ϕ̅c = 0), the
two homopolymers macrophase-separate into coexisting (A +
B) phases as T is reduced, while neat symmetric diblock
copolymer melts (ϕ̅c = 1) microphase-separate into an ordered
lamellar (LAM) phase. Between these two regions, researchers
observe a narrow channel of BμE extending toward T = 0. Note
that the BμE is a part of the disordered (DIS) phase, where the
A- and B-rich domains are well segregated but lack the long-
range order of the LAM phase.
This experimental behavior is in stark contrast to the

predictions of self-consistent field theory (SCFT), which is
generally one of the most successful theories in soft condensed
matter.20 For this system, however, SCFT fails to predict BμE,
instead predicting the A + B and LAM regions to be separated by

A + B + LAM coexistence,21−23 which terminates in a Lifshitz
critical point at high temperature.24 The difference between
experiment and SCFT is attributed to fluctuation effects,25,26

which are controlled by the invariant polymerization index of,
for example, the homopolymers, N̅h = a6ρ0

2Nh, where a is the
average segment length and ρ0 is the bulk segment density.
Although the experimental phase diagram differs substantially, it
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Figure 1. Schematic (a) experimental and (b) field-theoretic simulation
(FTS) phase diagrams plotted in terms of copolymer volume fraction,
ϕ̅c, and temperature, T. The labels A, B, LAM, DIS, and BμE denote A-
homopolymer-rich, B-homopolymer-rich, lamellar, disordered, and
bicontinuous microemulsion, respectively.
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should nevertheless evolve continuously to the SCFT phase
diagram as N̅h diverges to infinity. Furthermore, the Lifshitz
point cannot appear prior to this limit,27 as required by our
understanding that its lower critical dimension is 4.28−31 It is
hard to fathom how this is possible.
Recent field-theoretic simulations (FTS)32 have proposed the

alternative phase diagram in Figure 1b, which is free of this
inconsistency. Instead of the BμE channel, it exhibits A + B +
LAM coexistence at low temperature and A + B + BμE
coexistence at high temperature, which eventually terminates at
a tricritical point. The convergence to the SCFT diagram, as N̅h
→ ∞, is achieved by shrinking the A + B + BμE region into a
Lifshitz point, while all of the other FTS phase boundaries shift
continuously toward their SCFT counterparts. Interestingly,
simulations of the bond-fluctuation model33 predicted the same
topology prior to the experiments, albeit for much different
parameter values of α = 1 and N̅h = 145. Furthermore, this phase
behavior is more consistent with lyotropic liquid crystals, where
the microemulsions commonly coexist with water- and oil-rich
phases.1−3

The three-phase coexistence in SCFT and FTS can be
attributed to an attraction between the diblock monolayers of
the lamellar and microemulsion phases, which limits the size of
their domains. However, the attraction is extraordinarily
weak,23,34 which could explain why coexistence was not
observed in the experiments. The experiments were performed
by equilibrating samples of the DIS phase at a given ϕ̅c and then
looking for a transition as T was slowly decreased. When the
system encounters the three-phase region, the BμE should expel
excess homopolymer into A- and B-rich domains. This would
occur by nucleation and growth, which is naturally a slow
process but even more so given the unusually small energy gain.
The energy gain would have been further limited by the fact that
the experiments did not generally probe a significant distance
into the supposed BμE channel. Thus, the time scale of the
experiments may simply have been too short for nucleation to
occur. Not always though, Xie et al.19 recently reported evidence
of macrophase separation.
Here, the A + B + BμE coexistence region is examined in

greater detail. The study begins with a finite-size analysis of the
previous grand-canonical simulations32 to ensure that their
prediction of coexistence was not an artifact of small simulation
boxes. Once that is established, the coexistence is examined in
the canonical ensemble, where the three phases are separated by
explicit interfaces. From these latter simulations, we extract
interfacial properties, details of the coexisting phases, and
accurate phase boundaries.

■ FIELD-THEORETIC SIMULATIONS

The FTS in this study are performed for incompressible blends
of nhA A-type homopolymers, nhB B-type homopolymers, and nc
AB diblock copolymers. They focus on symmetric conditions
where both homopolymers haveNh segments and both blocks of
the copolymer have Nc/2 segments. Here, segments are defined
based on a common volume of ρ0

−1, such that the total volume of
the system is V =Nh(nhA + nhB + nc/α)/ρ0, where α =Nh/Nc. As
part of the symmetry, the statistical lengths of the A and B
segments are both set to a. Thus, the two homopolymers have
the same unperturbed end-to-end length, =R a Nh h , which is
used as our unit of length. To assess how the components of the
blend segregate, we define the composition profile

ϕ ϕ ϕ ϕ ϕ̂ = ̂ + ̂ − ̂ − ̂
− r r r r r( ) ( ) ( ) ( ) ( )hA cA hB cB (1)

expressed in terms of A and B contributions from the
homopolymers (h) and copolymers (c). We also define the
total segment profile

ϕ ϕ ϕ ϕ ϕ̂ = ̂ + ̂ + ̂ + ̂
+ r r r r r( ) ( ) ( ) ( ) ( )hA cA hB cB (2)

which is constrained to one so as to enforce incompressibility.
The last quantity of interest is the copolymer concentration
profile

ϕ ϕ ϕ̂ = ̂ + ̂r r r( ) ( ) ( )c cA cB (3)

From these profiles, the blend composition is given by

∫ϕ ϕ
ρ

̅ ≡ ̂ =
−

− −V
n n N

V
r r

1
( )d

( )hA hB h

0 (4)

and the copolymer content is

∫ϕ ϕ
ρ

̅ ≡ ̂ =
V

n N
V

r r
1

( )dc c
c c

0 (5)

In polymer field theory,20,35,36 the partition function of a
particle-based Hamiltonian is modified by inserting an
expression for the interaction energy involving a composition
field, W−(r), that couples to ϕ̂−(r). Similarly, the Dirac delta
functional enforcing incompressibility is replaced by an
expression involving a pressure field, W+(r), that couples to
ϕ̂+(r). The introduction of these two identities allows the
polymer coordinates to be integrated out, resulting in a field-
based Hamiltonian, H[W−, W+], of the form

∫ρ ρ χ
= + −−

+
N H

k T

N H

k T
W

N
W rdh

B 0

h Q

B 0

2

b h

i

k
jjjjj

y

{
zzzzz

(6)

where HQ[W−,W+] is the Hamiltonian for an equivalent system
of noninteracting polymers acted upon by the fields and χb is the
bare Flory−Huggins interaction parameter. The first part of our
study applies the grand-canonical ensemble with equal
homopolymer chemical potentials, for which

ρ
= − − −

N H

k T
Q Q zQh Q

B 0
hA hB c

(7)

where the fugacity, z = exp(μ/kBT), depends on the copolymer
chemical potential, μ, relative to that of the homopolymers. The
second part of the study employs the canonical ensemble with
ϕ̅− = 0, for which

ρ
ϕ ϕ

αϕ

= −
− ̅

−
− ̅

− ̅

N H

k T V
Q Q

Q

1

2
ln( )

1

2
ln( )

ln( )

h Q

B 0

c
hA

c
hB

c c (8)

The above expressions involve single-chain partition
functions

∫=γ γ γ
†Q q s q sr r r( , ) ( , )d

(9)

for the three different molecules (γ = hA, hB, and c). These, in
turn, involve partial partition functions, qγ(r, s) and qγ

†(r, s),
which obey diffusion equations. They are solved in ortho-
rhombic boxes of volume V = Lx Ly Lz with periodic boundary
conditions, using a standard pseudo-spectral algorithm with
Richardson extrapolation.37,38 Note that this numerical method
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defines all spatially dependent quantities at the nodes of a regular
mx ×my ×mz grid, where Lx = mxΔ, Ly =myΔ, and Lz =mzΔ are
each restricted to an integer number of grid spacings, Δ. See ref
39 for further details.
In SCFT, the free energy of the system is approximated by F =

H[w−, w+], where w−(r) and w+(r) represent the saddle-point of
the Hamiltonian. The saddle-point is obtained by solving

ϕ
χ

Λ ≡ + =− −N
Wr r r( ) ( )

2
( ) 0

b h (10)

ϕ − =+ r( ) 1 0 (11)

whereϕγ(r) denotes the ensemble average of ϕ̂γ(r) in the system
of noninteracting polymers. For the grand-canonical ensemble

∫ϕ = †q s q s sr r r( ) ( , ) ( , )dhA 0

1

hA hA (12)

∫ϕ =
α

†z q s q s sr r r( ) ( , ) ( , )dcA 0

1/2

c c (13)

and for the canonical ensemble

∫ϕ
ϕ

=
− ̅ †V

Q
q s q s sr r r( )

(1 )

2
( , ) ( , )dhA

c

hA 0

1

hA hA
(14)

∫ϕ
αϕ

=
̅ α

†V

Q
q s q s sr r r( ) ( , ) ( , )dcA

c

c 0

1/2

c c
(15)

The expressions for the B components are analogous.
In FTS, one instead simulates the Hamiltonian H[W−,W+].

Here, however, we reduce the simulations to a single fluctuating
field, by applying a partial saddle-point approximation, whereby
W+(r) is replaced by w+(r). The saddle-point eq 11 for w+(r) is
solved iteratively using Anderson mixing.40 The remaining field
is evolved using the Langevin dynamics

τ δτ τ τ δτ σ+ = − Λ +− −W Wr r r( ; ) ( ; ) ( ; ) (0, )
(16)

where τ denotes the simulation time. Thermal noise is provided
by random numbers from a normal distribution, σ(0, ), of
zeromean and σ2 = 2Nhδτ/Δ3 ρ0 variance. Here, eq 16 is iterated
using the predictor−corrector algorithm.40,41

Normally, the increments used to represent continuous
functions in numerical calculations are chosen small enough that
their finite size has no significant effect. However, this is not
possible with the grid resolution due to an ultraviolet divergence
that occurs as Δ → 0.42 Fortunately, for polymers of high
molecular weight, this divergence can be removed by expressing
results in terms of an effective Flory−Huggins χ parameter
defined by43

χ χ= −
Δ ̅

R

N
1

2.333 h

h
b

i

k

jjjjjj
y

{

zzzzzz
(17)

Our study is performed withΔ = 0.75 Rh and N̅h = 10
4, for which

the effective interaction parameter is χ = 0.969 χb.

■ RESULTS
The previous studies32,39 identified the A + B + BμE coexistence
by monitoring the average copolymer content, ⟨ϕ̅c⟩, in grand-
canonical simulations as the chemical potential, μ, was changed.
This revealed a sudden jump from small ⟨ϕ̅c⟩ corresponding to

either A- or B-homopolymer-rich configurations to a larger ⟨ϕ̅c⟩
corresponding to microemulsion configurations with balanced
homopolymer concentrations. However, the microemulsion
domains were comparable in size to the simulation boxes, which
could potentially cause significant finite-size effects.
We now address this issue by repeating their FTS using cubic

simulation boxes of different sizes, L = 18Rh, 36Rh, and 72Rh.
The new results are shown in Figure 2. To ensure they are free of

nonequilibrium effects, two independent simulations are
performed for each data point, one initialized with a
homopolymer-rich phase and the other with a microemulsion
phase obtained from previous simulations at nearby parameter
values. The collection of statistics for ⟨ϕ̅c⟩ begins only after both
have converged to the same phase. Furthermore, Figure 2
includes additional chemical potentials near the jump in ⟨ϕ̅c⟩ to
help ensure that it is a discontinuous phase transition. For the
most part, the different system sizes yield indistinguishable
results within the numerical noise. The only exception is at μ/
kBT = 0.0978, where the smallest system exhibits a
homopolymer-rich phase, while the two larger systems exhibit
the microemulsion phase. Evidently, the limited size of the L =
18Rh box causes a small shift in the transition to higher μ, which
in turn increases the copolymer concentrations of the coexisting
phases. Nevertheless, the two larger boxes appear free of
significant finite-size effects.
To confirm this, we examine fluctuations in the blend

composition. Figure 3a plots histograms of ϕ̅− for the
homopolymer-rich phase, using each of the three box sizes. As
expected, the distributions narrow as the system size increases.
Provided the system is sufficiently large, the distributions should
become Gaussian with a standard deviation that varies as σϕ ∝
V−1/2. Indeed, the distributions are Gaussian to within the
obvious statistical noise, and the scaling plot in Figure 3b
confirms that σϕ decreases as expected.
Figure 4 repeats the analysis for the microemulsion phase.

Again, the smaller system produces a nice Gaussian distribution,
centered around zero as required by symmetry. Although the
shape deviates significantly from an ideal Gaussian for the two
larger systems, the deviations from even symmetry imply that
this is just due to limited statistics. In any case, the widths of the
distributions conform well with the expected scaling, as
demonstrated in Figure 4b. Note that our evaluations of σϕ
explicitly assume ⟨ϕ̅−⟩ = 0.
Now that we have established that our results are free of

significant finite-size effects, we perform canonical simulations

Figure 2. Average copolymer content as a function of chemical
potential at χNh = 2.31, obtained from grand-canonical FTS using cubic
simulation boxes of different sizes, L/Rh = 18 (crosses), 36 (diamonds),
and 72 (dots).
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of the three coexisting phases. This is done by taking the
individual phases from the largest box of our grand-canonical
simulations and splicing them together into one orthorhombic
box of size 216Rh × 72Rh × 72Rh. Figure 5 displays equilibrated
configurations at three different segregations, χNh. The
microemulsion is in the middle flanked by a B-rich phase to

the left and an A-rich phase to the right, creating two interfaces
near x ≈ 72Rh and 144Rh. The periodic boundary condition
creates a third interface between the two homopolymer-rich
phases near x ≈ 0 (or equivalently x ≈ 216Rh). The Supporting
Information provides a video of the Langevin dynamics for χNh
= 2.31, showing considerable motion of the large microemulsion
domains. It illustrates that there is ample time for the volume of
each phase to adjust to acquire its preferred copolymer content.
Figure 6 displays the composition, ⟨ϕ−(x)⟩, and copolymer,

⟨ϕc(x)⟩, profiles obtained by averaging over the y−z plane. The
composition in Figure 6a is reasonably uniform, ϕ̅− = ±0.38, in
the homopolymer-rich regions as expected for isotropic phases.
Although the composition profile in the microemulsion region is
noisy, there is no evidence that the oscillations result from the
presence of the interfaces and so it would presumably average to
ϕ̅− = 0 over a sufficiently long run. The copolymer profile in
Figure 6b is reasonably uniform in all three regions, with ϕ̅c =
0.073 and 0.083 in the homopolymer-rich and microemulsion
phases, respectively.
The interfacial widths are plotted in Figure 7 for different

values of χNh. The width of the homopolymer/microemulsion
interface, wBμE, is obtained by fitting the copolymer profile to

ϕ⟨ ⟩ = +
−

−
−

μ μ
x c c

x x
w

c
x x
w

( ) tanh
2( )

tanh
2( )

c 1 2
1

B E
2

2

B E

i

k
jjjjjj

y

{
zzzzzz

i

k
jjjjjj

y

{
zzzzzz
(18)

where c1, c2, x1, x2, and wBμE are the fitting parameters. Note that
the fit excludes the ends of the box (i.e., x≈ 0 and Lx), where the
A/B interface exists. Similarly, the width of the A/B interface,
wAB, is extracted from an analogous fit to the ⟨ϕ−(x)⟩ profile, this
time excluding the microemulsion region. It is interesting that
wBμE, which appears somewhat diffuse in Figure 5, is in fact just
as narrow as wAB.

Figure 3. (a) Histogram of the composition calculated for the A-
homopolymer-rich phase at μ/kBT = 0.0845, using different system
sizes, L/Rh = 18, 36, and 72. (b) Scaled widths of the distribution as a
function of chemical potential for L/Rh = 18 (crosses), 36 (diamonds),
and 72 (dots).

Figure 4. Analogous plots to those of Figure 3 but for the
microemulsion phase.

Figure 5. Coexisting B-rich, BμE, and A-rich phases in 216Rh × 72Rh ×
72Rh orthorhombic boxes with periodic boundaries, simulated at
different χNh.
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The interfacial tensions are calculated by using the fact that
the free energy of the system is F = Fbulk + γtotal A, where Fbulk is
the bulk free energy of the three coexisting phases, γtotal is the
total tension of the three interfaces, and A = V/Lx is the area of
each interface. It thus follows that39

γ = − ∂
∂

=
∂
∂

L
V

F
L

L
V

H

L
x

x

x

x
total

2 2
Q

(19)

where the derivatives are performed at a constant volume (i.e.,
= =L L V L/y z x ). Given that the simulations are performed

in the canonical ensemble, we use the HQ from eq 8. Although
there are analytical expressions for the derivatives of Qγ,

44 we
simply evaluate the derivative of HQ using a finite difference.
Because of the periodic boundary condition, γtotal has
contributions of γBμE from each homopolymer/microemulsion
interface as well as γAB from one homopolymer/homopolymer
interface. The result, γtotal = 2γBμE + γAB, is plotted in Figure 8
with dots. Analogous canonical simulations are also performed

for two coexisting homopolymer-rich phases, where the
appropriate copolymer content ϕ̅c is determined from the
copolymer profile for three-phase coexistence. In this case, the
periodic boundary condition results in two homopolymer/
homopolymer interfaces. The result, γtotal = 2γAB, is plotted in
Figure 8 with diamonds. Not surprisingly, the interfacial
tensions are relatively tiny, about 3 orders of magnitude smaller
than that of a bare homopolymer/homopolymer interface
without any added copolymer.39 This is the reason for the
relatively large error bars, which are estimated from the
fluctuations in ∂HQ/∂Lx.
The microemulsion domains in Figure 5 appear to increase in

size as the segregation, χNh, is reduced. To quantify this trend,
we evaluate the two-point correlation function36,45

ϕ ϕ

χ
δ
χ ρ

≡ ⟨ ̂ ̂ + ⟩

=
⟨ − ⟩

−

− −

− −

G r

W W
N

r r r

r r r r

( ) ( ) ( )

4 ( ) ( )
( )

2 ( )

0 0

0 0

b h
2

b 0 (20)

which is plotted in Figure 9a for χNh = 2.31. The average is
obtained from y−z slices through the middle of the BμE phase
(see the inset). In addition to the ensemble average, we average
over r0 and spherically average r. In the lyotropic liquid crystal
community, the correlation function is generally fit to the
Teubner−Strey46 form

π
λ

= ξ−G r
c
r

r
( ) e sin

2r/ i
k
jjj

y
{
zzz (21)

to extract the characteristic size, λ, of the microemulsion
domains. This functional form works well for χNh = 2.31, as
demonstrated in Figure 9a, but less so as the tricritical point is
approached. Therefore, we simply define λ as two times the first
zero of G(r), which is plotted in Figure 9b as a function of χNh.
Figure 10 compares the copolymer content, ϕ̅c, in the

coexisting phases extracted from the copolymer profile plotted
in Figure 6b to the previous results from ref 32 obtained from
plots like that of Figure 2. Our new results are more accurate. In
the grand-canonical simulations, one needs to estimate the
chemical potential where the system switches phases, whereas in
the canonical simulations, the volumes of the three phases
automatically adjust until the concentrations reach their
equilibrium values. Furthermore, the new FTS use substantially
larger simulation boxes and are thus less prone to finite-size
effects. Indeed, it appears that the earlier results were affected.
Although the binodals from ref 32 are in reasonable agreement at
χNh = 2.31, they become less so as χNh is reduced. In particular,

Figure 6. (a) Composition and (b) copolymer concentration profiles
for three-phase coexistence at χNh = 2.31. The dashed curve in the
lower plot denotes a fit to eq 18.

Figure 7. Width of the homopolymer/microemulsion interface, wBμE
(dots), and the homopolymer/homopolymer interface, wAB (dia-
monds), in the three-phase coexistence region.

Figure 8. Total interfacial tension for A + B + BμE coexistence, γtotal =
γAB + 2 γBμE (dots), and for A + B coexistence, γtotal = 2γAB (diamonds).
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the three-phase window shifts to higher ϕ̅c, as was the case in
Figure 2 when the box size was too small. This is undoubtedly
caused by the increasing size of the microemulsion domains
plotted in Figure 9b.
The binodals should converge linearly as the tricritical point is

approached.47 Using this fact, we estimate the coordinates of the
tricritical point to be ϕ̅c = 0.0727 and χNh = 2.22, based on the
linear extrapolations in Figure 10. Interestingly, the position
agrees well with that of themean-field Lifshitz point, ϕ̅c = 2α

2/(1
+ 2α2) = 0.0741 and χNh = 2(1 + 2α2) = 2.16.24 Figure 11
updates the phase diagram from ref 32 with our more accurate
estimates of the A + B + BμE region and tricritical point. The
remaining boundaries of the three-phase regions from the earlier
simulations have significant error bars due to the uncertainty in
determining the chemical potential of coexistence, as discussed
above. Although the DIS and LAM phase must be separated by
two-phase coexistence, as depicted in the schematic phase
diagram of Figure 1b, the region was too narrow to resolve.

■ DISCUSSION
Field-theoretic simulations have advanced considerably since
the first application to ternary blends by Düchs et al.21,22 nearly 2
decades ago. Those early studies were restricted to two-
dimensional (2D) simulation boxes with 48 × 48 grid points.
Even still, they struggled to cope with the large domains and
slow dynamics of the microemulsion. In contrast, our
simulations of A + B + BμE coexistence are performed on
three-dimensional (3D) grids with 288 × 96 × 96 points, an
increase of more than 3 orders of magnitude. Furthermore, the
statistics are sufficient to map out the entire phase diagram.
There are many advances that have contributed to this.
Naturally, computers have improved, and in particular the
advent of GPUs has been instrumental in scaling up the system
size.48 Improvements in the numerics37 and algorithms39 have
also helped. Another important advance has been the switch
from Monte Carlo to Langevin dynamics.40 FTS have now
evolved to the point where they are able to tackle problems that
are beyond the capabilities of conventional particle-based
simulations, and there will undoubtedly be further improve-
ments to come.
Not only do our simulations strengthen the evidence for A + B

+ BμE coexistence in Figure 1b, they also seriously contradict
the proposedmicroemulsion channel in Figure 1a, which implies
that the A + B region is bounded by a second-order phase
transition extending toward T = 0. If this was true, our
histograms of the composition, P(ϕ̅−), would acquire a universal
shape at the phase transition, independent of the system
size.33,49 In particular, P(ϕ̅−) would exhibit a local minimum at
ϕ̅− = 0 separating two symmetric peaks of approximate height
2.7 P(0). However, the homopolymer-rich peak in Figure 3
remains far too narrow and the microemulsion peak at ϕ̅− = 0 in
Figure 4 shows no sign of disappearing. It is inconceivable that
P(ϕ̅−) could possibly evolve into the universal shape at some
intermediate value of μ.
The finite-size analyses in Figures 2−4 illustrate that

simulation boxes of L = 36Rh are sufficient for χNh = 2.31.
The smaller size of L = 18Rh is almost fine but it causes a slight
shift in the transition to higher μ, which then pushes the three-
phase window to higher ϕ̅c. This effect is also evident in Figure
10, where the results from ref 32 are shifted relative to our more
accurate results obtained using larger boxes. The shift increases
as the tricritical point is approached, presumably because of the
increasing size of the microemulsion domains, λ. It is reasonable
to assume that the box size must increase proportionally to λ to
avoid finite-size effects. Given our tests at χNh = 2.31, the boxes
used for the three-phase coexistence in Figure 5 should be able

Figure 9. (a) Correlation function for the BμE phase at χNh = 2.31,
obtained from 72Rh × 72Rh slices through the middle of the BμE phase
(see the inset). The dashed curve shows a fit to the Teubner−Strey
form in eq 21. (b) Characteristic domain size of the BμE phase.

Figure 10. Binodals of the A + B + BμE region obtained from ⟨ϕc(x)⟩
profiles (circles) compared to those of ref 32 (diamonds). Linear
extrapolations estimate the position of the tricritical point (cross).

Figure 11. Phase diagram from ref 32 updated with our more accurate
binodals of the A + B + BμE region.
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to handle a doubling of λ. It was based on this criterion that we
limited our simulations to χNh ≳ 2.25.
Although our calculations could not be extended all the way to

the tricritical point, they come close enough that we can
extrapolate. As expected, the interfacial tensions in Figure 8
approach zero. The interfacial widths in Figure 7 increase but
undoubtedly remain finite. On the other hand, it is difficult to tell
from Figure 9b if the microemulsion domains remain finite or
diverge prior to the tricritical point. Given the close proximity of
the tricritical point to the mean-field Lifshitz point, we suspect
that λmay indeed diverge, implying that the BμE transforms into
a structureless disordered phase.
Xie et al.19 have observed evidence of macrophase separation,

but there has yet to be any clear experimental demonstration of
the A + B + BμE coexistence. In water−oil−surfactant systems,
however, three-phase coexistence is readily observed. This is
certainly helped by the faster dynamics of the smaller molecules,
but it is also aided by the density mismatch between water and
oil. As a consequence, oil rises to the top and water sinks to the
bottom of a container with the microemulsion sandwiched in
between.1,2 It may be possible to observe the same in a
polymeric system, if, for example, component B is significantly
denser than component A. A significant contrast in density
would likely be accompanied by a strong χ parameter, and so low
molecular weights would be required to access the ODT.
Nevertheless, this would also help speed up the dynamics, and if
necessary, the effect could be amplified by using a centrifuge.
If the interfacial tension between homopolymer and micro-

emulsion, γBμE, is less than half the interfacial tension between
the two homopolymers, γAB/2, then the microemulsion will wet
the A/B interface forming a uniform layer, as illustrated in Figure
12a. However, if γBμE > γAB/2, then the wetting will be

incomplete and the microemulsion will form a lens-shaped
droplet with a contact angle of

θ
γ
γ

=
μ

−2 cos
2

1 AB

B E

i

k

jjjjjj
y

{

zzzzzz
(22)

as illustrated in Figure 12b. Incomplete wetting generally occurs
in the case of conventional microemulsions.50 Although our
statistical noise is too large to say with certainty, the interfacial
tensions plotted in Figure 8 indicate that the same will be true of
polymeric microemulsions.
In the future, it would be interesting to delineate the

microemulsion region within the DIS phase. There is no true
phase transition separating microemulsion from simple
disordered blends, and so the boundary has to be determined
based on some appropriate property of a microemulsion. In the
field of lyotropic liquid crystals, researchers regard the key

characteristics of a microemulsion to be a correlation function
G(r) with a finite periodicity, λ, and a structure function, S(k),
with a peak at nonzero wavevector, k*. As such, the two typical
boundaries are the disorder line, defined as where λ → ∞, and
the Lifshitz line, defined as where k*→ 0.50 However, Düchs and
Schmid22 found these criteria to be unsatisfactory for the
polymeric system, and so they instead developed an alternative
criterion based on the curvature of the A/B interfaces relative to
the domain size. It appeared to work well for their 2D
simulations, but it has yet to be applied to 3D simulations.
Another important issue that could be addressed is the effect

on three-phase coexistence due to asymmetries in the diblock
composition, the size of the homopolymers, and the statistical
segment lengths.13 The practicality of determining the three-
phase region from plots like that of Figure 2 calculated with
grand-canonical simulations relies on perfect symmetry, where-
by the coexistence occurs at equal homopolymer chemical
potentials. However, there is no such necessity for plots like that
of Figure 6 calculated with the canonical simulations. It would
also be useful to consider polydispersity, which is expected to
increase the size of the A + B + BμE region at the expense of A +
B + LAM coexistence.51

■ SUMMARY
Our new field-theoretic simulations provide strong evidence that
ternary blends of A-homopolymer, B-homopolymer, and AB
diblock produce an equilibrium A + B + BμE coexistence region
that terminates in a tricritical point at high temperature as
depicted in Figure 1b as opposed to the microemulsion channel
depicted in Figure 1a. First, the consistency among different
system sizes in Figure 2 illustrates that the sudden jump in
copolymer concentration, ⟨ϕ̅c⟩, with increasing chemical
potential, μ, is the result of a first-order phase transition
corresponding to three-phase coexistence. Second, the histo-
grams in Figures 3 and 4 further confirm that the results are free
of significant finite-size effects. Third, the histograms contradict
the implication of Figure 1a that the A + B region is entirely
bounded by a second-order phase transition.
The direct simulations of A + B + BμE coexistence in Figure 5

cement this conclusion. Furthermore, these are the first
simulations for the interfaces of a microemulsion, certainly for
polymeric systems and, as far as we are aware, also for
conventional water−oil−surfactant mixtures. From these
simulations, we were able to evaluate the widths, wBμE and
wAB, and tensions, γBμE and γAB, of the homopolymer/
microemulsion and homopolymer/homopolymer interfaces,
respectively. As the tricritical point is approached, the interfacial
widths increase but remain finite and the interfacial tensions
approach zero.
The simulations of A + B + BμE coexistence also provided

more accurate phase boundaries, first because of the larger
system sizes and second because the coexisting phases are able to
freely adjust their copolymer content, ϕ̅c. The extrapolation of
these boundaries also provides a more accurate estimation of the
tricritical point, which turns out to coincide closely with the
position of the mean-field Lifshitz point. This is consistent with
our observation that the domain size of the BμE appears to
diverge as the tricritical point is approached, implying that it
reduces to a structureless disordered phase.
Hopefully, this study will motivate an experimental search for

A + B + BμE coexistence. We propose using a system where the
mass densities of the A and B components are sufficiently
different that the heavier and lighter homopolymer-rich phases

Figure 12. (a) Complete and (b) incomplete wetting of the A/B
interface by BμE, in a system where component B is denser than
component A. The contact angle, θ, is given by eq 22.
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segregate to the bottom and top of the container, respectively,
with the microemulsion phase in between. It would then be
interesting to observe if the BμE wets the A/B interface. Our
simulations suggest that γAB < 2γBμE, which would result in
incomplete wetting as is the case for conventional lyotropics.
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